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Partial differential equations (PDEs), which have long been used to express various dynamical phenomena since they describe the continuous change, have become ubiquitous in mathematically oriented scientific domains, like the engineering and physics. Thus, these equations are fundamental for the scientific understanding of the diffusion, heat, electrostatics, electrodynamics, thermo-dynamics, fluid dynamics, elasticity or quantum mechanics.
In the last 40 years the partial differential equations have been applied successfully in traditionally engineering fields, like the signal and image processing and analysis, given their advantages in both theory and computation: modelling flexibility, rigorous mathematical foundation, high speed, stability and accuracy. The PDE-based models represent very effective tools for solving digital image processing and analysis tasks such as the image denoising and restoration, inpainting, compression, segmentation, registration and video motion estimation, addressing properly the challenges that still persist in these domains.
This book is concerned with the applications of the nonlinear partial differential equations in these digital image and video processing and analysis, and even computer vision fields, describing numerous PDE-based models, in variational and non-variational form, that have been introduced in these areas in the last decades, but especially focusing on the most important contributions of the author in those domains. So, the main theoretical and practical achievements of his research in the PDE-based image filtering, inpainting, compression, segmentation, content-based recognition, indexing and retrieval, and video object detection and tracking are presented here. Energy-based (variational) and nonlinear diffusion-based models of second and fourth order proposed for all those tasks will be discussed.
This work can be regarded as a continuation of the previous author’s book, Novel Diffusion-based Models for Image Restoration and Interpolation, Springer, 2019. Like the previous one, this book addresses to students, researchers and professionals working in mathematics, computer science and electrical engineering. An elementary level of knowledge of the partial differential equations theory, numerical analysis and digital image processing is the required background of the readers.
While the previous book described the applications of linear and nonlinear PDE models in 2D image denoising and interpolation, this new book deals with the nonlinear PDEs only, but addresses almost all the PDE-based image processing and analysis areas, the connections between partial differential equations, computer vision and artificial intelligence, and considers other image types also.
The book is composed of seven chapters, this introduction representing the first of them, and a section of references. The second chapter surveys the nonlinear PDE-based image denoising and restoration techniques. The PDE-based filtering of the additive white Gaussian noise (AWGN) is considered in its first section. The most important total variation (TV)-based and second- and fourth-order anisotropic diffusion-based AWGN removal solutions, including our own nonlinear parabolic and hyperbolic PDE-based AWGN-based filters, are described here. While signal-independent AWGN represents the most popular type of image noise, many digital images are contaminated by signal-dependent quantum (Poisson, shot) noise, resulting from fluctuations in the number of detected photons, or mixed Poisson-Gaussian noise during the acquisition process. Nonlinear PDE-based filtering models dealing with these types of noise are presented in the next two sections. The variational PDE, hyperbolic PDE and nonlinear anisotropic diffusion models developed by us for photon-limited image restoration and mixed noise filtering constitute the main focus of these sections. Some stochastic differential equation (SDE)-based models that lead to nonlinear PDE-based Gaussian, quantum and mixed noise reduction filters are also presented in these sections.
Nonlinear PDE-based filtering models provide effective gray-level image restoration results, removing various types of noise, overcoming unintended effects like blurring and staircasing, preserving important details such as edges or corners, and outperforming the conventional 2D filters. But besides the static 2D image denoising, the nonlinear PDEs represent effective tools for multi-channel and video image restoration. The vector-valued PDE models used for the filtering of multi-layer images, such as the multispectral (MSI), hyperspectral (HSI) and multimodal images, are discussed in the fourth section. Our own nonlinear vector-valued PDE-based multi-channel image restoration models described here lead to systems of reaction–diffusion equations sharing some correlation terms, which filter efficiently various types of noise from various types of multi-layer images, while dealing properly with the channel inter-correlation issue. The nonlinear PDE-based video denoising and restoration area is treated in the last section of the chapter, the recent PDE-based video image filters being surveyed. Our contributions in this field include the 3D nonlinear anisotropic diffusion-based models for movie sequence filtering.
Next chapters treat the connection between the nonlinear PDEs and the artificial intelligence (AI), demonstrating how the PDE + AI combination represents an useful tool for solving numerous image analysis and computer vision tasks. The third chapter is dedicated to two closely related domains, which are the PDE-based inpainting and image compression. The inpainting, also called image interpolation or completion, is also strongly related to image restoration, since the inpainting domain, which is composed of the missing regions of a digital image, can be interpolated by directing the denoising process to it. Thus, the nonlinear PDE-based filtering models could be adapted for this reconstruction task by adding inpainting masks to them.
The structural nonlinear PDE-based inpainting field is approached in the first section, where the state of the art PDE-based image interpolation techniques are described first. They include total variation-based inpainting schemes and nonlinear second-order diffusion-based inpainting models that follow variational principles, as well as some important non-variational third- and fourth-order nonlinear PDE-based inpainting approaches. The nonlinear PDE-based inpainting techniques developed by us, which use variational PDE and non-variational second- and fourth-order anisotropic diffusion models derived from PDE-based filtering schemes, are also surveyed in this section.
The nonlinear PDE-based image compression domain treated in the second section can be regarded as an application area of the structure-based inpainting methods, since the PDE-based image interpolation models can be used successfully in the decompression stage. The PDE-based compression frameworks usually perform an image sparsification process, followed by a pixel encoding procedure. They apply a pixel decoding scheme, followed by a nonlinear PDE-based scattered data interpolation, for decompression. The most important PDE-based image compression techniques, including those based on linear homogeneous diffusion and edge-enhancing diffusion (EED), such as BTTC-EED with its improved versions and the rectangular subdivision with edge-enhancing diffusion (R-EED), are surveyed first. Then, our own nonlinear PDE-based compression solutions are described. Unlike other compression methods that use PDEs only for image decompression, one of our techniques uses nonlinear PDE-based models in both compression and decompression stages. So, it applies an edge-based sparsification algorithm using a PDE-based edge extraction and a nonlinear diffusion-based inpainting model combining second and fourth order anisotropic diffusion terms. Another compression framework proposed by us provides a feature keypoint-based sparsification involving feature descriptors used in computer vision and AI, and a nonlinear parabolic fourth-order PDE-based decompression scheme.
The PDE-based multi-scale analysis forms the basis of the most image analysis and computer vision tools described in the next three chapters. The nonlinear PDE-based scale-space representations proved to be more effective than other multi-scale spaces, like those based on 2D Gaussian kernels or Gaussian derivatives. The multi-scale image analysis frameworks described in the fourth chapter use nonlinear diffusion-based scale spaces combined to AI-based descriptors in order to perform high-level feature extractions.
The first section surveys the existing multi-scale texture recognition techniques, insisting mostly on our anisotropic diffusion-based texture analysis methods. The proposed supervised and unsupervised texture recognition approaches create multi-scale spaces using the numerical approximation schemes of some nonlinear second- and fourth-order PDE models and perform texture feature extractions applying combinations of rotation-invariant descriptors at multiple scales. The content-based image recognition technique described in the second section extracts the content features by applying a bank of circularly symmetric 2D filters at each scale of a fourth-order anisotropic diffusion scheme. An overview of cluster-based image content-based indexing and retrieval (CBIR) methods is provided in the third section. Then, one describes our own multi-scale CBIR framework, composed of a cluster-based indexing component performing a high-level feature extraction, which combines deep learning neural networks to a second-order nonlinear reaction–diffusion based scale-space representation, and then a graph-based clustering, and a relevance feedback-based image retrieval mechanism.
The static and video image segmentation, representing an important image analysis and computer vision field, is successfully approached using energy- and PDE-based models in the fifth chapter. The edge-based static image segmentation methods using nonlinear PDE-based edge detection schemes are surveyed in its first section. The PDE-based multi-scale analysis constitutes an effective tool used for this task. We also developed a performant nonlinear diffusion-based multi-scale boundary extraction framework that is presented here. It detects edges at each scale of the proposed second-order parabolic PDE-based scale-space by searching for zero-crossings and applying gradient magnitude thresholding and morphological operations. The edges determined at multiple scales are combined using a fine-to-coarse edge tracking scheme into the final boundary detection output.
The active contour-based image segmentation techniques are surveyed in the next section. Those using various types of parametric Active Contours are described in the first sub-section, while the Geodesic (geometric) Active Contours (GAC) are presented in the second one. Our main contributions in this area, representing GAC-based segmentation schemes using variational and nonlinear diffusion models with level-set functions, are also detailed here. They are used successfully in combination to machine learning algorithms like the Gentle AdaBoost (GAD) cascade classifiers and Gaussian Mixture Models (GMM) for solving optimally the video object detection tasks.
The temporal video segmentation field is considered in the last section of the chapter. An overview of the temporal movie sequence segmentation methods, including our own techniques, is provided first. Then, the usefulness of the nonlinear PDE-based multi-scale analysis in this domain is proved by an effective multi-scale video shot detection framework developed by us. It creates a scale-space representation applying the iterative numerical approximation algorithm of a nonlinear second-order hyperbolic PDE with boundary conditions. A high-level convolutional neural network (CNN)-based video frame feature extraction combining Inception-ResNet-V2 and DenseNet-20 deep networks is performed at multiple scales, then an automatic clustering is applied to the distances between the feature vectors of adjacent frames.
The nonlinear PDE-based video analysis is also approached in the sixth chapter, which surveys the video object detection and tracking, a well-known computer vision domain. Thus, variational detection and tracking approaches representing some influential Active Contour models are surveyed in the first section. The presented results illustrate that the PDE-based active contours can be applied successfully for both the object detection and tracking tasks.
Since the optical flow represents a very effective solution to track the video object motion, some variational optical flow-based moving object detection and tracking techniques are surveyed in the second section. One describes here several variational PDE-based optical flow estimation models, such as the Horn–Schunck method and its improved versions, and explains their application to the detection and tracking task. Also, some moving object detection and tracking schemes that combine the optical flows to the edge information or some well-known invariant feature descriptors, are also discussed in this section.
Some of our main contributions in this computer vision field, representing pedestrian and vehicle detection and tracking frameworks, are detailed in the last chapter section. They demonstrate that the diffusion-based multi-scale image analysis and the combinations between the PDE and AI models represent effective tools for this task, too.
While the detection of the object instances in the video frames is performed by combining several machine and deep learning models, such as the GMM, SVM + HOG and Aggregate Channel Features (ACF) for moving persons, and GMM, ACF, YOLO networks and Faster R-CNN for vehicle detection, their instance-matching based tracking-by-detection (TBD) involves a high-level nonlinear PDE-based multi-scale analysis of the sub-images of the detected objects. The scale-space representations are created by applying the numerical solvers of some nonlinear second- and fourth-order reaction–diffusion models on those sub-images at some properly chosen iteration moments. The high-level feature extractions performed at multiple scales use combinations of machine and deep learning models, such as the mixtures of SURF and HOG-based descriptors, Inception-V3 and ResNet-101 convolutional neural networks, and the deep networks ResNet-50 and MobileNet-v2 respectively. Effective tracking-by-detection algorithms using the computed high-level feature vectors are provided in each case.
The main conclusions of this book are drawn in the last chapter. The future research plans in the approached fields are also laid out there. The bibliographic reference section of each chapter, except those of introduction and conclusions, lists all the published scientific works used for its preparation, many of them disseminating our research.
The nonlinear PDE-based models introduced in this book for solving various image processing and analysis tasks were investigated seriously, rigorous treatments of their mathematical validity, or well-posedness, being performed for them. The most partial differential equations introduced by us are well-posed, since the existence of a unique weak, or variational solution, of them can be demonstrated, at least if some certain assumptions are satisfied.
The solutions of these PDEs are determined numerically by applying some approximation algorithms. The proposed iterative numerical approximation schemes, created using the finite-difference method, are stable and consistent to the nonlinear PDE models and converge fast to their numerical solutions. These numerical algorithms are used successfully for solving image processing tasks like the denoising and inpainting, and to create effective multi-scale space representations for various image analysis and computer vision tasks.
Many image processing and analysis experiments and method comparison illustrating the effectiveness of the described techniques are also presented in this book. Our own algorithms are compared to the state of the art approaches of their domains and their performance is assessed by applying some rigorous performance measures related to their domains. The described method comparison results show that our nonlinear PDE-based techniques outperform or perform comparably good to numerous others well-known approaches in those fields. These results also demonstrate once more that the nonlinear partial differential equations and the artificial intelligence could work together successfully to achieve significant accomplishments.
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This chapter addresses the nonlinear partial differential equation (PDE)-based image denoising and restoration domain, detailing our most important contributions in this field. It describes PDE-based filtering models for various types of noise and images. Thus, the first three sections present 2D image restoration techniques related to different noise distributions. The first one introduces several effective nonlinear diffusion-based models, in variational and non-variational form, for additive white Gaussian noise (AWGN) reduction. The nonlinear PDE-based quantum noise filtering solutions are described in the second section, while the variational and anisotropic diffusion schemes dealing successfully with the noise mixtures are discussed in the third section. The last two sections are concerned with the restoration of other types of digital images. The fourth section describes multi-channel image denoising techniques using vector-valued PDE models, while the video image filtering solutions based on 3D nonlinear anisotropic diffusion models are presented in the fifth section.
2.1 Variational and Anisotropic Diffusion Schemes for AWGN Removal
The image denoising constitutes an essential image processing task that consists on reducing the electronic noise, representing a random variation of brightness or color information, in the image signal. There exist multiple types of noise that contaminate the digital images, the most often encountered of them being the additive white Gaussian noise (AWGN).
This common additive noise represents a basic noise model used in information theory to mimic the effect of various random processes occurring in nature, which is characterized by a probability density function (PDF) equal to that of the normal distribution, [image: $$p\left( z \right) = \frac{1}{{\sqrt {2\pi \sigma } }}e^{{ - \left( {z - u} \right)^{2} /2\sigma^{2} }}$$], where z is the gray level, [image: $$\mu$$] stands for the mean of random variable z and [image: $$\sigma$$] represents its standard deviation [1, 2]. AWGN represents a signal-independent noise that comes from the spontaneous thermal generation of electrons during image acquisition and transmission processes. The formation model of this type of noise is [image: $$u^* = Hu + N\left( {0,\sigma^{2} } \right)$$], where the gray-level image is expressed as a function [image: $$u:\Omega \subseteq R^{2} \to R$$], u* is the observed image, H: ℌ → К, where К is a real Hilbert space, represents a bounded linear operator, such as a convolution, and [image: $$N\left( {0,\sigma^{2} } \right)$$] is the additive noise. A smoothing procedure must restore u from the observation u*, but identifying an optimal denoising solution is still a challenge in this image processing field, since such a restoration technique has to optimize the trade-off between image filtering, detail preservation and unintended side-effect removal. While the conventional 2D filtering approaches generate the undesirable blurring effect and do not preserve properly the boundaries and other essential features [1, 2], the nonlinear PDE-based filters that are discussed in this research work represents a much better solution to the restoration issue. Most of these filtering solutions are based on some diffusion equations.
Diffusion represents the physics process where the molecules of a material move from a high-concentration area to a low-concentration area until an equilibrium is reached. This process, which is modeled using partial differential equations, has been applied successfully in the image processing domain.
Thus, since the diffusion process conserves the transported mass, the conservation law describing the physical transport can be applied for it [3]. Its formula is [image: $$\frac{\partial u}{{\partial t}} = - divJ$$], where the diffusion flux is given by Fick’s first law of diffusion as [image: $$J = - D \cdot \nabla u$$], D stands for the diffusion tensor and [image: $$\nabla u$$] represents the concentration gradient [3]. These equations lead to the following diffusion-based equation:[image: $$ \frac{\partial u}{{\partial t}} = div\left( {D \cdot \nabla u} \right) $$]

 (2.1)



It can be applied to the image denoising and restoration task if one considers [image: $$u:\Omega \subseteq R^{2} \to R$$] as the evolving image of an initial observation [image: $$u_{0}$$] that is contaminated by AWGN. The type of the diffusion-based restoration process given by (2.1) depends on the tensor, or conductance diffusivity function, D (x, y, t). Thus, if D does not depend on u itself, then (2.1) becomes a linear diffusion equation. Otherwise, if the tensor is a function of u, (2.1) represents a nonlinear diffusion equation. Also, if D is constant over the entire domain ([image: $$D\left( {x,y,t} \right) = \alpha ,\forall \left( {x,y} \right) \in \Omega$$]), one obtains a homogeneous, or isotropic diffusion. If D becomes a space-dependent function, then (2.1) represents an inhomogeneous, or anisotropic, diffusion equation [4].
The most known linear diffusion equation is the heat equation, which describes the temperature variation’s distribution [5]. The image filtering process provided by it is equivalent to that of a 2D Gaussian filter and has the same drawbacks. Although there are some linear PDE-based models that provide quite good restoration results [6], they are clearly outperformed by the nonlinear PDE-based filtering techniques that are described in the next two subsections.
2.1.1 Nonlinear Second-Order PDE-Based Gaussian Noise Removal Methods
The nonlinear diffusion-based second-order PDE filtering models provide an effective image restoration, since they remove successfully the AWGN and overcome unintended effects, like blurring. They perform the denoising process along, and not across, the boundaries, thus preserving the essential image details.
An influential second-order anisotropic diffusion-based filtering scheme is that introduced by Perona and Malik in 1987 [7]. It is given by the following nonlinear parabolic PDE:[image: $$ u_{t} = \frac{\partial u}{{\partial t}} = div\left( {g\left( {\left\| {\nabla u} \right\|^{2} } \right) \cdot \nabla u} \right) $$]

 (2.2)


where the diffusivity conductance, or edge-stopping, function [image: $$g:\left[ {0,\infty } \right) \to \left[ {0,\infty } \right)$$] is positive, monotonous decreasing and converges to 0. They considered two such functions, [image: $$g\left( {s^{2} } \right) = e^{{ - \frac{{s^{2} }}{{k^{2} }}}} ;g\left( {s^{2} } \right) = \frac{1}{{1 + \left( \frac{s}{k} \right)^{2} }}$$], where the conductance parameter k > 0. A finite difference-based numerical approximation scheme that solves this PDE model was also proposed by them [6]. The P-M scheme provides effective denoising results and, since it has a strong edge-preserving character, it has been also used successfully for the edge detection task [6].
This anisotropic diffusion model has been investigated mathematically a lot in the last 35 years and many nonlinear diffusion-based filtering solutions inspired by it and improving it have been developed in these years [4, 8]. Some of these derived techniques introduce other variants of edge-stopping functions.
Thus, the TV-ROF denoising scheme uses [image: $$g\left( {s^{2} } \right) = \frac{1}{\left| s \right|}$$], whose regularized form is [image: $$g\left( {s^{2} } \right) = \frac{1}{{\sqrt {s^{2} + \varepsilon^{2} } }}$$] [9]. The Charbonnier diffusion-based model is based on the diffusivity function [image: $$g\left( {s^{2} } \right) = \left( { 1 + \frac{s^2}{k^2} } \right)^{-1/2} $$] [10]. The Weickert diffusion approach is characterized by [image: $$g\left( {s^{2} } \right) = \left\{ {\begin{array}{*{20}l} {1 - e^{{ - \frac{{C_{m} }}{{\left( {s^{2} /k^{2} } \right)^{m} }}}} ,} \hfill &amp; {if\;\left| s \right| &gt; 0} \hfill \\ {1,} \hfill &amp; {if\;s = 0} \hfill \\ \end{array} } \right.$$] [11], with [image: $$1 = e^{{ - C_{m} }} \left( {1 + 2C_{m} m} \right)$$], [image: $$m \in \left\{ {2,3,4} \right\}$$], C2 = 2.3366, C3 = 2.9183 and C4 = 3.3148. The robust anisotropic diffusion (RAD) model introduced by Black et al. applies the robust estimation theory in creating the next conductance function, called Tukey’s biweight: [image: $$g\left( {s^{2} } \right) = \left\{ {\begin{array}{*{20}l} {\left( {1 - \frac{{s^{2} }}{{5k^{2} }}} \right)^{2} ,} \hfill &amp; {if\;\frac{{s^{2} }}{5} \le k^{2} } \hfill \\ {0,} \hfill &amp; {if\;\frac{{s^{2} }}{5} &gt; k^{2} } \hfill \\ \end{array} } \right.$$] [12].
Various choices of the conductance parameter k have also been proposed. It must be selected carefully for a satisfactory edge-preserving AWGN reduction, because, when the gradient magnitude exceeds its value, that boundary is sharpened. While some models, including Perona–Malik technique, use a fixed k that can be determined empirically, other approaches consider this parameter as a function of time, k(t), that is reduced gradually during the smoothing process, or detect it automatically, as a function of the current state of the evolving u [13]. So, some detection solutions, like the morphology-based [image: $$k = avg\left( {u \circ S} \right) - avg\left( {u \bullet S} \right)$$] or various statistics-based approaches [13], were introduced.
Other Perona–Malik inspired denoising methods represent some regularization attempts of the influential model, which is ill-posed. Such a well-posed regularization approach, proposed by Catte et al., applies a Gaussian filter to the evolving image: [image: $$u_{t} = div\left( {g\left( {\left\| {\nabla u_{\sigma } } \right\|} \right) \cdot \nabla u} \right)$$], where [image: $$u_{\sigma } = K_{\sigma } * u$$] [14]. Other regularization techniques were proposed by Kacur and Mikula [15] and Torkamani-Azar and Tait [16].
And some second-order PDE-based solutions improve the P-M model by introducing various fields in its scheme. They include Gradient Vector Flow (GVF)-based P-M [17], INGVF-based P-M [18], Gradient Vector Convolution (GVC)-based P-M [19], and CONVEF-based P-M models [20].
We have also developed some second-order anisotropic diffusion-based filtering models that improve and regularize the Perona–Malik approach, by introducing new conductance diffusivity functions and parameters, and new boundary conditions. Such a technique, which was proposed in [21], uses the parabolic PDE model[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} = div\left( {\psi_{K(u)} \left( {\left| {\nabla u} \right|^{2} } \right)\nabla u} \right)} \hfill \\ \begin{gathered} u\left( {0,x,y} \right) = u_{0} \hfill \\ \nabla u \cdot \nu = 0,\quad {\text{on}}\,\left( {{0,}T} \right) \times \partial \Omega \hfill \\ \end{gathered} \hfill \\ \end{array} } \right.,\quad \left( {x,y} \right) \in \Omega $$]

 (2.3)


whose edge-stopping function is [image: $$\psi_{K(u)} :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right)$$], with[image: $$ \psi_{K(u)} (s^{2} ) = \left\{ {\begin{array}{*{20}l} {\alpha \sqrt {\frac{K(u)}{{\beta s^{2} + \eta }}} ,} \hfill &amp; {{\text{if}}\;s \in \left[ {0,M} \right]} \hfill \\ {\frac{\alpha }{\sqrt \gamma },} \hfill &amp; {{\text{if}}\;s = {0}} \hfill \\ \end{array} } \right. $$]

 (2.4)


where [image: $$\alpha ,\beta \in \left[ {0.5,\;\;0.8} \right]$$], [image: $$\eta \in \left[ {0.5,1} \right)$$], M > 0, [image: $$\nu$$] is the normal to [image: $$\partial \Omega$$] and the conductance parameter is computed as the statistics-based function:[image: $$ K\left( u \right) = \left\| u \right\|_{F} \frac{median(u)}{{n(u)\varepsilon }} \, $$]

 (2.5)


with [image: $$\varepsilon \in \left( {0,1} \right]$$], [image: $$\left\| u \right\|_{F}$$] is the Frobenius norm of u, median(u) returns its median and n(u) is its number of pixels. This nonlinear diffusion model is valid, since it admits a unique variational (weak) solution. Its well-posedness is demonstrated rigorously in [21, 22]. The filtering approach based on it removes successfully the additive noise, overcome the blurring effect and outperforms many conventional and nonlinear PDE-based restoration methods [21]. An AWGN filtering method comparison example is provided in Fig. 2.1, where the restoration results provided by our technique, the P-M scheme and other filters on the Peppers image are displayed.[image: ]A series of eight images showing a comparison of image denoising techniques on a photo of vegetables, including peppers and garlic. \\n\\n- Image (a) is the original, clear image.\\n- Image (b) is a degraded, noisy version.\\n- Image (c) shows restoration using an AD model, highlighted with a red border.\\n- Images (d) to (h) display results from various denoising methods: Perona-Malik, TV denoising, 2D Gaussian filtering, Average filtering, and Wiener filtering, respectively. \\n\\nEach image demonstrates varying levels of noise reduction and clarity.


Fig. 2.1AWGN denoising results achieved by several filters


Other Perona–Malik inspired filtering schemes were introduced by us in [23, 24] and also surveyed in [22]. For example, the parabolic PDE-based filter described in [24] uses the conductance function [image: $$\xi_{u} \left( s \right) = \frac{\alpha }{{\left( {\frac{s}{{\eta_{u} }}} \right)^{k} + \eta_{u} \left| {\ln \left( {\frac{s}{{\eta_{u} }}} \right)} \right|}}$$] with the parameter [image: $$\eta_{u} = \beta \mu \left( {\left\| {\nabla u} \right\|} \right) + \gamma \left| {median\left( u \right)} \right|$$], where [image: $$\beta \in \left( {2,3} \right),\gamma \in \left( {1,2} \right)$$].
An important category of nonlinear diffusion-based denoising schemes contains the mean curvature motion (MCM)-based PDE models. This well-known MCM-based anisotropic diffusion model is introduced by Alvarez et al. [25]:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} - g\left( {\left| {G_{\sigma } * \nabla u} \right|} \right)\left\| {\nabla u} \right\|div\left( {\frac{\nabla u}{{\left| {\nabla u} \right|}}} \right) = 0} \hfill \\ {u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right)} \hfill \\ \end{array} } \right., $$]

 (2.6)


where [image: $$G_{\sigma }$$] is the 2D Gaussian filter kernel and [image: $$g:\left[ {0,\infty } \right) \to \left[ {0,\infty } \right)$$] is a non-increasing real function satisfying [image: $$\lim_{s \to \infty } g(s) = 0$$]. The diffusion-based models provided by (2.6) produce an effective selective denoising and edge detection [22, 25].
The morphological anisotropic diffusion models include the algorithm developed by Segall and Acton [26]. Their PDE-based approach introduced a morphological diffusion coefficient that is able to restore the low-sized objects while preserving and enhancing the image edges. Another class of nonlinear PDE-based filtering schemes uses the complex diffusion processes. The nonlinear complex anisotropic diffusion-based filter introduced by Gilboa et al. has the form [27]:[image: $$ u_{t} = \nabla \cdot \left( {c\left( {{\text{Im}} \left( u \right)} \right)\nabla u} \right) $$]

 (2.7)


where [image: $$c\left( {{\text{Im}} \left( u \right)} \right) = \frac{{e^{i\theta } }}{{1 + \left( {\left| {\frac{{{\text{Im}} \left( u \right)}}{k\theta }} \right|} \right)^{2} }}$$], k is a threshold value and phase angle [image: $$\theta \ll 1$$].
The edge-enhancing diffusion (EED) based smoothing provides a much better edge preserving and enhancement while removing the image noise [4]. It is given by the following nonlinear PDE:[image: $$ \frac{\partial u}{{\partial t}} = div\left( {g\left( {\nabla u_{\sigma } \nabla u_{\sigma }^{{\text{T}}} } \right)\nabla u} \right) $$]

 (2.8)



Coherence-enhancing anisotropic diffusion represents an extension of the edge-enhancing anisotropic diffusion that is specifically designed to enhance the line-like structures by integrating the orientation information [4, 28]. It is based on a diffusion tensor containing directional information and having the following form:[image: $$ D = \left[ {v_{1} ,\;\;v_{2} } \right]\left[ {\begin{array}{*{20}c} {g_{{\lambda_{1} }} \left( {\lambda_{1} ,\lambda_{2} } \right)} &amp; 0 \\ 0 &amp; {g_{{\lambda_{2} }} \left( {\lambda_{1} ,\lambda_{2} } \right)} \\ \end{array} } \right]\left[ {\begin{array}{*{20}c} {v_{1} } \\ {v_{2} } \\ \end{array} } \right] $$]

 (2.9)


where [image: $$v_{1} ,v_{2}$$] are the eigenvector parallel and orthogonal to the image gradient respectively and [image: $$\lambda_{1} ,\lambda_{2}$$] are the corresponding eigenvalues [28], and the proposed edge stopping function is[image: $$ \left\{ {\begin{array}{*{20}l} {g_{{\lambda_{1} }} \left( {\lambda_{1} ,\lambda_{2} } \right) = \alpha } \hfill \\ {g_{{\lambda_{2} }} \left( {\lambda_{1} ,\lambda_{2} } \right) = \alpha + \left( {1 - \alpha } \right)e^{{\frac{{ - C_{m} }}{{\left( {k/\left( {\lambda_{1} - \lambda_{2} } \right)^{2} } \right)^{m} }}}} } \hfill \\ \end{array} } \right. $$]

 (2.10)



Most second-order diffusion models follow variational principles, since it is very common to achieve nonlinear PDE-based denoising model from energy-based (variational) problems representing minimizations of some energy cost functionals [8, 29]. Such an energy functional is composed of a regularization term and a fidelity one. The generic variational denoising scheme is based on the next minimization:[image: $$ \mathop {\min }\limits_{u} \left\{ {E\left( u \right) = R\left( u \right) + F\left( u \right)} \right\} $$]

 (2.11)


where E(u) stands for the energy functional, the regularization term is[image: $$ R\left( u \right) = \alpha \int\limits_{\Omega } {\psi \left( {\left\| {\nabla u} \right\|} \right)} d\Omega $$]

 (2.12)


with regularizer function [image: $$\psi$$] and the fidelity term takes the next form:[image: $$ F\left( u \right) = \frac{\beta }{2}\int\limits_{\Omega } {\left( {u - u_{0} } \right)^{2} } d\Omega $$]

 (2.13)


where [image: $$u_{0}$$] is the initial noisy observation and [image: $$\alpha ,\beta &gt; 0$$].
Many variational PDE-based image filtering schemes have been proposed in the last three decades. These variational models lead to nonlinear PDEs by creating the associated Euler–Lagrange equations, then applying the steepest descent method.
The total variation was introduced for image denoising and restoration in 1992 by Rudin et al. [9]. Their influential variational filtering model, named Total Variation (TV) Denoising or TV-ROF, consists in the minimization of the total variation norm. TV Denoising is very effective at simultaneously conserving the image edges while removing the AWGN in flat regions, and has the form:[image: $$ u_{rest} = \arg \mathop {\min }\limits_{{u \in L^{2} \left( \Omega \right)}} \int\limits_{\Omega } {\left( {\left\| {\nabla u} \right\| + \frac{1}{2\lambda }\left( {u_{0} - u} \right)^{2} } \right)} d\Omega $$]

 (2.14)


with [image: $$\lambda &gt; 0$$] and [image: $$u_{rest}$$] is the restoration. The next second-order diffusion equation is obtained applying the Euler–Lagrange equation and steepest descent method:[image: $$ \frac{\partial u}{{\partial t}} = div\left( {\frac{\nabla u}{{\left| {\nabla u} \right|}}} \right) + \frac{1}{\lambda }\left( {u - u_{0} } \right) $$]

 (2.15)



See a TV-ROF image denoising example in Fig. 2.1e. Numerous variational restoration approaches that improve this total variation regularization model, by addressing drawbacks like its vulnerability to the staircase effect, have been developed. The ROF Total Variation Denoising with Split Bregman employs an iterative Split Bregman algorithm to solve the TV minimization [30]. The TV-L1 denoising model improves TV-ROF by using L1-norm as a measure of fidelity between the observation and restored image [31]. It is based on the minimization:[image: $$ \mathop {\min }\limits_{{u \in BV\left( {R^{N} } \right)}} \int\limits_{{R^{N} }} {\left| {\nabla u} \right|} + \lambda \int\limits_{{R^{N} }} {\left| {u - u_{0} } \right|} dxdy $$]

 (2.16)


TV-L1 is contrast invariant and able to separate the image features according to their scales [31].
Another improved variant of the classic TV model is the Adaptive TV Denoising (ATV) based on difference curvature [32]. Its regularization term operates like a TV norm at object boundaries in order to preserve the edges, while approximating to the L2-norm in the flat and ramp image regions in order to overcome the staircasing. ATV is based on the minimization problem:[image: $$ \min E_{ATV} = \int\limits_{\Omega } {\left( {\left| {\nabla u} \right|^{p(D)} + \frac{1}{2}\lambda \left( D \right)\left( {u - u_{0} } \right)^{2} } \right)} dxdy $$]

 (2.17)


where the functions [image: $$p(D) = 2 - \sqrt D ,\lambda (D) = k \cdot \sqrt {\overline{D} }$$], D stands for the difference curvature of the image, [image: $$\overline{D}$$] is its normalization and k > 0 [32].
Total Variation Denoising method based on median filter and phase consistency (MPC-TV) improves TV Denoising by modifying it using a diffusion rate adjuster using the phase congruency and a fusion of the median filter and phase consistency boundary [33]. This TV-based filtering approach removes successfully the AWGN and deals properly with speckle noise also.
The Generalized Total Variation (GTV) regularization-based image noise removal, constitutes another improved TV Denoising scheme [34]. GTV Denoising uses a generalized pth power total variation and has an improved performance.
We also derived some nonlinear second-order parabolic PDE-based filters from energy-based models. Such a variational denoising technique proposed by us minimizes the energy functional [35]:[image: $$ E(u) = \int\limits_{\Omega } {\left( {\frac{\lambda }{2}\psi_{u} \left( {\left\| {\nabla u} \right\|} \right) + \frac{\rho }{2}\left( {u - u_{0} } \right)^{2} } \right)} d\Omega , $$]

 (2.18)


where [image: $$\lambda ,\rho \in \left( {0,1} \right)$$] and its regularizer is[image: $$ \psi_{u} (s) = \int\limits_{0}^{s} {\tau \zeta \left( {\frac{\gamma (u)}{{\beta \ln \left( {s + \gamma (u)} \right)^{3} + \delta }}} \right)^{1/2} d\tau } , $$]

 (2.19)


whose conductance parameter [image: $$\gamma (u) = \alpha \mu \left( {\left\| {\nabla u} \right\|} \right) + \eta t(u)$$], the parameters [image: $$\alpha ,\beta ,\zeta ,\eta ,\delta \in \left( {0,3} \right]$$] and t(u) returns the current time of u in evolving sequence. A nonlinear anisotropic diffusion-based model is obtained by applying the Euler–Lagrange equation and gradient descent method [36]. A finite difference method-base discretization scheme was created for its numerical solving [35]. It outperforms many nonlinear PDE-based filters and classic denoising schemes, achieving higher scores of the performance metrics. Other variational denoising models leading to nonlinear second-order diffusion equations were introduced in [37].
While the most existing nonlinear PDE-based restoration models are parabolic can be derived from some variational schemes, we introduced effective denoising approached based on non-variational PDEs that are also not parabolic. Thus, several hyperbolic PDE-based filters that contain also nonlinear diffusion components were developed by us, disseminated in our past papers and also surveyed in [22]. They reduce considerably the AWGN and sharpens the image details, like edges and corners, given the second order derivatives used by them. So, one of these models is based on the following hyperbolic PDE with boundary conditions [38]:[image: $$ \left\{ {\begin{array}{*{20}l} {\alpha \frac{{\partial^{2} u}}{{\partial t^{2} }} + \beta^{2} \frac{\partial u}{{\partial t}} - div\left( {\psi_{K(u)} \left( {\left\| {\nabla u} \right\|} \right)\nabla u} \right) + \lambda \left( {u - u_{0} } \right) = 0} \hfill \\ \begin{gathered} u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right) \hfill \\ \frac{\partial u}{{\partial t}}\left( {0,x,y} \right) = u_{1} \left( {x,y} \right) \hfill \\ u\left( {t,x,y} \right) = 0,\quad \forall t \ge 0,\;\;\left( {x,y} \right) \in \partial \Omega \hfill \\ \end{gathered} \hfill \\ \end{array} } \right.,\quad \left( {x,y} \right) \in \Omega $$]

 (2.20)


with [image: $$\alpha ,\beta \in \left( {0,1} \right]$$] and [image: $$\lambda \in \left( {0,0.4} \right]$$] and the edge-stopping function modeled as:[image: $$ \psi_{K(u)} (s) = \left\{ {\begin{array}{*{20}l} {\xi \sqrt {\frac{K(u)}{{\gamma s^{2} + \eta }}} ,} \hfill &amp; {{\text{if}}\;s &gt; 0} \hfill \\ {1,} \hfill &amp; {{\text{if }}\;s = {0}} \hfill \\ \end{array} } \right. $$]

 (2.21)


where [image: $$\xi ,\gamma \in \left( {0,1} \right]$$], [image: $$\eta \in \left( {0,6} \right)$$] and conductance [image: $$K(u) = \zeta \left| {median\left( {\left\| {\nabla u} \right\|} \right) - \varepsilon } \right| + \nu ord(u)$$], where [image: $$\zeta ,\varepsilon \in \left( {{0}{\text{.2,3}}} \right]$$], [image: $$\nu \in \left( {{0,0}{\text{.6}}} \right)$$], ord(u) returns the order of current state of u. It provides very good edge-enhancing denoising results, avoiding the side-effects [38].

2.1.2 Nonlinear Fourth-Order PDE-Based AWGN Filtering Approaches
While the nonlinear second-order PDE-based filters remove successfully the AWGN, avoid the blurring and preserve well the image edges, they use to approximate the observations as step images looking blocky and usually generate the staircase effects. For this reason, the nonlinear fourth-order partial differential equations were introduced as an effective denoising and restoration tool that solve the drawbacks of the second-order PDE models. Unlike those nonlinear second-order diffusion schemes, the fourth-order PDE-based models generate piecewise planar images that look more natural and overcome the unintended staircasing [22].
An influential nonlinear fourth-order PDE-based restoration approach is the isotropic diffusion-based scheme proposed by You and Kaveh in 2000 [39]. Their L2-curvature gradient flow method is achieved from a variational problem based on the next energy functional minimization:[image: $$ E\left( u \right) = \int\limits_{\Omega } {f\left( {\left| {\nabla^{2} u} \right|} \right)} dxdy $$]

 (2.22)


with f an increasing function. It leads to the nonlinear 4th-order PDE-based model:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} = - \nabla^{2} \left[ {g\left( {\nabla^{2} u} \right)\nabla^{2} u} \right]} \hfill \\ {u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right)} \hfill \\ \end{array} } \right., $$]

 (2.23)


where [image: $$g\left( s \right) = \frac{{f^{\prime}\left( s \right)}}{s}$$] [39]. The You–Kaveh filter provides effective denoising results and overcomes the staircase effect but it may also generate multiplicative (speckle) noise. For this reason, a despeckling procedure is also provided in [39].
Numerous fourth-order diffusion-based techniques improving the Y-K model have been developed in the last years. GVC-based fourth-order anisotropic diffusion filtering model introduced by Wang et al. inserts the Gradient Vector Convolution (GVC) field into You–Kaveh scheme [40], as following:[image: $$ \frac{\partial u}{{\partial t}} = - \Delta \left( {c_{1} \Delta u - c_{2} V_{GVC} \cdot {\text{N}}} \right) $$]

 (2.24)


where [image: $$c_{1} \left( {\left| {\nabla u} \right|} \right) = \frac{1}{{1 + \left( {\frac{{\left| {\nabla u} \right|}}{{k_{1} }}} \right)^{2} }}$$], [image: $$c_{2} \left( {\left| {\nabla u} \right|} \right) = m\left| {\nabla u} \right|e^{{ - \left( {\frac{{\left| {\nabla u} \right|}}{{k_{2} }}} \right)^{2} }} ,m \in \left( {0,1} \right]$$] and [image: $${\text{N}} = \frac{\nabla u}{{\left| {\nabla u} \right|}}$$].
This GVC-based restoration model provides a better boundary and texture preservation, due to the outstanding edge detection ability of the GVC field. This fourth-order anisotropic diffusion filter provides a more effective AWGN reduction, illustrated by its higher PSNR scores. It also improved the numerical stability [40].
An improvement of the You–Kaveh model is based on an adaptive relaxation method and a discontinuity treatment of the edges [41]. Another well-known nonlinear fourth-order PDE-based restoration approach is the variational LLT model developed by Lysaker et al. [42]. They used 2 different functions to measure the oscillations of the noisy image data. LLT denoising is based on the next energy minimization:[image: $$ u = \arg \mathop {\min }\limits_{u} \int\limits_{\Omega } {\left( {\left| {D^{2} \left( u \right)} \right| + \frac{\lambda }{2}\left( {u - u_{0} } \right)^{2} } \right)} d\Omega $$]

 (2.25)


where [image: $$\lambda \ge 0$$] and [image: $$\left| {D^{2} \left( u \right)} \right| = \left\{ {\begin{array}{*{20}l} {\left| {u_{xx} } \right| + \left| {u_{yy} } \right|,\,or} \hfill \\ {\left( {u_{xx}^{2} + u_{xy}^{2} + u_{yx}^{2} + u_{yy}^{2} } \right)^{1/2} } \hfill \\ \end{array} } \right.$$]. It outperforms the Y-K model for a proper λ value. It provided very good detail-preserving noise removal results on the medical images [42].
An improved nonlinear fourth-order diffusion-based filter was modeled by T. Chan by inserting a fourth-order diffusion term to the Euler–Lagrange equation of TV Denoising [43]. It alleviate considerably the blocky effect and preserve well the features. The fourth-order PDE models with piecewise planarity conditions (PPCs) were introduced by Kim and Lim [44]. With these conditions the unconstrained 4th-order variational schemes in continuum converge to a piecewise planar image.
While nonlinear fourth-order diffusion-based filters reduce the AWGN successfully and overcome the staircase effect, they also have their own drawbacks. Besides producing some multiplicative noise, they may generate image over-filtering. Since fourth-order diffusion damps the high frequency image components much faster, it could over-smooth the step boundaries. Some restoration approaches that combine second and fourth order PDE-based filters, and enjoy the advantages of both types of nonlinear PDE models, have been introduced for this reason.
Thus, some restoration frameworks use LLT in combination with second-order anisotropic diffusion filters like the Perona–Malik scheme. Another compound diffusion-based restoration solution combines fourth-order LLT to a second-order TV filter [45]. A restoration method that combines a second-order P-M type model to a fourth-order You–Kaveh type scheme was introduced by Liu and Xiang [46]. They approximate the models using finite differences, then, a convex combination of the two stable numerical approximation algorithms is performed. The obtained approach removes successfully the AWGN, while avoiding all the undesired effects. Another convex combination of two nonlinear PDE-based models of different orders, which outperforms each of its two PDE-based components, has the form [image: $$w = \theta u + \left( {1 - \theta } \right)v,\theta \in \left[ {0,1} \right]$$] [47], where [image: $$u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right)$$], [image: $$v\left( {0,x,y} \right) = v_{0} \left( {x,y} \right)$$], [image: $$\left| {D^{2} v} \right| = \left( {v_{xx}^{2} + v_{xy}^{2} + v_{yx}^{2} + v_{yy}^{2} } \right)^{1/2}$$] and[image: $$ \left\{ {\begin{array}{*{20}l} {u_{t} = \nabla \cdot \left( {\frac{\nabla u}{{\left| {\nabla u} \right|}}} \right) - \lambda_{1} \left( {u - u_{0} } \right)} \hfill \\ {and} \hfill \\ {v_{t} = - \left( {\frac{{v_{xx} }}{{\left| {D^{2} v} \right|}}} \right)_{xx} - \left( {\frac{{v_{xy} }}{{\left| {D^{2} v} \right|}}} \right)_{xy} - \left( {\frac{{v_{yx} }}{{\left| {D^{2} v} \right|}}} \right)_{yx} - \left( {\frac{{v_{yy} }}{{\left| {D^{2} v} \right|}}} \right)_{yy} - \lambda_{2} \left( {v - v_{0} } \right)} \hfill \\ \end{array} } \right. $$]

 (2.26)



Other hybrid denoising techniques mix nonlinear fourth-order PDE models of different types. Such a compound approach combines a mean curvature motion-based scheme to a nonlinear fourth-order PDE [48], having the form:[image: $$ \left\{ {\begin{array}{*{20}l} {u_{t} = - \left| {\nabla u} \right|^{\alpha } \Delta \cdot \left( {\frac{\Delta u}{{\left| {\Delta u} \right|^{1 + \varpi } }}} \right) - \beta \left( {u - u_{0} } \right),\left( {x,y} \right) \in \Omega } \hfill \\ {u\left( {x,y,0} \right) = u_{0} \left( {x,y} \right),\left( {x,y} \right) \in \Omega } \hfill \\ {\frac{\partial u}{{\partial \overrightarrow {n} }} = 0,\left( {x,y} \right) \in \partial \Omega } \hfill \\ \end{array} } \right. $$]

 (2.27)


with [image: $$\alpha ,\beta ,\omega \ge 0$$]. It overcomes the blocky artifacts and removes speckle noise, too.
We have also developed many nonlinear parabolic and hyperbolic fourth-order PDE-based denoising techniques in the last years, which are surveyed in [22]. Let us mention here our hyperbolic PDE-based filter that is based on the model [49]:[image: $$ \left\{ {\begin{array}{*{20}l} {\xi \frac{{\partial^{2} u}}{{\partial t^{2} }} + \gamma^{2} \frac{\partial u}{{\partial t}} + \Delta \left( {\varphi_{u} \left( {\left\| {\nabla u} \right\|} \right) \cdot \nabla^{2} u} \right) + \lambda \left( {u - u_{0} } \right) = 0} \hfill \\ \begin{gathered} u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right) \hfill \\ u_{t} \left( {0,x,y} \right) = u_{1} \left( {x,y} \right) \hfill \\ u\left( {t,x,y} \right) = 0,\quad \forall t \ge 0,\;\;\left( {x,y} \right) \in \partial \Omega \hfill \\ \end{gathered} \hfill \\ \end{array} } \right.\quad \left( {x,y} \right) \in \Omega $$]

 (2.28)


where [image: $$\xi ,\gamma ,\lambda \in \left( {0,1} \right]$$], u1 is a velocity modification of the observed image, [image: $$\varphi_{u} (s) = \delta \sqrt {\frac{\psi (u)}{{\alpha \log 10\left( {s^{2} + \psi (u)} \right)^{k} + \beta }}}$$], [image: $$\psi (u) = \left| {\eta \mu \left( {\left\| {\nabla u} \right\|} \right) - \varepsilon } \right|$$], [image: $$\alpha ,\eta \in \left( {0,1.5} \right)$$], [image: $$k,\beta ,\varepsilon \in \left[ {2,5} \right)$$].
This hyperbolic fourth-order PDE-based denoising scheme outperforms both the second and fourth order diffusion-based filters, including P-M and Y-K models, providing more effective noise removal results, sharpening the boundaries, executing faster and overcoming the side-effects [49].
We have also proposed PDE-based restoration solutions combining succesfully second and fourth-order diffusions. Such a variational denoising scheme minimizes[image: $$ J(u) = \int\limits_{\Omega } {\left( {\varphi_{1} \left( {\left\| {\nabla u} \right\|} \right) + \varphi_{2} \left( {\nabla^{2} u} \right) + \frac{\lambda }{2}\left( {u - u_{0} } \right)^{2} } \right)} d\Omega $$]

 (2.29)


where [image: $$\varphi_{1}$$] and [image: $$\varphi_{2}$$] are 2 regularizers, [image: $$\lambda \in \left( {0,1} \right)$$]. It leads to the fourth-order PDE model[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} = div\left( {\psi_{1}^{u} \left( {\left\| {\nabla u} \right\|} \right)\nabla u} \right) - \nabla^{2} \left( {\psi_{2}^{u} \left( {\left| {\nabla^{2} u} \right|} \right)\nabla^{2} u} \right) - \lambda \left( {u - u_{0} } \right)} \hfill \\ \begin{gathered} u\left( {0,x,y} \right) = u_{0} \hfill \\ u\left( {t,x,y} \right) = 0,\quad on\,\partial \Omega \hfill \\ \frac{\partial u}{{\partial \overrightarrow {n} }} = 0 \hfill \\ \end{gathered} \hfill \\ \end{array} } \right. $$]

 (2.30)


with [image: $$\psi_{1}^{u} ,\psi_{2}^{u} :\left[ {0,\infty } \right) \to \left( {0,\infty } \right)$$], [image: $$\psi_{1}^{u} (s) = \frac{1}{s}\frac{{\partial \varphi_{1} (s)}}{\partial s}$$], [image: $$\psi_{2}^{u} (s) = \frac{1}{s}\frac{{\partial \varphi_{2} (s)}}{\partial s}$$] [50]. It out-performs both classic and the second and fourth-order PDE-based filters, as illustrated by method comparison results and example in Table 2.1 and Fig. 2.2.Table 2.1Method comparison: average PSNR scores of several AWGN filters


	Method
	This approach (dB)
	P-M 1 (dB)
	P-M 2 (dB)
	TV denoising (dB)
	You–Kaveh (dB)
	Gaussian filter (dB)

	PSNR
	28.34
	26.23
	24.91
	21.88
	27.19
	21.37



[image: ]A series of eight black and white images showing a woman sitting with her arms around her knees, wearing a headscarf. The images are labeled: a) Original image, b) Degraded image, c) Proposed restoration model, d) Perona-Malik 1, e) Perona-Malik 2, f) TV Denoising, g) You-Kaveh scheme, h) 2D Gaussian filter. The original image is clear, while the degraded image is noisy. The proposed restoration model and other methods show varying levels of noise reduction and clarity. The proposed model is highlighted with a red border, indicating its significance.


Fig. 2.2Image filtered by several PDE and non-PDE filters




2.2 Nonlinear PDE-Based Photon-Limited Image Restoration Solutions
While AWGN represents the most common type of noise that affects the digital images during the capturing process, there are also other noises that may be generated by the acquisition devices. One of them is the quantum, or shot, noise, which is also called Poisson noise since it is characterized by the Poisson distribution: [image: $$P\left( n \right) = \frac{{e^{ - \mu } \mu^{n} }}{n!},n \ge 0$$] [51]. While AWGN is a signal-independent noise, the Poisson noise is a signal-dependent one, produced by the imaging instruments based on photon-counting devices. Due to the inherently random nature of the photon emission and detection, the signal-dependent errors of the image acquisition mechanisms generate the photon-limited images.
Many photon-limited image restoration solutions have been provided in the last decades. Some conventional filters, like the 2D median filter [2], reduce the Poisson noise but they may affect the image details. More effective quantum noise removal approaches include the Non-Local Mean—NLM Poisson filter [52], Poisson Reducing Bilateral Filter—PRBF [53], Multi Scale Variance Stabilizing Transform (MS-VST) [54], Minimum Description Length (MDL)-based method [55], wavelet, ridgelet and curvelet-based schemes [56].
Partial differential equation (PDE)-based filters represent also very effective photon-limited image denoising tools. Many nonlinear PDE-based quantum noise removal models were derived from PDE-based additive Gaussian noise filtering schemes. Thus, total variation regularization-based quantum denoising models were obtained adapting the TV-based AWGN filtering schemes to the Poisson distribution, by inserting a data-fidelity term that is suitable for shot noise [57–59].
Such a variational PDE photon-limited image restoration approach was introduced by Le et al. [57]. It applies the next energy functional minimization:[image: $$ u_{rest} = \mathop {\arg \min }\limits_{u \in BV(\Omega )} \int\limits_{\Omega } {\left( {\left| {\nabla u} \right| + \lambda \left( {u - u_{0} \log u} \right)} \right)d\Omega } $$]

 (2.31)


where [image: $$u_{0}$$] is the photon-limited observation, [image: $$BV\left( \Omega \right)$$] is the space of the bounded variation functions on the image domain [image: $$\Omega \subseteq R^{2}$$] and [image: $$\lambda$$] stands for a penalty term. The TV-based model (2.31) generates a nonlinear parabolic second-order PDE-based filter that achieves a good trade-off between noise reduction and feature preservation, but could produce blocky effects [57]. For this reason, several fourth-order PDE denoising models for shot noise have been developed. A energy-based restoration technique was introduced by Zhou and Li in [58]. It denoises properly the photon-limited images using the energy minimization:[image: $$ u_{\min } = \mathop {\min }\limits_{u} \left\{ {E\left( u \right) = \int\limits_{\Omega } {\left( {\left| {D^{2} u} \right| + \lambda \left( {u - u_{0} \log u} \right)} \right)d\Omega } } \right\} $$]

 (2.32)


where Du is the distributional derivative of u. Then, a nonlinear fourth-order PDE is derived from (2.32). The obtained model is solved numerically applying the alternating minimization (AM) algorithm [58]. The fourth-order PDE-based approach removes successfully the Poisson noise and overcomes the staircase effect. It outperforms the second-order PDE-based quantum denoising models, as illustrated by the method comparison results described in Table 2.2 and Fig. 2.3, where these 2 variational approaches given by (2.31) and (2.32) are compared [58].Table 2.2Results obtained by the two TV-based shot denoising models


	Method
	Iterations
	Running time (s)
	Relative error

	2nd order PDE model
	450
	17:21
	0.0541

	4th order PDE model
	250
	10:04
	0.0530



[image: ]A four-panel image showing a panda eating bamboo. Panel a) is labeled "Original" and shows a clear image. Panel b) is labeled "Photon-limited image" and appears grainy. Panel c) is labeled "2nd order model - 450 it." and shows a slightly clearer image than panel b. Panel d) is labeled "4th order model - 250 it." and shows further improvement in clarity. The sequence demonstrates image processing techniques to enhance quality.


Fig. 2.3Results of 2nd and 4th order PDE models on Panda image


Another energy-based quantum noise removal technique was proposed by Sawatzky et al. [59]. Their PDE-based filter uses the total variation minimization:[image: $$ u_{\min } = \mathop {\arg \min }\limits_{u \in BV(\Omega )} \left\{ {\frac{1}{2}\int\limits_{\Omega } {\left( {\frac{{\left( {u - u_{0} } \right)^{2} }}{{u_{0} }} + \alpha \left| u \right|_{BV} } \right)d\Omega } } \right\} $$]

 (2.33)


where [image: $$u_{\min }$$] is the restored image, [image: $$u_{0}$$] is the photon-limited image and [image: $$\alpha \ge 0$$]. This variational method provides an effective Poisson noise removal. A filtering example is described in Fig. 2.4. The original image in (a) is then contaminated by a high amount of signal-dependent noise in (b), its restored version being depicted in (c).[image: ]Three-panel heatmap figure illustrating image processing stages. Panel a) "Original" shows a blue circle with two overlapping yellow circles labeled "TRUE IMAGE." Panel b) "Poisson noise" displays the same circle with added noise, labeled "B: 0.93." Panel c) "Restoration" depicts the circle with reduced noise and highlighted areas in red and yellow, labeled "D: 0.31."


Fig. 2.4Variational PDE-based Poisson denoising example


Other variational restoration approaches, such as the fractional-order total variation-based Poisson denoising (FOTV) model introduced by Chowdhury et al. in 2020 [60], use higher order total variations. So, the FOTV-regularized denoising technique is characterized by the minimization problem:[image: $$ \mathop {\min }\limits_{{u \in BV^{\alpha } (\Omega )}} TV^{\alpha } (u) + \beta \int\limits_{\Omega } {\left( {u - u_{0} \log u} \right)d\Omega } $$]

 (2.34)


where [image: $$TV^{\alpha } (u)$$] stands for the [image: $$\alpha$$]-order total variation and the fractional order [image: $$\alpha &gt; 0$$] [60]. The nonlinear PDE model derived from this variational scheme is well-posed under some certain assumptions. The existence and uniqueness of a variational solution for this PDE is demonstrated for [image: $$\beta &gt; 0$$] in [60].
This variational approach outperforms some well-known non-PDE based Poisson noise reduction techniques [60]. Some noise removal results are displayed in Fig. 2.5, where the original image is represented first, the second one is the photon-limited image and the next three images display the FOTV-based restoration results for several fractional order parameter values.[image: ]A series of five heatmaps illustrating the effect of Poisson noise and varying alpha values on an original image. The first heatmap is labeled "original" and shows a smooth gradient. The second, labeled "Poisson noise," displays a noisy pattern. The subsequent heatmaps are labeled with alpha values: α = 1, α = 1.8, and α = 2.4, showing progressively smoother gradients as the alpha value increases.


Fig. 2.5FOTV-based denoising results


The following total bounded variation-based Poissonian images restoration model was proposed by Liu and Huang [61]:[image: $$ \mathop {\min }\limits_{{u \in BV(\Omega ),\log Ku \in L^{1} \left( \Omega \right)\,}} \left\| {\nabla u} \right\|_{1} + \frac{\alpha }{2}\left\| u \right\|_{2}^{2} + \beta \int\limits_{\Omega } {\left( {Ku - u_{0} \log Ku} \right)d\Omega } $$]

 (2.35)


where [image: $$\alpha \ge 0,\beta &gt; 0$$] and K is a bounded linear operator representing the convolution kernel. Its optimal solution was determined recursively using an extended split Bregman. This restoration model preserves the boundaries while removing the Poisson noise, but may cause blocky effects in the flat regions [61].
Other quantum noise removal techniques use nonlinear fourth-order PDE models solved by the alternating minimization algorithm [62], PDE-based models based on Euler’s Elastica Regularization [63] and Hamilton–Jacobi PDEs [64]. We also developed several photon-limited image restoration techniques based on variational and non-variational, parabolic and hyperbolic PDE models.
In [65] we disseminated an anisotropic diffusion-based quantum noise filter using the next second-order nonlinear parabolic PDE model with boundary conditions:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} - \delta \left( {\left\| {\nabla u} \right\|} \right)\nabla \cdot \left( {\psi \left( {\left\| {\nabla u} \right\|} \right)\nabla u} \right) + \lambda \frac{{u - u_{0} \, }}{u} = 0 \, } \hfill \\ {u\left( {x,y,0} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x,y} \right) \in \Omega } \hfill \\ {\frac{\partial u}{{\partial \mathop n\limits^{ \to } }}\left( {x,y} \right) = 0,\quad \forall \left( {x,y} \right) \in \partial \Omega } \hfill \\ \end{array} } \right. $$]

 (2.36)


where [image: $$\lambda \in \left[ {0,1} \right)$$] and the proposed diffusivity function is[image: $$ \psi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right),\psi \left( s \right) = \left( {\frac{{\left| {\mu (\left\| {\nabla u} \right\|) + \alpha t} \right|}}{{\left| {\beta \ln \left( {\mu (\left\| {\nabla u} \right\|) + \alpha t} \right) + \eta s^{3} } \right|}}} \right)^{\frac{1}{2}} $$]

 (2.37)


where [image: $$\eta \in \left[ {0,3} \right)$$], [image: $$\alpha ,\beta \in \left[ {0,1} \right)$$] and[image: $$ \delta :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right),\delta \left( s \right) = \frac{{\sqrt[3]{{\gamma s^{2} + \zeta }}}}{\xi } $$]

 (2.38)


with [image: $$\gamma ,\xi ,\zeta \in \left[ {1,4} \right)$$] [65]. The component [image: $$\lambda \frac{{u - u_{0} }}{u}$$] is related to the Poisson distribution. Unlike other PDE-based quantum noise removal schemes, this diffusion model is non-variational, since it cannot be derived from any energy functional minimization. Given Neumann boundary conditions taken in (2.36), this nonlinear second-order PDE model is also well-posed, admitting a unique weak solution that is determined numerically using a finite difference-based approximation algorithm [65].
It uses a grid of space size h and time step ∆t, which quantizes the time and space coordinates as [image: $$x = ih,y = jh,t = n\Delta t,i \in \left\{ {1, \ldots ,I} \right\},j \in \left\{ {1, \ldots ,J} \right\},n \in \left\{ {0, \ldots ,N} \right\}$$], for a [image: $$\left[ {Ih \times Jh} \right]$$] image. Then, [image: $$\frac{\partial u}{{\partial t}} + \lambda \frac{{u - u_{0} }}{u}$$] is approximated as [image: $$\frac{{u_{i,j}^{n + \Delta t} - u_{i,j}^{n} }}{\Delta t} + \lambda \frac{{\left( {u_{i,j}^{n} - u_{i,j}^{0} } \right)}}{{u_{i,j}^{n} }}$$]. One computes [image: $$\delta_{i,j} = \delta \left( {\left\| {\nabla u_{i,j} } \right\|} \right)$$], with [image: $$\left\| {\nabla u_{i,j} } \right\| \approx \sqrt {\left( {\frac{{u_{i + h,j}^{n} - u_{i - h,j}^{n} }}{2h}} \right)^{2} + \left( {\frac{{u_{i,j + h}^{n} - u_{i,j - h}^{n} }}{2h}} \right)^{2} }$$]. The divergence component, [image: $$\nabla \cdot \left( {\psi \left( {\left\| {\nabla u} \right\|} \right)\nabla u} \right)$$], could be discretized as[image: ]The image displays a mathematical formula involving multiple terms with complex expressions. The formula includes Greek letters such as psi (\(\psi\)) and phi (\(\phi\)), and mathematical symbols like plus (+) and minus (-). The expressions are enclosed in parentheses and involve subscripts and superscripts, indicating a series of operations or transformations. The formula appears to be part of a larger mathematical or scientific context.






If one consider [image: $$h = \Delta t = 1$$], one obtains the explicit numerical approximation scheme[image: $$ \begin{aligned} u_{i,j}^{n + 1} &amp; = \frac{{\delta_{i,j} }}{4}\left[ {\psi \left( {\left\| {u_{i + 1,j}^{n} - u_{i,j}^{n} } \right\|} \right)\left( {u_{i + 1,j}^{n} - u_{i,j}^{n} } \right) + \psi \left( {\left\| {u_{i - 1,j}^{n} - u_{i,j}^{n} } \right\|} \right)\left( {u_{i - 1,j}^{n} - u_{i - 1,j}^{n} } \right)} \right. \\ &amp; \quad \left. { + \psi \left( {\left\| {u_{i,j + 1}^{n} - u_{i,j}^{n} } \right\|} \right)\left( {u_{i,j + 1}^{n} - u_{i,j}^{n} } \right) + \psi \left( {\left\| {u_{i,j - 1}^{n} - u_{i,j}^{n} } \right\|} \right)\left( {u_{i,j - 1}^{n} - u_{i,j}^{n} } \right)} \right] \\ &amp; \quad + u_{i,j}^{n} - \lambda \frac{{u_{i,j}^{n} - u_{i,j}^{0} }}{{u_{i,j}^{n} }},\quad \forall n \in \left\{ {0, \ldots ,N} \right\} \\ \end{aligned} $$]

 (2.39)


with discrete Neumann boundary conditions [image: $$u_{2,j}^{n} - u_{1,j}^{n} = 0,u_{J,j}^{n} - u_{J - 1,j}^{n} = 0,u_{i,2}^{n} - u_{i,1}^{n} = 0,u_{i,I}^{n} - u_{i,I - 1}^{n} = 0$$]. The scheme (2.39) is consistent to the PDE model and converges fast to its solution representing the denoised image. However, its number of iterations, N, depends on the image size and amount of shot noise. This denoising algorithm removes success-fully this type of noise and overcomes the blurring and the staircase artifacts, while preserving the essential image details. The image datasets used in our simulations were the volumes of the USC-SIPI database [65]. It outperforms conventional filters approaches, like 2D Median filter, and the TV-based models adapted for Poisson noise, as shown by the method comparison results in Table 2.3 and Fig. 2.6.Table 2.3The average PSNR values of several filters


	Restoration technique
	Average PSNR value (dB)

	The proposed AD-based method
	34.2536

	Median 2D filter
	29.7369

	NLM filter
	31.3794

	Bilateral 2D filter
	29.8467

	TV model for Poisson noise
	33.2542



[image: ]A series of seven grayscale images showing a woman in a hat, demonstrating different noise reduction techniques. Image (a) is the original, (b) is corrupted by Poisson noise, and (c) shows the result of a proposed AD method with N=16. Images (d) to (g) display results from median filtering, NLM filtering, bilateral 2D filtering, and a TV model for Poisson noise, respectively. Each image illustrates varying levels of noise reduction effectiveness.


Fig. 2.6Photon-limited image restoration output of several filters


Another non-variational second-order PDE-based Poissonian image restoration approach introduced by us was based on the following hyperbolic model [66]:[image: $$ \left\{ {\begin{array}{*{20}l} {\lambda \frac{{\partial^{2} u}}{{\partial t^{2} }} + \xi \frac{\partial u}{{\partial t}} - \beta \varphi \left( {\left\| {\nabla^{2} u} \right\|} \right)div\left( {\psi \left( {\left\| {\nabla u} \right\|} \right)\nabla u} \right) + \alpha \left( {\frac{{u - u_{0} }}{\left| u \right| + \delta }} \right) = 0} \hfill \\ {u\left( {x,y,0} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega \subseteq R^{2} } \hfill \\ {u_{t} \left( {x,y,0} \right) = u_{1} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {u\left( {x,y,t} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega } \hfill \\ {\frac{\partial u}{{\partial \vec{n}}}\left( {x,y,t} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega } \hfill \\ \end{array} } \right. $$]

 (2.40)


where [image: $$\alpha ,\beta ,\lambda ,\xi ,\delta \in \left( {0,1} \right]$$], [image: $$u_{0} \in L^{2} \left( \Omega \right)$$] and[image: $$ \psi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right),\psi \left( s \right) = \left( {\frac{\eta }{{\left| {\zeta s^{k} + \gamma \log 10\left( \eta \right)} \right|}}} \right)^{{\frac{1}{k - 1}}} $$]

 (2.41)


where [image: $$\zeta \in \left( {0,1} \right]$$], [image: $$\gamma \in \left( {0.5,1} \right]$$], [image: $$k \ge 3$$], [image: $$\eta \ge 20$$] and [image: $$\varphi \left( s \right) = \frac{1}{\varepsilon }\left( {\nu s^{r - 1} + \varsigma } \right)^{\frac{1}{r}}$$].
The term [image: $$div\left( {\psi \left( {\left\| {\nabla u} \right\|} \right)\nabla u} \right)$$] performs the diffusion along the edges, so over-coming the blurring, and [image: $$\varphi \left( {\left\| {\nabla^{2} u} \right\|} \right)$$] controls the speed of the diffusion process. This filter sharpens the boundaries and enhances the image details, given its second-time derivative, [image: $$\frac{{\partial^{2} u}}{{\partial t^{2} }}$$], that provides the hyperbolic character of the nonlinear PDE model. The PDE model (2.40) is well-posed, since it exists a unique variational solution for it. A numerical approximation algorithm that solves it model and converges to that solution is constructed using the finite difference method [66]. A grid that is similar to that in the previous case is used here and the explicit iterative scheme is obtained:[image: $$ \begin{aligned} &amp; u_{i,j}^{n + 1} \left( {\frac{2\lambda + \xi }{2}} \right)  = u_{i,j}^{n} \left( {2\lambda - \frac{\alpha }{{\left| {u_{i,j}^{n} } \right| + \delta }}} \right) + u_{i,j}^{n - 1} \left( {\frac{\xi - 2\lambda }{2}} \right) + u_{i,j}^{0} \frac{\alpha }{{\left| {u_{i,j}^{n} } \right| + \delta }} \\ &amp;  + \beta \frac{{\varphi \left( {u_{i + 1,j}^{n} + u_{i - 1,j}^{n} + u_{i,j + 1}^{n} + u_{i,j - 1}^{n} - 4u_{i,j} } \right)}}{4} \\ &amp;  \left[ {\begin{array}{*{20}l} {\psi \left( {\left\| {u_{i + 1,j}^{n} - u_{i,j}^{n} } \right\|} \right)\left( {u_{i + 1,j}^{n} - u_{i,j}^{n} } \right) + \psi \left( {\left\| {u_{i - 1,j}^{n} - u_{i,j}^{n} } \right\|} \right)\left( {u_{i - 1,j}^{n} - u_{i,j}^{n} } \right)} \hfill \\ { + \psi \left( {\left\| {u_{i,j + 1}^{n} - u_{i,j}^{n} } \right\|} \right)\left( {u_{i,j + 1}^{n} - u_{i,j}^{n} } \right) + \psi \left( {\left\| {u_{i,j - 1}^{n} - u_{i,j}^{n} } \right\|} \right)\left( {u_{i,j - 1}^{n} - u_{i,j}^{n} } \right)} \hfill \\ \end{array} } \right] \\ \end{aligned} $$]

 (2.42)


where [image: $$n \in \left\{ {0, \ldots ,N} \right\},i \in \left\{ {1, \ldots ,I} \right\},j \in \left\{ {1, \ldots ,J} \right\}$$]. This numerical approximation algorithm is consistent to the PDE model and converges fast to its weak solution [66].
This Poisson denoising framework was tested successfully on hundreds of photon-limited medical images. Our restoration experiments were performed on the microscope image collections of the Public Health Image Library (PHIL) of the Centers for Disease Control and Prevention [66]. The iterative numerical algorithm filters properly the shot noise, overcomes the undesired effects, such as image blurring and staircasing, and preserves and even enhances essential features such as edges, and corners. Since it converges fast to the solution of the PDE model, its number of iterations N is quite low. Also, this filtering technique outperforms both non-PDE denoising models, like 2D median, bilateral and NLM filters, and some second-order variational PDE-based filters, providing better performance measures values, as shown by the method comparison results in Table 2.4 and Fig. 2.7 [66].Table 2.4Method comparison: average PSNR, MSE and SNR values


	Technique
	Average PSNR (dB)
	Average MSE
	Average SNR

	This approach
	33.3697
	29.9301
	33.0576

	Median filter
	28.8361
	85.0093
	28.2003

	Bilateral 2D filter
	29.2061
	78.0666
	28.6433

	TV-based filter
	30.8756
	60.5191
	30.3135

	NLM filter
	31.7068
	43.8936
	31.3238



[image: ]Electron microscopy image panel showing six subfigures of a coronavirus sample with different filtering techniques. Subfigure (a) displays the original photon-limited image. Subfigure (b) shows the result of proposed PDE-based filtering. Subfigure (c) illustrates TV-based shot denoising. Subfigure (d) presents median filtering. Subfigure (e) demonstrates bilateral filtering. Subfigure (f) depicts the NLM filter. Each subfigure highlights variations in image clarity and noise reduction.


Fig. 2.7Photon-limited electron microscope image restored by various methods


Another second-order PDE-based photon-limited medical image restoration technique, was proposed by us in [67]. Unlike the previously described non-variational denoising method, this one is based on a variational model given by the minimization [image: $$u_{\min } = \arg \min_{u \in BV\left( \Omega \right)} F(u)$$], where[image: $$ F(u) = \int\limits_{\Omega } {\left( {\alpha \psi \left( {\left| {\nabla^{2} u} \right|} \right) - \xi \left( {u - u_{0} \ln u} \right)} \right)} d\Omega $$]

 (2.43)


where [image: $$\alpha ,\xi \in \left( {0,1} \right]$$], [image: $$u_{0} \in L^{2} \left( \Omega \right)$$] is the photon-limited image observation and[image: $$ \psi (s) = \int\limits_{0}^{s} {\tau \lambda \left( {\frac{\beta }{{\nu \left| {\ln \left( {s^{k} + \beta } \right)^{3} } \right| + \gamma }}} \right)^{1/2} d\tau } $$]

 (2.44)


with [image: $$\nu ,\lambda ,\gamma \in \left( {0,5} \right]$$], [image: $$\beta \ge 25$$] and [image: $$k \ge 2$$].
We note [image: $$E(x,y,u,u_{x} ,u_{y} ) = \alpha \psi \left( {\left| {\nabla^{2} u\left( {x,y} \right)} \right|} \right) + \xi \left( {u\left( {x,y} \right) - u_{0} \left( {x,y} \right)\ln u\left( {x,y} \right)} \right)$$] and apply the next Euler–Lagrange equation corresponding to the variational model:[image: $$ \frac{\partial E}{{\partial u}} - \frac{\partial }{\partial x}\frac{\partial E}{{\partial u_{x} }} - \frac{\partial }{\partial y}\frac{\partial E}{{\partial u_{y} }} = 0 $$]

 (2.45)


which leads to[image: $$ \alpha \Delta \left( {\frac{{\left( \psi \right)^{\prime } \left( {\left| {\Delta u} \right|} \right)}}{{\left| {\Delta u} \right|}}\Delta u} \right) - \frac{{\xi \left( {u - u_{0} } \right)}}{u} = 0 $$]

 (2.46)



By applying the steepest gradient descent method, one obtains the following parabolic nonlinear fourth-order PDE-based model [67]:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} = - \alpha \nabla^{2} \left( {\varphi \left( {\left\| {\Delta u} \right\|} \right)\nabla^{2} u} \right) + \frac{{\xi \left( {u - u_{0} } \right)}}{u},\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {u\left( {x,y,0} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega \subseteq R^{2} } \hfill \\ {\frac{\partial u}{{\partial \vec{n}}}\left( {x,y,t} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega } \hfill \\ \end{array} } \right. $$]

 (2.47)


where [image: $$\varphi (s) = \frac{1}{s}\frac{\partial \psi (s)}{{\partial s}} = \lambda \sqrt {\frac{\beta }{{\nu \left| {\ln \left( {s^{k} + \beta } \right)^{3} } \right| + \gamma }}}$$] [67].
This nonlinear diffusion model is well-posed and its numerical solution is determined by applying iteratively this finite difference-based algorithm [67]:[image: $$ u_{i,j}^{n + 1} = u_{i,j}^{n} \left( {1 - \frac{\xi }{{u_{i,j}^{n} }}} \right) + \alpha \left( {\eta_{i + 1,j}^{n} - \eta_{i - 1,j}^{n} - \eta_{i,j + 1}^{n} - \eta_{i,j - 1}^{n} + 4\eta_{i,j}^{n} } \right) + u_{i,j}^{0} \frac{\xi }{{u_{i,j}^{n} }} $$]

 (2.48)


where [image: $$\eta_{i,j}^{n} = \varphi \left( {\left| {\nabla^{2} u_{i,j}^{n} } \right|} \right)\Delta u_{i,j}^{n}$$]. This numerical scheme is consistent to the PDE model, removes effectively the shot noise, overcomes side-effects, such as blurring and staircasing, and conserves the essential image details. Some method comparison results based on our experiments performed on voluminous medical imaging datasets, like Brain Tumor Progression collection of Cancer Imaging Archive (TCIA), and illustrating our filter’s effectiveness, are provided in Table 2.5 and Fig. 2.8.Table 2.5The average PSNR and SSIM values of several filters


	Restoration technique
	Average PSNR (dB)
	Average SSIM

	The proposed technique
	32.5082
	1.2496

	2D median filter
	28.8973
	1.1121

	TV-based Poisson denoising
	30.8456
	1.1872

	NLM filter
	29.1354
	1.1205

	Bilateral 2D filter
	31.0938
	1.2003



[image: ]MRI brain scan images showing different denoising techniques. The top row includes: a) Original image, b) Photon-limited image, c) Proposed denoising, d) TV shot denoising. The bottom row includes: e) Median filtering, f) Bilateral filter, g) NLM filter. Each image displays variations in noise reduction and clarity.


Fig. 2.8Photon-limited medical image restored by several filters


A hyperbolic fourth-order PDE-based shot denoising technique was disseminated in [68]. It is based on this partial differential equation with boundary conditions:[image: $$ \left\{ {\begin{array}{*{20}l} {\alpha \frac{{\partial^{2} u}}{{\partial t^{2} }} + \beta \frac{\partial u}{{\partial t}} + \lambda \nabla^{2} \left( {\varphi \left( {\left\| {\nabla u} \right\|} \right)\nabla^{2} u} \right) + \varepsilon \left( {\frac{{u - u_{0} }}{\left| u \right| + \eta }} \right) = 0} \hfill \\ {u\left( {x,y,0} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega \subseteq R^{2} } \hfill \\ {u_{t} \left( {x,y,0} \right) = u_{1} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {u\left( {x,y,t} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega } \hfill \\ {\frac{\partial u}{{\partial \vec{n}}}\left( {x,y,t} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega } \hfill \\ \end{array} } \right. $$]

 (2.49)


where [image: $$\alpha ,\beta ,\lambda ,\varepsilon ,\eta \in \left( {0,1} \right]$$], [image: $$\varphi \left( s \right) = \sqrt[{k - 1}]{{\frac{{\delta \left( {x,y,t} \right)}}{{\left| {\gamma s^{k} + \xi \log 10\left( {\delta \left( {x,y,t} \right)} \right)} \right|}}}}$$], [image: $$\xi \in \left( {0.5,1} \right]$$], [image: $$\gamma \in \left( {0,1} \right]k \ge 3$$] and conductance parameter [image: $$\delta$$] depends on the image coordinates and statistics.
The well-posedness of this PDE restoration model is mathematically treated in [68]. We set [image: $$H = L^{2} \left( \Omega \right),V = H^{2} \left( \Omega \right) \cap H_{0}^{1} \left( \Omega \right)$$] and note that [image: $$V \subset H$$] with dense and compact embedding. Also, the Lipschitz property of [image: $$\varphi$$] is important to our investigation [69]. Function [image: $$u:\left[ {0,T} \right] \times \Omega \to R$$] is a variational solution to (2.2) if next conditions hold[image: $$ \left\{ {\begin{array}{*{20}l} {u,u_{t} \in L^{\infty } \left( {0,T;V} \right),u_{tt} \in L^{\infty } \left( {0,T;H} \right)} \hfill \\ {u\left( {x,y,0} \right) = u_{0} \left( {x,y} \right)} \hfill \\ {\int\limits_{\Omega } {\left( {\alpha u_{tt} \left( {x,y.t} \right) + \beta u_{t} \left( {x,y,t} \right)} \right)v\left( {x,y,t} \right)dxdy  } } \hfill \\ + { \lambda \int\limits_{\Omega } {\varphi \left( {\left\| {\nabla u} \right\|} \right)\left( {x,y,t} \right)\Delta u\left( {x,y,t} \right)\Delta v\left( {x,y,t} \right)dxdy} } \hfill \\ { + \varepsilon \int\limits_{\Omega } {\frac{{u\left( {x,y,t} \right) - u_{0} \left( {x,y} \right)}}{{\left| {u\left( {x,y,t} \right)} \right| + \eta }}v\left( {x,y,t} \right)dxdy = 0,\quad \forall v \in V,\;\;t \in \left[ {0,T} \right]} } \hfill \\ \end{array} } \right. $$]

 (2.50)



To demonstrate this model’s validity, one constructs the sequence [image: $$\left\{ {u_{n} } \right\} \subset L^{\infty } \left( {0,T;V} \right)$$], where [image: $$\left( {u_{n} } \right)_{t} \subset L^{\infty } \left( {0,T;V} \right),\left( {u_{n} } \right)_{tt} \subset L^{\infty } \left( {0,T;H} \right)$$], defined by:[image: $$ \left\{ {\begin{array}{*{20}l} {\alpha \left( {u_{n} } \right)_{tt} + \beta \left( {u_{n} } \right)_{t} + \lambda \Delta \left( {\varphi \left( {\left\| {\nabla u_{n - 1} } \right\|} \right)\Delta u_{n} } \right) + \varepsilon \frac{{u_{n} - u_{0} }}{{\left| {u_{n} } \right| + \eta }} = 0} \hfill \\ {u_{n} \left( {x,y,t} \right) = 0,\frac{{\partial u_{n} }}{\partial n}\left( {x,y,t} \right) = 0\;{\text{on}}\,\left( {0,T} \right) \times \partial \Omega } \hfill \\ {u_{n} \left( {x,y,t} \right) = u_{0} ,\left( {u_{n} } \right)_{t} \left( {x,y,0} \right) = u_{1} \;{\text{on}}\,\Omega } \hfill \\ \end{array} } \right. $$]

 (2.51)



One applies Theorem 1.1 given in [69] and it follows that for any [image: $$u_{n - 1}$$] there is a unique weak solution [image: $$u_{n}$$] to (2.49). Then, one can prove the convergence of [image: $$\left\{ {u_{n} } \right\}$$] to a weak solution u for the PDE-based model (2.1), by demonstrating just that [image: $$\left\{ {u_{n} } \right\}$$] and [image: $$\left\{ {\left( {u_{n} } \right)_{t} } \right\}$$] are bounded in [image: $$L^{2} \left( {0,T;V} \right)$$] and [image: $$\left\{ {\left( {u_{n} } \right)_{tt} } \right\}$$] is bounded in [image: $$L^{2} \left( {0,T;H} \right)$$], and so [image: $$\left\{ {u_{n} } \right\}$$] and [image: $$\left\{ {\left( {u_{n} } \right)_{t} } \right\}$$] are compact in [image: $$L^{2} \left( {0,T;H} \right)$$]. If one multiplies the equation by [image: $$u_{n}$$], and then integrates on [image: $$\left[ {0,t} \right] \times \Omega$$], one obtains after some computing:[image: $$ \begin{aligned} &amp; \alpha \int\limits_{\Omega } {u_{n} } \left( {x,y,t} \right)\left( {u_{n} } \right)_{t} \left( {x,y,t} \right)dxdy + \frac{\beta }{2}\int\limits_{\Omega } {u_{n}^{2} \left( {x,y,t} \right)dxdy} \\ &amp; + \lambda \int\limits_{0}^{t} {\int\limits_{\Omega } {\varphi \left( {\left\| {\nabla u_{n - 1} } \right\|} \right)\left| {\Delta u_{n} } \right|^{2} } } dsdxdy \\ &amp; = \frac{\beta }{2}\int\limits_{\Omega } {\left| {u_{0} } \right|^{2} dxdy }  + \alpha \int\limits_{\Omega } {u_{1} u_{0} dxdy } \\ &amp; + \alpha \int\limits_{0}^{t} {\int\limits_{\Omega } {\left( {u_{n} } \right)_{t}^{2} } } dsdxdy   - \varepsilon \int\limits_{0}^{t} {\int\limits_{\Omega } {\frac{{u_{n} - u_{0} }}{{\left| {u_{n} } \right| + \eta }}} } u_{n} dsdxdy \\ \end{aligned} $$]

 (2.52)


and therefore[image: $$ \beta \int\limits_{\Omega } {u_{n} \left( {x,y,t} \right)dxdy + } \int\limits_{0}^{t} {\int\limits_{\Omega } {\left| {\Delta u_{n} } \right|^{2} } } dsdxdy \le c\int\limits_{0}^{t} {\int\limits_{\Omega } {\left( {u_{n} } \right)_{t}^{2} dsdxdy} } + c,\quad \forall t \in \left[ {0,T} \right] $$]

 (2.53)


where c > 0 is independent of n. Next, we multiply (2.49) by [image: $$\left( {u_{n} } \right)_{t}$$] and then integrate it, to achieve the next estimate:[image: $$ \begin{aligned} &amp; \frac{\alpha }{2}\int\limits_{\Omega } {\left( {u_{n} } \right)_{t}^{2} } \left( {x,y,t} \right)\left( {u_{n} } \right)_{t} dxdy + \beta \int\limits_{\Omega } {u_{n}^{2} \left( {x,y,t} \right)dxdy} \\ &amp; + \frac{\lambda }{2}\int\limits_{0}^{t} {\int\limits_{\Omega } {\varphi \left( {\left\| {\nabla u_{n - 1} } \right\|} \right)\left| {\Delta u_{n} } \right|_{s}^{2} } } dxdyds \\ &amp; = - \varepsilon \int\limits_{0}^{t} {\int\limits_{\Omega } {\frac{{u_{n} - u_{0} }}{{\left| {u_{n} } \right| + \eta }}} } \left( {u_{n} } \right)_{t} dsdxdy + \frac{\alpha }{2}\int\limits_{\Omega } {u_{1}^{2} dxdy} \\ \end{aligned} $$]

 (2.54)



Then, multiplying by [image: $$\Delta u_{n}$$] and [image: $$\Delta \left( {u_{n} } \right)_{t}$$] and using (2.51) and (2.52), one obtains:[image: $$ \begin{aligned} &amp; \int\limits_{\Omega } {\left( {\left( {u_{n} } \right)_{t}^{2} + u_{n}^{2} } \right)} dxdy + \int\limits_{0}^{t} {\int\limits_{\Omega } {\left| {\Delta u_{n} } \right|^{2} } } dsdxds \\ &amp; + \int\limits_{0}^{t} {\int\limits_{\Omega } {\left| {\nabla \left( {u_{n} } \right)_{t} } \right|^{2} } } dsdxdy \le c,\quad \forall t \in \left[ {0,T} \right] \\ \end{aligned} $$]

 (2.55)


as claimed. The solution of this nonlinear hyperbolic PDE model is determined numerically applying the finite difference-based approximation algorithm in [68]:[image: $$ \begin{aligned} u_{i,j}^{n + 1} &amp; = u_{i,j}^{n} \left( {\frac{{4\alpha \left( {\left| {u_{i,j}^{n} } \right| + \eta } \right) - 2\varepsilon }}{{\left( {2\alpha + \beta } \right)\left( {\left| {u_{i,j}^{n} } \right| + \eta } \right)}}} \right) + u_{i,j}^{n - 1} \left( {\frac{\beta - 2\alpha }{{\beta + 2\alpha }}} \right) + u_{i,j}^{0} \frac{2\varepsilon }{{\left( {2\alpha + \beta } \right)\left( {\left| {u_{i,j}^{n} } \right| + \eta } \right)}} \\ &amp; \quad - \frac{{2\lambda \left( {\varphi^{i + 1,j} + \varphi^{i - 1,j} + \varphi^{i,j + 1} + \varphi^{i,j - 1} - 4\varphi^{i,j} } \right)}}{2\alpha + \beta }, \\ &amp; \quad \forall i \in \left\{ {1, \ldots ,I} \right\},\;\;j \in \left\{ {1, \ldots ,J} \right\},\;\;n \in \left\{ {1, \ldots ,N} \right\} \\ \end{aligned} $$]

 (2.56)



This fast-converging iterative numerical solver removes effectively this signal-dependent noise and overcomes the blurring. Given its 4th-order character, this PDE based filter avoids the blocky effect, and being hyperbolic, it preserves and enhances boundaries and other details. Method comparison results illustrating the effectiveness of the Poisson noise removal technique are shown in Table 2.6 and Fig. 2.9.Table 2.6PSNR values several Poisson noise removal approaches


	Restoration model
	Average PSNR (dB)

	The proposed hyperbolic PDE model
	34.3541

	Median filter
	27.9572

	TV model for Poisson noise
	31.4754

	Bilateral 2D filter
	29.8968

	NLM filter
	28.4369



[image: ]A series of seven images showing a comparison of denoising techniques on a photo of vegetables, including bell peppers and garlic. \\n\\na) Original image: Clear photo with visible details. \\nb) Photon-limited image: Grainy and noisy version. \\nc) Hyperbolic PDE model, N=25: Reduced noise with some detail loss. \\nd) Median 2D filter: Smoother image with moderate noise reduction. \\ne) TV for Poisson denoising model, 40 steps: Enhanced clarity with reduced noise. \\nf) Bilateral 2D filter: Balanced noise reduction and detail preservation. \\ng) NLM filter: Noticeable noise reduction with preserved details. \\n\\nEach image demonstrates different levels of noise reduction and detail retention.


Fig. 2.9Photon-limited Peppers image restored by various filters



2.3 Energy-Based and Nonlinear Diffusion Models for Mixed Denoising
Digital images are often contaminated by mixtures of noises during the capturing process. There are various types of noise mixtures affecting the images, but the most common is the Poisson–Gaussian noise. The 2D Gaussian and quantum noises are often combined into mixed noises that occur when the image sensors have two sources of noise: a signal-dependent one coming from the way the intensity of light is measured and a signal-independent source that is electronic and thermal noise. That mixed noise model is described as [image: $$u_{0} \cong {\rm P}\left( u \right) + N\left( {0,\sigma^{2} } \right)$$], where [image: $$u_{0} \in L^{2} \left( \Omega \right)$$], [image: $${\rm P}\left( u \right)$$] is the image u corrupted by shot noise with distribution [image: $$P\left( n \right) = \frac{{e^{ - \mu } \mu^{n} }}{n!},n \ge 0$$] and [image: $$N\left( {0,\sigma^{2} } \right)$$] is the AWGN with zero mean and variance σ.
Various restoration techniques that deal with type of mixed noise have been developed. They include the PURE-LET methods [70], Variance Stabilizing Transform-based algorithms [71], HMM-based approaches [72] and the energy-based models combining total variation schemes for AWGN and quantum filtering [73].
Thus, several variational PDE-based mixed noise removal techniques combine TV-ROF Denoising model to some TV schemes adapted for Poisson noise. So, C. T. Pham et al. proposed in 2018 the next energy-based mixed denoising solution:[image: $$ u^{*} = \mathop {\arg \min }\limits_{u} \left\{ {\int\limits_{\Omega } {\left| {\nabla u} \right|dxdy + \frac{\lambda }{2}} \int\limits_{\Omega } {\left( {u - u_{0} \log u} \right)dxdy} + \beta \int\limits_{\Omega } {\left( {u - u_{0} \log u} \right)dxdy} } \right\} $$]

 (2.57)


where [image: $$\lambda ,\beta$$] are the weight parameters of the Gaussian and shot noise and u0 is the observed image corrupted by the mixed noise [73].
A nonlinear PDE model is derived from this variational problem by applying the gradient descent method. A numerical approximation algorithm is created for this model in [73]. This filtering solution removes successfully both the AWGN and the quantum noise. An example of an image deteriorated by Poisson–Gaussian noise that is filtered using this approach is provided in Fig. 2.10.[image: ]A side-by-side comparison of two images depicting a lakeside scene with trees and a sailboat. The left image is labeled "Noisy image: Poisson+Gaussian" and shows significant visual noise, obscuring details. The right image, labeled "Denoising result," displays a clearer version of the same scene, with reduced noise and improved visibility of the trees and sailboat.


Fig. 2.10Mixed image denoising using combined TV-based model


Another variational mixed noise reduction technique was introduced by Thanh and Dvoenko in 2015 [74]. It combines TV-ROF to a modified TV Denoising. They proposed the mixed denoising problem with constrained conditions:[image: $$ \left\{ {\begin{array}{*{20}l} {u^{*} = \mathop {\arg \min }\limits_{u} \int\limits_{\Omega } {\left| {\nabla u} \right|} d\Omega } \hfill \\ {\frac{{\lambda_{1} }}{{2\sigma^{2} }}\int\limits_{\Omega } {\left( {u_{0} - u} \right)^{2} d\Omega + \lambda_{2} \int\limits_{\Omega } {\left( {u - u_{0} \ln u} \right)d\Omega = \kappa } } } \hfill \\ \end{array} } \right. $$]

 (2.58)


with the positive regularization parameters [image: $$\lambda_{1} ,\lambda_{2} &gt; 0,\lambda_{1} + \lambda_{2} = 1$$] and [image: $$\kappa$$] is a constant. The optimization problem is solved using the Euler–Lagrange equation and a finite difference-based numerical discretization is applied to the obtained PDE model. This variational filter generates good mixed noise removal results and outperform other filtering approaches, as shown by the denoising example and method comparison results described in Figs. 2.11 and 2.12 [74].[image: ]Image showing a comparison between mixed noise and filtering result. The left side displays a grid of mixed noise with varying shades of gray, while the right side shows a smoother, uniform gray surface after filtering. The text above reads "Mixed noise" and "Filtering result."


Fig. 2.11Variational mixed noise reduction example

[image: ]Table comparing image processing methods based on three metrics: \(Q_{PSNR}\), \(Q_{SSIM}\), and \(Q_{MSE}\). The methods include Noisy, ROF, Median, Wiener, and two proposed methods with different parameters. The first proposed method has parameters \(\lambda_1=0.2\), \(\lambda_2=0.8\), \(\mu=0.1140\), \(\sigma=46.0520\), resulting in \(Q_{PSNR}=29.1325\), \(Q_{SSIM}=0.5933\), \(Q_{MSE}=79.4014\). The second proposed method has \(\lambda_1=\lambda_2=0.5\), \(\mu=0.1429\), \(\sigma=46.0520\), resulting in \(Q_{PSNR}=37.0462\), \(Q_{SSIM}=0.9453\), \(Q_{MSE}=12.8370\).


Fig. 2.12Mixed noise method comparison results


Another energy-based mixed noise removal model uses a spatially adaptive total variation regularization term to enhance the edge preservation ability. The denoising scheme introduced in 2019 by Pham et al. is based on energy minimization:[image: $$ \mathop {\min }\limits_{u,z} \left( {\alpha (x)\left\| z \right\|_{TV} + \frac{\gamma }{2}\left\| {u - z} \right\|_{2}^{2} + \frac{{\lambda_{1} }}{2}\left\| {u - f} \right\|_{2}^{2} + \lambda_{2} \left\langle {1,u - f\log u} \right\rangle } \right) $$]

 (2.59)


where z is an auxiliary variable, [image: $$\alpha \left( x \right) = 1/1 + \frac{{\left| {v\left( x \right)} \right|}}{K}$$], [image: $$v\left( x \right) = \left| {\nabla G_{\sigma } \left( x \right)*f} \right|^{2}$$] and K is a threshold [75]. The Chambolle projection algorithm proposed in 2004 is then applied to solve numerically this PDE-based scheme [76]. A filtering restoration example based on this approach is displayed in Fig. 2.13.[image: ]A grid of six black and white photos, each depicting different scenes. The top row shows a ship on water, a close-up of a parrot's head, and a person in traditional attire sitting. The bottom row repeats these images in the same order. The ship is large with visible masts, the parrot has distinct facial markings, and the person appears to be holding an object. The images are grainy, suggesting an artistic or vintage style.


Fig. 2.13First row: noisy images; second row: filtered images


In Lanza et al. introduced a variational Poisson–Gaussian denoising method using an energy functional combining the TV regularization, Kullback–Leibler divergence term for Poisson noise and the L2 norm for AWGN [77]. It is based on the next minimization problem:[image: $$ \hat{f},\hat{w} = \mathop {\arg \min }\limits_{w,f} \left\{ {\frac{1}{{2\sigma^{2} }}\left\| {g - w} \right\|_{2}^{2} + D_{KL} \left( {Hf,w} \right) + \lambda TV\left( f \right)} \right\} $$]

 (2.60)


where the generalized KL divergence of Hf from w = Poisson (Hf + b1) has the form:[image: $$ D_{KL} \left( {Hf,w} \right) = \sum\limits_{i = 1}^{{N^{2} }} {w_{i} \ln \frac{{w_{i} }}{{\left( {Hf} \right)_{i} + b}}} + \left( {Hf} \right)_{i} + b - w_{i} $$]

 (2.61)



This approach provided very good filtering results. An example with some Poisson–Gaussian noise reduction results generated by it is depicted in Fig. 2.14.[image: ]Fluorescence microscopy image panel showing six subfigures. Top row: (a) Original image with green, red, and blue fluorescence indicating cellular structures; (b) Corrupted image with noise; (c) Restored image with reduced noise. Bottom row: (d) Original red channel highlighting specific structures; (e) Corrupted red channel with PSNR of 13.24, showing noise; (f) Restored red channel with PSNR of 22.89, showing improved clarity.


Fig. 2.14Restoration results provided by the variational Poisson–Gaussian filter


A second-order total generalized variation (TGV)-based Poisson denoising model was proposed by Pham et al. in 2021 [78]. It is based on optimization problem[image: $$ u^{*} = \mathop {\arg \min }\limits_{u} \left\{ {TGV_{\alpha }^{2} \left( u \right) + \frac{{\lambda_{1} }}{2}\int\limits_{\Omega } {\left( {u - f} \right)^{2} dxdy + } \lambda_{2} \int\limits_{\Omega } {\left( {u - f\log u} \right)dxdy} } \right\} $$]

 (2.62)


where the second-order TGV with weight [image: $$\alpha$$] is discretized as[image: $$ TGV_{\alpha }^{2} \left( u \right) = \mathop {\min }\limits_{u} \alpha_{1} \left\| {\nabla u - w} \right\|_{1} + \alpha_{2} \left\| {\varepsilon \left( w \right)} \right\|_{1} $$]

 (2.63)


where [image: $$w = \left( {w_{1} ,w_{2} } \right)^{{\text{T}}} ,\varepsilon \left( w \right) = \left( {1/2} \right)\left( {\nabla w + \nabla w^{{\text{T}}} } \right)$$]. So, minimization problem is discretized as[image: $$ u^{*} = \mathop {\arg \min }\limits_{u,v} \left( {\alpha_{1} \left\| {\nabla u - w} \right\|_{1} + \alpha_{2} \left\| {\varepsilon \left( w \right)} \right\|_{1} + \frac{\lambda }{2}\left\| {u - f} \right\|_{2} + \beta \left\langle {1,u - f\log u} \right\rangle } \right) $$]

 (2.64)



This model was solved by applying an alternating minimization algorithm [78]. It provides a successful quantum-Gaussian filtering and outperforms other mixed denoising schemes, as illustrated by the method comparison results in Fig. 2.15.[image: ]A scientific figure showing a comparison of image denoising techniques across four subfigures labeled (a) to (d). Each subfigure contains four images: a brain scan, a ship, a clock, and a lake scene. Below the images, a table presents PSNR values for different methods: Noisy, TGV, TVPG, and Ours. The table includes data for images labeled Board, Clock, Lake, and Head, with an average row. The "Ours" method shows the highest PSNR values, indicating superior denoising performance. Keywords: image denoising, PSNR, TGV, TVPG, comparison.


Fig. 2.15PSNR scores of several TV-based mixed denoising models


We also have several contributions in this PDE-based mixed noise removal field. The first one represents an energy-based restoration technique that combines AWGN and shot noise filtering terms [79]. The proposed variational model is provided by the energy functional minimization [image: $$u_{\min } = \arg \min_{u \in BV\left( \Omega \right)} E(u)$$], where[image: $$ E\left( u \right) = \int\limits_{\Omega } {\left( {\alpha \varphi \left( {\left\| {\nabla u} \right\|} \right) + \lambda \left( {u - u_{0} \log u} \right) + \frac{\beta }{2}\left( {u - u_{0} } \right)^{2} } \right)} d\Omega $$]

 (2.65)


and the regularizer function is [image: $$\varphi (s) = \int\nolimits_{0}^{s} {\tau \nu \sqrt {\frac{\delta }{{\gamma \left| {\log \left( {s^{k} + \delta } \right)} \right| + \eta }}} d\tau }$$], with [image: $$\nu ,\lambda ,\gamma \in \left( {0,4} \right]$$]. One determined the Euler–Lagrange equation related to this variational model and the gradient descent method was then applied on it. We obtained the nonlinear second-order PDE-based model [79]:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} = \alpha \nabla \cdot \left( {\psi \left( {\left\| {\nabla u} \right\|} \right)\nabla u} \right) - \left( {u - u_{0} } \right)\left( {\frac{\lambda }{\left| u \right|} + \beta } \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {u\left( {x,y,0} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega \subseteq R^{2} } \hfill \\ {\frac{\partial u}{{\partial \vec{n}}}\left( {x,y,t} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega } \hfill \\ \end{array} } \right. $$]

 (2.66)


with [image: $$ \, \psi \left( s \right) = \beta \left( {\frac{K}{{\left| {\gamma s^{k} + \zeta } \right|}}} \right)^{{\frac{1}{k + 2}}}$$], [image: $$\eta \left( s \right) = \varsigma \sqrt[{k + 2}]{{\nu s^{k} + \delta }}$$], [image: $$\beta ,\gamma ,\zeta \in \left( {0,5} \right]$$], [image: $$\nu ,\delta \in \left[ {1,5} \right)$$] and [image: $$\varsigma \in \left( {0,1} \right]$$] [79]. The next explicit iterative numerical approximation scheme was obtained applying the finite difference method on (2.66):[image: $$ \begin{aligned} u_{i,j}^{n + 1} &amp; = u_{i,j}^{n} \left( {1 - \beta } \right) + u_{i,j}^{0} \left( {\frac{\lambda }{{u_{i,j}^{n} }} + \beta } \right) - \lambda + \frac{\alpha }{4} \\ &amp; \quad \cdot (\psi \left( {\left\| {u_{i + 1,j}^{n} - u_{i,j}^{n} } \right\|} \right)\left( {u_{i + 1,j}^{n} - u_{i,j}^{n} } \right) + \psi \left( {\left\| {u_{i - 1,j}^{n} - u_{i,j}^{n} } \right\|} \right)\left( {u_{i - 1,j}^{n} - u_{i,j}^{n} } \right) \\ &amp; \quad \left. { + \psi \left( {\left\| {u_{i,j + 1}^{n} - u_{i,j}^{n} } \right\|} \right)\left( {u_{i,j + 1}^{n} - u_{i,j}^{n} } \right) + \psi \left( {\left\| {u_{i,j - 1}^{n} - u_{i,j}^{n} } \right\|} \right)\left( {u_{i,j - 1}^{n} - u_{i,j}^{n} } \right)} \right) \\ \end{aligned} $$]

 (2.67)



This PDE-based filters removes successfully both the AWGN and shot noise. It outperforms other mixed noise reduction models, obtaining better performance scores [79]. Some method comparison results are provided in Table 2.7.Table 2.7Average PSNR and SSIM scores obtained by various models


	Denoising method
	Average PSNR (dB)
	Average SSIM

	The proposed variational model
	31.0581
	0.8123

	Wiener 2D
	25.1425
	0.6621

	Median filter
	24.4826
	0.6426

	TV-based Poisson denoising
	26.7143
	0.7432

	TV-based mixed noise reduction
	28.4268
	0.8013




Another contribution in this domain is a non-variational PDE-based mixed noise filtering approach [80]. It is based on the next parabolic fourth-order PDE model:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} + \lambda \eta \left( {\left| {\nabla u} \right|} \right)\Delta \left( {\psi \left( {\left\| {\nabla^{2} u} \right\|} \right)\Delta u} \right) + \alpha \left( {u_{0} - u} \right)\left( {\frac{1}{\left| u \right| + \xi } + 1} \right) = 0,\quad \left( {t,x,y} \right) \in \left( {0,T} \right) \times \Omega \, } \hfill \\ {u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega \subseteq R^{2} } \hfill \\ {u\left( {t,x,y} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega } \hfill \\ {\frac{\partial u}{{\partial \vec{n}}}\left( {t,x,y} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega } \hfill \\ \end{array} } \right. $$]

 (2.68)


where [image: $$\psi \left( s \right) = \beta \left( {\frac{K}{{\left| {\gamma s^{k} + \zeta } \right|}}} \right)^{{\frac{1}{k + 2}}}$$], [image: $$\eta \left( s \right) = \varsigma \sqrt[{k + 2}]{{\nu s^{k} + \delta }}$$], [image: $$\beta ,\gamma ,\zeta \in \left( {0,5} \right]$$], [image: $$\nu ,\delta \in \left[ {1,5} \right)$$] and [image: $$\varsigma \in \left( {0,1} \right]$$] [80]. The proposed fourth-order PDE-based model was mathematically treated, its validity being demonstrated rigorously in [80]. This PDE is well-posed, since a unique weak solution exists for it. The next explicit and stable numerical approximation scheme algorithm was proposed as PDE model’s solver [80]:[image: $$ \begin{aligned} u_{i,j}^{n + 1} &amp; = u_{i,j}^{n} \left( {\frac{1}{{\left| {u_{i,j}^{n} } \right| + \xi }}} \right) - \lambda \eta \left( {\left\| {\nabla u_{i,j}^{n} } \right\|} \right)\left( {\varphi_{i + 1,j}^{n} - \varphi_{i - 1,j}^{n} - \varphi_{i,j + 1}^{n} - \varphi_{i,j - 1}^{n} + 4\varphi_{i,j}^{n} } \right) \\ &amp; \quad + u_{i,j}^{0} \alpha \left( {\frac{1}{{\left| {u_{i,j}^{n} } \right| + \xi }} + 1} \right) \\ \end{aligned} $$]

 (2.69)



The method comparison results illustrating the effectiveness of the proposed technique are described in Fig. 2.16 and Table 2.8 [80].[image: ]A series of seven black and white images showing a person using a camera on a tripod in an outdoor setting. The images demonstrate different filtering techniques. \\n\\n1. Original image: Clear view of the person and camera.\\n2. Noisy image: Grainy texture obscuring details.\\n3. Proposed method (N=10): Improved clarity with reduced noise.\\n4. Median 2D filter: Moderate noise reduction.\\n5. Wiener 2D filter: Enhanced detail with some noise.\\n6. TV - ROF (25 iterations): Significant noise reduction, preserving edges.\\n7. 2nd-order PDE model (20 iterations): Balanced noise reduction and detail retention. \\n\\nEach image is labeled accordingly.


Fig. 2.16Results achieved by several mixed denoising methods

Table 2.8Average PSNRs for several denoising techniques


	Filtering method
	Average PSNR (dB)

	The proposed PDE-based model
	27.4531

	2D median filter
	23.3912

	Wiener filter
	24.7425

	TV-ROF denoising
	25.3147

	2nd order PDE-based mixed noise removal
	26.4369





2.4 Multilayer Image Denoising Using Vector-Valued PDE-Based Models
The digital images may have a single channel, like the grayscale images, or multiple channels. There are various types of multi-channel, or multi-layer, images, including the digital images in various color spaces (RGB, HSV, CIELAB, CMYK and others), the spectral images of various types, the multimodal and multi-parametric images. They are characterized by at least 3 layers, but may have even hundreds of channels.
Since the capturing instruments involve various physical measurements, these images could be contaminated by multiple noises during the acquisition process, including AWGN, quantum noise, impulse noise and noise mixtures. Their restoration still represents a challenging image processing task. Since their channels are highly correlated, filtering each one separately would not provide a proper result. An effective restoration has to address properly the inter-channel correlation issue.
The filtering of the most common multi-channel images, which are those in the RGB format, will be discussed later in this book, in the multi-scale analysis context. Here we focus on the most important category of multilayer images, which is that of chemical, or spectral, images [81]. Spectral imaging process collects the image data at different wavelengths across the electromagnetic spectrum. It can use the infrared, visible spectrum, X-rays, ultra-violet or various combination of the above. The wavelengths are identified by using devices that are sensitive to particular wavelengths, like the light from frequencies beyond visible light range. Spectral sensors acquire the infrared and ultra-violet lights that are invisible to the human eye. Thus, the spectral imagery enable the observation of not so apparent things. The main spectral imaging types are the multispectral (MSI) and the hyperspectral imaging (HSI). Other spectral imaging types include the ultraspectral imaging that uses interferometer sensors characterized by a very fine spectral resolution.
Since multispectral imaging collects the spectral information from a limited number of frequencies, or wavelengths, while recording the image at the same time, a multispectral image represents a collection of few mono-chrome layers of the same scene, each one captured at a certain frequency band. The number of those MSI bands is usually in the [3, 15] interval and the wavelength range is uncontinuous, since the MSI contain information in discrete and specific wavelengths [82].
Hyperspectral imaging collects the spectral information across a wide range of wavelengths while simultaneously capturing the spatial information of the image, and provides a complete spectrum for each pixel. So, HSI represent chemical images acquired in several hundreds of continuous and contiguous spectral bands [83]. The main application areas of the spectral images include the medical and astronomical imaging, remote sensing, fluorescence microscopy, document and artwork investigation, military target tracking, maritime surveillance, earth exploring, weather prediction and thermal signature detection [84].
Numerous spectral image filtering solutions have been developed for various types of noise. The AWGN removal techniques include methods based on transforming images into another space by means like sparse representation [85], the 2D filters adapted for volumetric images, like the 3D NLM filter [86], 3D Gaussian filter, 3D bilateral filter [87], the tensor-based techniques [88], the adaptive Wiener filters [89], the block-matching and 3D filtering (BM3D) models [90], the PDE-based models and deep learning solutions [91]. The photon-limited vector-valued image denoising approaches include the 3D Median filter, 3D NLM Poisson filter [92], 3D Gaussian filter with VST [93], tensor-based filters [88], spectral unmixing-based models [94] and energy-based schemes [95]. The mixed noise removal methods for spectral images include spatial-spectral structure similarity-based techniques [96], tensor-based schemes [97], some extensions of the 2D filters [98] and the generalized Anscombe transformation [93].
Many extensions of the nonlinear PDEs have been used successfully in this image restoration field. So, some vector-valued PDE-based filtering schemes, which introduce a coupling between image channels, have been proposed for the multi-valued images [99–101]. Thus, a nonlinear anisotropic diffusion-based hyperspectral image filtering technique is described in [99]. First, the data is projected in a transformed space with a Maximum Noise Fraction (MNF) transform, allowing the new components to be sorted in order of their signal to noise (SNR) ratio. The filtering is then applied on each component in the MNF space with the use of the SNR estimation to control the feature scale. A vectorial anisotropic diffusion algorithm, which represents an extended version of the anisotropic diffusion model of Perona and Malik based on a measure of spectral similarity S between two vectors is applied to the transformed image, IMNF, as follows:[image: $$ I_{{MNF_{i,j} }}^{t + 1} = I_{{MNF_{i,j} }}^{t} + \frac{1}{4}\sum\limits_{d = 1}^{4} {c_{{d_{i,j} }}^{t} } \nabla_{d} I_{{MNF_{i,j} }}^{t} $$]

 (2.70)


where [image: $$c_{{d_{i,j} }}^{t} = g\left( {S_{d} I_{i,j}^{t} } \right)$$], with g being that used in (2.2) [99].
A vector-valued diffusion-based approach is proposed by Whitaker in [100]. It defines the vector-valued image as [image: $$\vec{F}:I \times T \mapsto D$$], where D is the feature space, and the considered vector-valued diffusion equation is[image: $$ \nabla \cdot g\left( {D_{s} \vec{F}} \right)\nabla \vec{F} = \frac{{\partial \vec{F}}}{\partial t}, $$]

 (2.71)


where the vectorial dissimilarity operator [image: $$D_{s}$$] is the root sum of squares of the Jacobian matrix of [image: $$\vec{F}$$] [100].
This vector-valued nonlinear diffusion-based filtering provided successful results when applied to 3-D double-echo MR image data [100]. A MRI restoration example is described in Fig. 2.17.[image: ]Four grayscale MRI brain scans arranged in a 2x2 grid. Each scan shows a cross-sectional view of the brain, highlighting different areas of brain tissue and structures. The images display variations in texture and contrast, indicating different levels of detail and focus on specific brain regions. The scans are similar but may represent different imaging techniques or settings.


Fig. 2.17Example of filtering 3-D double-echo MR data


Variational vector-valued image regularization solutions have been also proposed. Such a multi-valued image filtering is based on the functional minimization:[image: $$ \mathop {\min }\limits_{{I:\Omega \to R^{n} }} E\left( I \right) = \int\limits_{\Omega } {\phi \left( {{\mathcal{N}}\left( I \right)} \right)} d\Omega , $$]

 (2.72)


where [image: $$\phi$$] is an increasing function and norm [image: $${\mathcal{N}}\left( I \right)$$] is the trace of the structure tensor:[image: $$ G = \sum\limits_{i} {\nabla I_{i} } \nabla I_{i}^{T} , $$]

 (2.73)


where Ii are components of I [101]. The minimization in (2.72) is performed using a gradient descent given by the Euler–Lagrange equations of E(I). These equations lead to a system of divergence-based expressions[image: $$ \frac{{\partial I_{i} }}{\partial t} = div\left( {D\nabla I_{i} } \right),\quad i = 1,2, \ldots $$]

 (2.74)


where the [2 × 2] diffusion tensor D is a symmetric and positive matrix designed from the spectral elements of G [101]. Other similar tensor-based anisotropic diffusion filters for vector-valued images are described in [102].
We have also developed vector-valued PDE-based restoration frameworks for various types of multi-valued images and noises. A vector-valued diffusion-based multi-spectral image denoising approach that filters successfully the AWGN is introduced in [103]. It is based on the next vector-valued hyperbolic PDE model:[image: $$ \left\{ {\begin{array}{*{20}l} {\alpha \frac{{\partial^{2} \vec{u}}}{{\partial t^{2} }} + \beta \frac{{\partial \vec{u}}}{\partial t} - \lambda \psi \left( {\frac{{\left| {\Delta \vec{u}} \right| + \left| {\nabla \vec{u}} \right|}}{3}} \right)\nabla \cdot \left( {\varphi \left( {\left\| {\nabla \vec{u}_{\sigma } } \right\|} \right)\nabla \vec{u}} \right) + \gamma \left( {\vec{u} - \vec{u}_{0} } \right) = 0,} \hfill \\ {\vec{u}\left( {x,y,0} \right) = \vec{u}_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {\vec{u}_{t} \left( {x,y,0} \right) = \vec{u}_{1} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {\vec{u}\left( {x,y,t} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega ,\;\;t \in \left( {0{,}T} \right)} \hfill \\ \end{array} } \right. $$]

 (2.75)


where [image: $$\alpha ,\beta \in \left[ {1,2} \right),\lambda \in \left( {0,1} \right],\gamma \in \left( {0,0.5} \right)$$], the vector-valued function representing the spectral data with K layers is [image: $$\vec{u}:\Omega \times \left( {0,T} \right) \to R^{K}$$], where[image: $$ \vec{u}\left( {x,y} \right) = \left[ {u^{1} \left( {x,y} \right), \ldots ,u^{K} \left( {x,y} \right)} \right],\quad \forall \left( {x,y} \right) \in \Omega , $$]

 (2.76)


the conductance function [image: $$\varphi \left( s \right) = \xi \left( {\frac{\eta }{{\left| {\delta \log 10\left( {s + \eta } \right)^{2} + \varepsilon } \right|}}} \right)^{\frac{1}{3}}$$], [image: $$\delta \in \left( {0,1} \right],\xi \ge 1,\eta ,\varepsilon \ge 5$$] and [image: $$\psi \left( s \right) = \varsigma \sqrt[{\tau + 1}]{{\zeta s^{\tau } + \nu }}$$], with [image: $$\zeta ,\nu \in \left[ {1,4} \right),\varsigma \in \left( {0.5,1} \right)$$], [image: $$\tau \in \left\{ {1, \ldots ,4} \right\}$$] [103].
The conductance [image: $$\varphi \left( {\left\| {\nabla \vec{u}_{\sigma } } \right\|} \right)$$] and term [image: $$\psi \left( {\frac{{\left| {\Delta \vec{u}} \right| + \left| {\nabla \vec{u}} \right|}}{3}} \right)$$] couple the single-valued PDEs generated by (2.75) in order to deal properly with the inter-channel correlation issue. Since [image: $$\nabla \vec{u}$$] is the generalized Jacobian of [image: $$\vec{u}$$], the divergence term becomes:[image: $$ \nabla \cdot \left( {\varphi \left( {\left\| {\nabla \vec{u}_{\sigma } } \right\|} \right)\nabla \vec{u}} \right) = \left( {\frac{\partial }{\partial x},\frac{\partial }{\partial y}} \right) \cdot \varphi \left( {\left\| {\nabla \vec{u}_{\sigma } } \right\|} \right)\left( {\begin{array}{*{20}c} {\frac{{\partial u_{1} }}{\partial x}} &amp; \cdots &amp; {\frac{{\partial u_{K} }}{\partial x}} \\ {\frac{{\partial u_{1} }}{\partial y}} &amp; \cdots &amp; {\frac{{\partial u_{K} }}{\partial y}} \\ \end{array} } \right), $$]

 (2.77)



Since [image: $$\left\| {\nabla \vec{u}_{\sigma } } \right\| = \sqrt {\sum\nolimits_{k = 1}^{K} {\left\| {\nabla u^{k}_{\sigma } } \right\|^{2} } }$$], [image: $$\left| {\nabla \vec{u}} \right| = \sqrt {\sum\nolimits_{k = 1}^{K} {\left\| {\nabla u^{k} } \right\|^{2} } }$$] and [image: $$\left| {\Delta \vec{u}} \right| = \sum\nolimits_{k = 1}^{K} {\left\| {\Delta u^{k} } \right\|}$$], the vector-valued PDE model leads to the next system of single-valued hyperbolic PDEs:[image: $$ \left\{ {\begin{array}{*{20}l} {\alpha \frac{{\partial^{2} u^{1} }}{{\partial t^{2} }} + \beta \frac{{\partial u^{1} }}{\partial t} - \lambda \psi \left( {\frac{{\sum\nolimits_{k = 1}^{K} {\left\| {\Delta u^{k} } \right\|} + \sqrt {\sum\nolimits_{k = 1}^{K} {\left\| {\nabla u^{k} } \right\|^{2} } } }}{3}} \right)div\left( {\varphi \left( {\sqrt {\sum\limits_{k = 1}^{K} {\left\| {\nabla u^{k}_{\sigma } } \right\|^{2} } } } \right)\nabla u^{1} } \right) + \gamma \left( {u^{1} - u_{0}^{1} } \right) = 0,} \hfill \\ \vdots \hfill \\ {\alpha \frac{{\partial^{2} u^{K} }}{{\partial t^{2} }} + \beta \frac{{\partial u^{K} }}{\partial t} - \lambda \psi \left( {\frac{{\sum\nolimits_{k = 1}^{K} {\left\| {\Delta u^{k} } \right\|} + \sqrt {\sum\nolimits_{k = 1}^{K} {\left\| {\nabla u^{k} } \right\|^{2} } } }}{3}} \right)div\left( {\varphi \left( {\sqrt {\sum\limits_{k = 1}^{K} {\left\| {\nabla u^{k}_{\sigma } } \right\|^{2} } } } \right)\nabla u^{K} } \right) + \gamma \left( {u^{K} - u_{0}^{K} } \right) = 0} \hfill \\ \end{array} } \right. $$]

 (2.78)



The second-order hyperbolic equations evolve simultaneously but not independently, sharing channel correlation terms [image: $$\varphi \left( {\sqrt {\sum\nolimits_{k = 1}^{K} {\left\| {\nabla u^{k}_{\sigma } } \right\|^{2} } } } \right)$$] and [image: $$\psi \left( {\frac{{\sum\nolimits_{k = 1}^{K} {\left\| {\Delta u^{k} } \right\|} + \sqrt {\sum\nolimits_{k = 1}^{K} {\left\| {\nabla u^{k} } \right\|^{2} } } }}{3}} \right)$$]. These correlations model properly the MSI inter-channel relations. So, the multi-edges of the spectral image are preserved well both along and across its layers [103].
Each single-valued PDE is non-variational and well-posed, admitting a unique weak solution. The solution of the vector-valued PDE model is determined by solving numerically the system (2.78). So, the PDE related to [image: $$u^{\kappa }$$], [image: $$\forall \kappa \in \left\{ {1, \ldots ,K} \right\}$$], is:[image: $$ \begin{aligned} \alpha \frac{{\partial^{2} u^{\kappa } }}{{\partial t^{2} }} + \beta \frac{{\partial u^{\kappa } }}{\partial t} + \gamma \left( {u^{\kappa } - u_{0}^{\kappa } } \right) &amp; = \lambda \psi \left( {\frac{{\sum\nolimits_{k = 1}^{K} {\left| {\Delta u^{k} } \right|} + \sqrt {\sum\nolimits_{k = 1}^{K} {\left| {\nabla u^{k} } \right|^{2} } } }}{3}} \right)\nabla \\ &amp; \quad \cdot \left( {\varphi \left( {\sqrt {\sum\limits_{k = 1}^{K} {\left| {\nabla u_{\sigma }^{k} } \right|^{2} } } } \right)\nabla u^{\kappa } } \right) \\ \end{aligned} $$]

 (2.79)



The following discretization of this equation is determined in [103] for [image: $$n \in \left\{ {0, \ldots ,N} \right\},i \in \left\{ {1, \ldots ,I} \right\},j \in \left\{ {1, \ldots ,J} \right\}$$]:[image: $$ \begin{aligned} &amp; \left( {u^{\kappa } } \right)_{i,j}^{n + 1} \left( {\alpha + \frac{\beta }{2}} \right) = \left( {u^{\kappa } } \right)_{i,j}^{n - 1} \left( {\frac{\beta }{2} - \alpha } \right) + \left( {u^{\kappa } } \right)_{i,j}^{n} \left( {2\alpha - \gamma } \right) \\ &amp;  + \gamma \left( {u^{\kappa } } \right)_{i,j}^{0} + \lambda \psi \left( {\frac{1}{3}\left( \begin{gathered} \sum\limits_{k = 1}^{K} {\left( {\left( {u^{k} } \right)_{i + 1,j}^{n} + \left( {u^{k} } \right)_{i - 1,j}^{n} + \left( {u^{k} } \right)_{i,j + 1}^{n} + \left( {u^{k} } \right)_{i,j - 1}^{n} - 4\left( {u^{k} } \right)_{i,j} } \right)} \hfill \\ + \frac{1}{2}\sqrt {\sum\limits_{k = 1}^{K} {\left( {\left( {u^{k} } \right)_{i + 1,j}^{n} - \left( {u^{k} } \right)_{i - 1,j}^{n} } \right)^{2} + \left( {\left( {u^{k} } \right)_{i,j + 1}^{n} - \left( {u^{k} } \right)_{i,j - 1}^{n} } \right)^{2} } } \hfill \\ \end{gathered} \right)} \right) \cdot \\ &amp; \rho \sum\limits_{r \in N(p)} {\varphi \left( {\frac{1}{2}\sqrt {\sum\limits_{k = 1}^{K} {\left( {\left( {u^{k}_{\sigma } } \right)_{i + 1,j}^{n} - \left( {u^{k}_{\sigma } } \right)_{i - 1,j}^{n} } \right)^{2} + \left( {\left( {u^{k}_{\sigma } } \right)_{i,j + 1}^{n} - \left( {u^{k}_{\sigma } } \right)_{i,j - 1}^{n} } \right)^{2} } } } \right)\left( {\left( {u^{\kappa } } \right)_{r}^{n} - \left( {u^{\kappa } } \right)_{p}^{n} } \right)} \\ \end{aligned} $$]

 (2.80)



The numerical solution of the vector-valued nonlinear PDE model (2.75) is computed applying (2.80) iteratively for each n from 0 to N and [image: $$\kappa$$] from 1 to K [103]. This restoration approach removes successfully the additive Gaussian noise, overcomes unintended blurring and staircase effects and preserves well, and even sharpens, the essential details among the different wavelength bands. A MSI restoration example is displayed in Fig. 2.18 and Table 2.9 contains method comparison results.[image: ]A series of three rows of images depicting a cityscape with buildings and mountains in the background. The first row, labeled "a) Original MSI channels," shows clear images of the scene. The second row, labeled "b) MSI corrupted by AWGN," displays the same scene with heavy noise, obscuring details. The third row, labeled "c) Restored spectral channels," shows the scene with reduced noise, partially restoring clarity. Each row contains multiple images showing different spectral channels of the same scene.


Fig. 2.18MSI restoration example

Table 2.9Average PSNRs of several AWGN removal methods


	Noise removal technique
	PSNR score (dB)

	Vector-valued hyperbolic PDE-based filter
	27.2532

	Adaptive Wiener filter
	26.8443

	3D Gaussian filter
	25.4778

	3D non-local mean (NLM) filter
	27.2348

	3D bilateral filter
	26.5738

	TV-ROF denoising
	25.4673




A photon-limited multi-channel image restoration technique was proposed in [104]. It uses the next well-posed vector-valued fourth-order reaction–diffusion model:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{{\partial \vec{u}}}{\partial t} + \alpha \delta \left( {\frac{{\left\| {\nabla^{2} \vec{u}} \right\|}}{{\left\| {\nabla \vec{u}} \right\|}}} \right)\nabla^{2} \left( {\psi \left( {\left\| {\nabla \vec{u}_{\sigma } } \right\|} \right)\Delta \vec{u}} \right) - \beta \left( {\frac{{\vec{u} - \vec{u}_{0} }}{{\left| {\vec{u}} \right| + \lambda }}} \right) = 0,} \hfill \\ {\vec{u}\left( {x,y,0} \right) = \vec{u}_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {\frac{{\partial \vec{u}}}{{\partial \vec{n}}}\left( {x,y,t} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega } \hfill \\ \end{array} } \right. $$]

 (2.81)


where [image: $$\alpha \in \left[ {1,2} \right),\lambda ,\beta \in \left( {0,1} \right]$$], [image: $$\vec{u}_{0}$$] is the observation corrupted by Poisson noise, [image: $$\vec{u}\left( {x,y} \right) = \left[ {u^{1} \left( {x,y} \right), \ldots ,u^{C} \left( {x,y} \right)} \right]$$], [image: $$\psi \left( s \right) = \eta \left( {\frac{\gamma }{{\left| {\varphi \left( {s + \gamma } \right)^{\tau } + \xi } \right|}}} \right)^{{\frac{1}{\tau + 1}}}$$], [image: $$\varphi \in \left( {0,1} \right],\eta \ge 1,\gamma ,\xi \ge 4$$], [image: $$\tau \in \{ 1, \ldots ,4\}$$], [image: $$\delta \left( s \right) = \varepsilon \sqrt[{r + 1}]{{\nu s^{r} + \varsigma }}$$], with [image: $$\varsigma ,\nu \in \left[ {1,4} \right),\varepsilon \in \left( {0,1} \right)$$] and [image: $$r \in [1,3]$$]. It leads to the next nonlinear PDE system:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{{\partial u^{1} }}{\partial t} = \beta \left( {\frac{{u^{1} - u_{0}^{1} }}{{\left| {u^{1} } \right| + \lambda }}} \right) - \alpha \delta \left( {\frac{{\sum\nolimits_{k = 1}^{C} {\left| {\Delta u^{k} } \right|} }}{{\sqrt {\sum\nolimits_{k = 1}^{C} {\left| {\nabla u^{k} } \right|^{2} } } }}} \right)\Delta \left( {\psi \left( {\sqrt {\sum\limits_{k = 1}^{C} {\left\| {\nabla u^{k}_{\sigma } } \right\|^{2} } } } \right)\Delta u^{1} } \right),} \hfill \\ \vdots \hfill \\ {\frac{{\partial u^{C} }}{\partial t} = \beta \left( {\frac{{u^{C} - u_{0}^{C} }}{{\left| {u^{C} } \right| + \lambda }}} \right) - \alpha \delta \left( {\frac{{\sum\nolimits_{k = 1}^{C} {\left| {\Delta u^{k} } \right|} }}{{\sqrt {\sum\nolimits_{k = 1}^{C} {\left| {\nabla u^{k} } \right|^{2} } } }}} \right)\Delta \left( {\psi \left( {\sqrt {\sum\limits_{k = 1}^{C} {\left\| {\nabla u^{k}_{\sigma } } \right\|^{2} } } } \right)\Delta u^{C} } \right) \, } \hfill \\ \end{array} } \right. $$]

 (2.82)


that is solved numerically by applying the next iterative fast-converging finite difference-based discretization scheme for [image: $$\forall n \in \left\{ {0, \ldots ,N} \right\}$$] and each k from 1 to C [104]:[image: $$ \begin{aligned} \left( {u^{k} } \right)_{i,j}^{n + 1} &amp; = \left( {u^{k} } \right)_{i,j}^{n} \left( {\frac{\beta }{{\left| {\left( {u^{k} } \right)_{i,j}^{n} } \right| + \lambda }} + 1} \right) - \left( {u^{k} } \right)_{i,j}^{0} \left( {\frac{\beta }{{\left| {\left( {u^{k} } \right)_{i,j}^{n} } \right| + \lambda }}} \right) \\ &amp; \quad - \delta \left( {\frac{{\sum\nolimits_{k = 1}^{C} {\left( {u^{k} } \right)_{i + 1,j}^{n} + \left( {u^{k} } \right)_{i - 1,j}^{n} + \left( {u^{k} } \right)_{i,j + 1}^{n} + \left( {u^{k} } \right)_{i,j - 1}^{n} - 4\left( {u^{k} } \right)_{i,j}^{n} } }}{{\sqrt {\sum\nolimits_{k = 1}^{C} {\left\| {\nabla \left( {u^{k} } \right)_{i,j}^{n} } \right\|^{2} } } }}} \right) \\ &amp; \quad \left( {\zeta^{{{i + 1,j} }} + \zeta^{{{i - 1,j} }} + \zeta^{{{i,j + 1} }} + \zeta^{{{i,j - 1} }} - 4\zeta^{{{i,j} }} } \right) \\ \end{aligned} $$]

 (2.83)



Our quantum denoising simulations were performed on 2 multi-valued image databases. The testing dataset contained 200 multi-channel images, representing 100 8-channel multispectral images from the UGR Spectral Saliency Database and 100 RGB images from the IPL Calibrated Color Image Database [104], affected by high levels of Poisson noise. The described filter removed successfully the signal-dependent noise from these images, avoiding the side-effects and preserving the essential features. Also, it addressed properly the high inter-channel correlation, preserving the meaningful multi-boundaries among the different layers. It outperforms other multi-channel photon-limited image filters, as illustrated by the method comparison results in Table 2.10 [104].Table 2.10Photon-limited multi-layer image restoration method comparison


	Poisson noise removal technique
	PSNR value (dB)

	Vector-valued reaction diffusion-based filter
	28.6872

	3D median filter
	26.5748

	3D Gaussian filter + VST
	25.3966

	3D NLM Poisson filter
	27.9354

	3D bilateral filter
	26.9783

	TV denoising for Poisson noise
	25.7558




Other multi-layer mage restoration approaches developed by us deal successfully with the mixed Poisson–Gaussian noise [105, 106]. Thus, a noise mixture removal for multispectral images with M layers was introduced in [105]. It is based on the following second-order vector-valued diffusion model:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{{\partial \vec{u}}}{\partial t} - \alpha \varphi \left( {\left| {\nabla^{2} \vec{u}} \right|} \right)\nabla \cdot \left( {\psi \left( {\left\| {\nabla \vec{u}_{\sigma } } \right\|} \right)\nabla \vec{u}} \right) + \left( {\vec{u} - \vec{u}_{0} } \right)\left( {\frac{\beta }{{\left| {\vec{u}} \right| + \varepsilon }} + \lambda } \right) = 0,} \hfill \\ {\vec{u}\left( {x,y,0} \right) = \vec{u}_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {\frac{{\partial \vec{u}}}{{\partial \vec{n}}}\left( {x,y,t} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega ,\;\;t \in \left( {0{,}T} \right)} \hfill \\ \end{array} } \right. $$]

 (2.84)


where [image: $$\alpha \in \left[ {1,2} \right),\beta ,\lambda \in \left( {0,1} \right],\varepsilon \in \left( {0,0.5} \right)$$], [image: $$\vec{u}:\Omega \times \left( {0,T} \right) \to R^{M}$$], [image: $$\vec{u}_{\sigma } = \left[ {u_{k} *G_{\sigma } } \right]_{{k = \overline{1,M} }}$$], [image: $$\psi \left( s \right) = \gamma \sqrt[3]{{\frac{K}{{\left| {\nu \ln \left( {s + K} \right)^{2} + \xi } \right|}}}}$$], [image: $$\nu \in \left( {0,1} \right],\gamma \ge 1,\xi \ge 5$$], [image: $$K \ge 7$$] and [image: $$\varphi \left( s \right) = \left( {\frac{{\delta s^{r} + \zeta }}{\eta }} \right)^{{\frac{1}{r + 1}}}$$], with [image: $$\delta ,\zeta \in \left[ {1,5} \right),\eta \in \left( {0,0.5} \right)$$] and [image: $$r \in \left( {0,1} \right)$$]. The conductance term [image: $$\psi \left( {\left\| {\nabla \vec{u}_{\sigma } } \right\|} \right)$$] and [image: $$\varphi \left( {\left| {\nabla^{2} \vec{u}} \right|} \right) = \varphi \left( {\left| {\Delta \vec{u}} \right|} \right)$$] couple of the single-diffusion processes resulted from (2.84). Like in the previous cases, a nonlinear PDE-based system is obtained from this model. That system is solved by applying this explicit iterative fast-converging numerical approximation scheme for each n from 0 to N and for each m from 1 to M [105]:[image: $$ \begin{aligned} &amp; \left( {u^{m} } \right)_{i,j}^{n + 1}  = \left( {u^{m} } \right)_{i,j}^{n} \left( {\lambda - \frac{\beta }{{\left| {\left( {u^{m} } \right)_{i,j}^{n} } \right| + \varepsilon }} + 1} \right) + \left( {u^{m} } \right)_{i,j}^{0} \left( {\frac{\beta }{{\left| {\left( {u^{m} } \right)_{i,j}^{n} } \right| + \varepsilon }} + \lambda } \right) \\ &amp;  + \alpha \varphi \left( {\sum\limits_{k = 1}^{M} {\left( {u^{k} } \right)_{i + 1,j}^{n} + \left( {u^{k} } \right)_{i - 1,j}^{n} + \left( {u^{k} } \right)_{i,j + 1}^{n} + \left( {u^{k} } \right)_{i,j - 1}^{n} - 4\left( {u^{k} } \right)_{i,j}^{n} } } \right) \\ &amp; \zeta \sum\limits_{{q \in N_{p} }} {\psi \left( {\frac{1}{2}\sqrt {\sum\limits_{k = 1}^{M} {\left( {\left( {u^{k}_{\sigma } } \right)_{i + 1,j}^{n} - \left( {u^{k}_{\sigma } } \right)_{i - 1,j}^{n} } \right)^{2} + \left( {\left( {u^{k}_{\sigma } } \right)_{i,j + 1}^{n} - \left( {u^{k}_{\sigma } } \right)_{i,j - 1}^{n} } \right)^{2} } } } \right) } \\ &amp; \left( {\left( {u^{m} } \right)_{q}^{n} - \left( {u^{m} } \right)_{p}^{n} } \right) \\ \end{aligned} $$]

 (2.85)



This approach models efficiently inter-channel relations and capture the multi-edges, providing an essential detail-preserving MSI filtering. It deals properly with both signal-independent and -dependent noise components from the MSI channels, removing successfully both the AWGN and shot noise. Our noise mixture removal scheme outperforms the 2D restoration methods that filter each layer separately and also some volumetric 3D filters [105]. Figure 2.19 displays an example with its results.[image: ]A series of three rows of images depicting a landscape with hills and buildings. The first row, labeled "a) Multispectral image channels," shows clear images of the scene in different spectral channels. The second row, labeled "b) The channels corrupted by mixed noise," displays the same images heavily obscured by noise. The third row, labeled "c) The restored multispectral image channels," presents the images with reduced noise, showing clearer details of the landscape.


Fig. 2.19A MSI filtering example


A mixed noise removal framework for hyperspectral images was introduced by us in [106]. It uses the vector-valued second-order nonlinear diffusion-based model:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{{\partial \vec{u}}}{\partial t} - \lambda \nabla \cdot \left( {\delta \left( {\left\| {\nabla \vec{u}} \right\|} \right)\nabla \vec{u}_{\sigma } } \right)\varphi \left( {\frac{{\left| {\nabla \vec{u}} \right| + \left| {\nabla^{2} \vec{u}} \right|}}{\xi }} \right) + \left( {\frac{\psi }{{\left\| {\vec{u}} \right\| + \alpha }} + \zeta } \right)\left( {\vec{u} - \vec{u}_{0} } \right) = 0,} \hfill \\ {\vec{u}\left( {x,y,0} \right) = \vec{u}_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega ;\quad \vec{u}\left( {x,y,t} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega ,\;\;t \in \left( {0{,}T} \right)} \hfill \\ \end{array} } \right. $$]

 (2.86)


where [image: $$\lambda \in \left[ {1,3} \right),\psi ,\zeta \in \left( {0,1} \right],\lambda \in \left( {0,0.6} \right),\xi \in \left\{ {1, \ldots ,4} \right\}$$], [image: $$\vec{u}_{\sigma } = \left[ {u^{1} *G_{\sigma } , \ldots ,u^{H} *G_{\sigma } } \right]$$], the conductance function [image: $$\delta \left( s \right) = \eta \sqrt[{\xi + 1}]{{\frac{\gamma }{{\left| {\nu \log_{10} \left( {s + \gamma } \right)^{\xi } + \varepsilon } \right|}}}}$$] and [image: $$\varphi \left( s \right) = \left( {\frac{{\varsigma s^{\xi } + r}}{\lambda }} \right)^{{\frac{1}{\xi + 1}}}$$], where [image: $$\eta \ge 1,\nu \in \left( {0,1} \right],\gamma ,\varepsilon \ge 3$$], [image: $$r,\varsigma \in \left[ {1,4} \right)$$] [106]. The nonlinear multi-valued PDE model (2.86) leads to the following reaction–diffusion system:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{{\partial u^{1} }}{\partial t} - \lambda \varphi \left( {\frac{{\sqrt {\sum\nolimits_{k = 1}^{H} {\left\| {\nabla u^{k} } \right\|^{2} } } + \sum\nolimits_{k = 1}^{H} {\left\| {\Delta u^{k} } \right\|} }}{\xi }} \right)div\left( {\delta \left( {\sqrt {\sum\limits_{k = 1}^{H} {\left\| {\nabla u^{k} } \right\|^{2} } } } \right)\nabla u^{1}_{\sigma } } \right) + \left( {\frac{\psi }{{\left\| {u^{1} } \right\| + \alpha }} + \zeta } \right)\left( {u^{1} - u_{0}^{1} } \right) = 0,} \hfill \\ \vdots \hfill \\ {\frac{{\partial u^{H} }}{\partial t} - \lambda \varphi \left( {\frac{{\sqrt {\sum\nolimits_{k = 1}^{H} {\left\| {\nabla u^{k} } \right\|^{2} } } + \sum\nolimits_{k = 1}^{H} {\left\| {\Delta u^{k} } \right\|} }}{\xi }} \right)div\left( {\delta \left( {\sqrt {\sum\limits_{k = 1}^{H} {\left\| {\nabla u^{k} } \right\|^{2} } } } \right)\nabla u^{H}_{\sigma } } \right) + \left( {\frac{\psi }{{\left\| {u^{H} } \right\| + \alpha }} + \zeta } \right)\left( {u^{H} - u_{0}^{H} } \right) = 0} \hfill \\ \end{array} } \right. $$]

 (2.87)



Its coupled single-valued reaction–diffusion equations share 2 correlation terms that model the HSI inter-layer relations: [image: $$\varphi \left( {\left( {\sqrt {\sum\nolimits_{k = 1}^{H} {\left\| {\nabla u^{k} } \right\|^{2} } } + \sum\nolimits_{k = 1}^{H} {\left\| {\Delta u^{k} } \right\|} } \right)/\xi } \right)$$] and [image: $$\delta \left( {\sqrt {\sum\nolimits_{k = 1}^{H} {\left\| {\nabla u^{k} } \right\|^{2} } } } \right)$$].
An iterative finite difference-based numerical approximation algorithm that solves this system is proposed in [106]. Then, it was tested successfully on many HSI databases [106], including Real-World Hyper-spectral Images Database, Granada hyperspectral hazy database (GRANHHADA), UGR Hyperspectral Image Data-base and HIDSAG. Our HSI restoration approach filters effectively the noise mixtures from hyperspectral data and overcomes side-effects like blurring and staircasing, preserving essential details. It also deals successfully with inter-channel correlation issue, preserving well meaningful features, such as the multi-edges, across the hyperspectral layers. See some comparison results in Table 2.11 and Fig. 2.20.Table 2.11HSI filtering method comparison


	HSI restoration solution
	Average PSNR (dB)

	Multi-valued reaction diffusion-based filter
	27.8476

	3D non-local mean (NLM) filter
	27.4533

	TV-based mixed noise reduction model
	26.5627

	TV denoising + VST scheme
	25.6618

	3D Gaussian filter + VST
	25.3754

	3D median filter
	24.5209



[image: ]A three-panel figure showing hyperspectral image (HSI) layers. Panel (a) displays original HSI layers at bands 1, 21, 41, 62, 82, and 103, depicting a geographical area with visible structures. Panel (b) shows the same HSI layers contaminated with noise, obscuring details. Panel (c) presents restored HSI channels, where clarity and details are improved compared to the contaminated layers. Each panel is labeled with corresponding band numbers.


Fig. 2.20HSI data restoration example


Another mixed noise reduction approach was proposed by us for the multi-modal images [107]. So, the introduced multimodal magnetic resonance image (MRI) restoration technique uses the next vector-valued anisotropic diffusion-based model:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{{\partial \vec{u}}}{\partial t} - \xi \psi \left( {\frac{{\left| {\nabla \vec{u}} \right| + \left| {\Delta \vec{u}} \right|}}{2}} \right)\nabla \cdot \left( {\varphi \left( {\left\| {\nabla \vec{u}_{\sigma } } \right\|} \right)\nabla \vec{u}} \right) + \left( {\frac{\alpha }{{\left| {\vec{u}} \right| + \lambda }} + \beta } \right)\left( {\vec{u} - \vec{u}_{0} } \right) = 0,} \hfill \\ {\vec{u}\left( {x,y,0} \right) = \vec{u}_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {\frac{{\partial \vec{u}}}{{\partial \vec{n}}}\left( {x,y,t} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega ,\;\;t \in \left( {0{,}T} \right)} \hfill \\ \end{array} } \right. $$]

 (2.88)


where [image: $$\vec{u}:\Omega \times \left( {0,T} \right) \to R^{L}$$] is a multimodal 3D MRI, [image: $$\xi \in \left[ {1,2} \right),\alpha ,\beta \in \left( {0,1} \right],\lambda \in \left( {0,0.5} \right)$$], the monotonic decreasing conductance function [image: $$\varphi \left( s \right) = \delta \left( {\frac{\nu }{{\left| {\varepsilon \ln \left( {s + \nu } \right)^{r} + \eta } \right|}}} \right)^{{\frac{1}{r + 1}}}$$] and [image: $$\psi \left( s \right) = \gamma \sqrt[3]{{\varsigma s^{2} + \zeta }}$$], with [image: $$\varepsilon \in \left( {0,1} \right],\delta \ge 1,\nu ,\eta \ge 4$$], [image: $$r \in \{ 1, \ldots ,4\}$$], [image: $$\zeta ,\varsigma \in \left[ {1,3} \right),\gamma \in \left( {0.5,1} \right)$$].
This vector-valued PDE model leads to a system with equations of the form:[image: $$ \begin{aligned} \frac{{\partial u^{l} }}{\partial t} + \left( {\frac{\alpha }{{\left| {u^{l} } \right| + \lambda }} + \beta } \right)\left( {u^{l} - u_{0}^{l} } \right) &amp; = \xi \psi \left( {\frac{{\sqrt {\sum\nolimits_{k = 1}^{L} {\left\| {\nabla u^{k} } \right\|^{2} } } + \sum\nolimits_{k = 1}^{L} {\left\| {\Delta u^{k} } \right\|} }}{2}} \right)\nabla \\ &amp; \quad \cdot \left( {\varphi \left( {\sqrt {\sum\limits_{k = 1}^{L} {\left\| {\nabla u^{k}_{\sigma } } \right\|^{2} } } } \right)\nabla u^{l} } \right),\quad l \in \left\{ {1, \ldots ,L} \right\} \\ \end{aligned} $$]

 (2.89)


which are then solved numerically by applying the finite difference method [107].
The vector-valued anisotropic diffusion-based MRI denoising method was tested successfully on a voluminous medical dataset [107]. It filters successfully both the AWGN and shot noise from those 3D medical images and overcomes the side-effects. It also addresses properly the inter-layer correlation issue, preserving essential features, like the multi-edges, among and across the MRI channels. A MRI filtering example is provided in Fig. 2.21 and Table 2.12 contains method comparison results.[image: ]The image shows two rows of MRI brain slices. The top row, labeled "a) Noisy MRI slices," displays eight images with varying levels of noise, numbered 1, 10, 73, 117, 136, 187, 277, and 308. The bottom row, labeled "b) Filtered MRI slices," shows the same slices after noise reduction, with clearer details. Each slice corresponds to the same numbers as the top row, illustrating the effect of filtering on image clarity.


Fig. 2.21MRI data restoration example

Table 2.12MRI filtering method comparison


	Mixed noise removal technique
	PSNR score (dB)

	Vector-valued diffusion-based filter
	27.5342

	3D median filter
	24.9663

	3D Gaussian filter + VST
	25.4528

	3D non-local mean (NLM) filter
	27.2152

	TV-based Poisson–Gaussian noise filter
	26.5337

	TV-ROF denoising + VST
	25.4713





2.5 Nonlinear 3D Anisotropic Diffusion-Based Video Filtering Solutions
Video noise, representing a random variation in the image’s brightness, constitutes an unintended effect of the video acquisition process, being typically a result of the digital gain [108]. While the most common type of video noise is the signal-independent AWGN, there are also other noises generated by the video capturing devices, including signal-dependent quantum noise, multiplicative noise, stripe noise, impulse noise and various mixed noises.
Removing this noise from the movie frames represents an essential pre-processing operation that facilitates many video analysis tasks. But video filtering may represent also a difficult task, since the consecutive frames are highly correlated. The spatial video denoising techniques, that filter each frame individually, do not achieve satisfactory results. The temporal video restoration approaches reduce the noise between frames using the motion compensation [109], but can generate blurring and dragging effects on the moving regions. The spatio-temporal denoising, or 3D denoising, techniques combine the spatial and temporal video restoration [110].
The AWGN video filtering techniques represent some extensions of the 2D image filters for Gaussian noise. They include 3D filters like the 3D Gaussian filter [111] and 3D moving average filter, the 3D patch-based filters, such as the 3D Non-Local Means (NLM) filter [112] and the spatio-temporal VBM3D (Video Block-Matching and 3D filtering) [113], tensor-based denoising schemes [114], deep learning-based filters [115] and 3D anisotropic diffusion-based models representing volumetric extensions of the Perona–Malik scheme [116]. The filtering techniques that remove the often encountered mixed Poisson–Gaussian noise from video sequences include adapted 3D NLM filters [117], improved pixel similarity weighted frame averaging (PSWFA)-based models [118], tensor-based methods [97], low rank and sparse minimization-based methods [119] and deep neural networks [120].
We have also developed spatio-temporal AWGN and mixed noise reduction techniques for video sequences using nonlinear PDE-based models. An anisotropic diffusion-based mixed noise removal approach is introduced in [121]. It is based on the following nonlinear second-order reaction–diffusion filtering model:[image: $$ \left\{ \begin{gathered} \frac{\partial v}{{\partial t}} - \alpha \nabla \cdot \left( {\eta \left( {\left\| {\nabla v} \right\|} \right)\nabla v_{\sigma } } \right)\psi \left( {\frac{{\left| {\nabla v} \right|}}{{\left| {\nabla^{2} v} \right|}}} \right) + \left( {v - v_{0} } \right)\left( {\frac{\varphi }{\left\| v \right\| + \beta } + \xi } \right) = 0 \hfill \\ v\left( {x,y,z,0} \right) = v_{0} \left( {x,y,z} \right),\quad \forall \left( {x{,}y,z} \right) \in \Omega \hfill \\ \frac{\partial v}{{\partial \vec{n}}}\left( {x,y,z,t} \right) = 0,\quad \forall \left( {x{,}y,z} \right) \in \partial \Omega ,\;\;t \in \left( {0{,}T} \right] \hfill \\ \end{gathered} \right. $$]

 (2.90)


where [image: $$v:\Omega \times \left( {0,T} \right] \to R$$] is the analyzed video, [image: $$\lambda \in \left[ {1,2} \right),\varphi ,\xi \in \left( {0,1} \right],\beta \in \left( {0,0.6} \right)$$], [image: $$G_{\sigma }$$] is the 3D Gaussian filter kernel, [image: $$v_{\sigma } = v * G_{\sigma }$$], the diffusivity conductance function [image: $$\eta \left( s \right) = \gamma \sqrt[{r + 1}]{{\frac{\lambda }{{\log_{10} \left| {\varphi s^{r} + \zeta } \right|}}}}$$], the function [image: $$\psi \left( s \right) = \left( {\frac{{\varepsilon s^{r} + \varsigma }}{\beta }} \right)^{{\frac{1}{r + 1}}}$$] and the parameters [image: $$\gamma \ge 1,\varphi \in \left( {0,1} \right],\lambda ,\zeta \ge 4$$], [image: $$r \ge 2$$], [image: $$\varepsilon ,\varsigma \in \left[ {1,5} \right)$$] [121].
The nonlinear parabolic PDE model (2.90) is non-variational, since it cannot be achieved from any energy functional minimization. It reduces successfully both signal-independent and signal-dependent components of the noise, given the term [image: $$\left( {v - v_{0} } \right)\left( {\frac{\varphi }{\left\| v \right\| + \beta } + \xi } \right)$$], which is related to AWGN and quantum noise distributions. This nonlinear 3D reaction–diffusion process filters successfully both the spatial and temporal movie domains. The temporal frame correlation is also taken into account. The considered diffusion includes the pixels having the same location in each frame. If there is motion between consecutive frames, and thus the corresponding pixels are displaced, then the 3D gradient’s magnitude, [image: $$\left\| {\nabla v} \right\| = \sqrt {\left( {\frac{\partial v}{{\partial x}}} \right)^{2} + \left( {\frac{\partial v}{{\partial y}}} \right)^{2} + \left( {\frac{\partial v}{{\partial z}}} \right)^{2} }$$], increases and diffusivity conductance [image: $$\eta \left( {\left\| {\nabla v} \right\|} \right)$$] decreases until there is no diffusion. So, the video denoising process stops whenever it reaches the edges of a moving object.
This 3D anisotropic diffusion model is also well-posed, since it admits a unique variational solution that is determined numerically using finite difference method. The PDE can be written as [image: $$\frac{\partial v}{{\partial t}} + \left( {v - v_{0} } \right)\left( {\frac{\varphi }{\left\| v \right\| + \beta } + \xi } \right) = \alpha \, div\left( {\eta \left( {\left\| {\nabla v} \right\|} \right)\nabla v_{\sigma } } \right)\psi \left( {\frac{{\left| {\nabla v} \right|}}{{\left| {\nabla^{2} v} \right|}}} \right)$$], so its left term of is approximated using the central differences [121] as:[image: $$ \begin{aligned} &amp; \frac{{v_{i,j,k}^{n + \Delta t} - v_{i,j,k}^{n} }}{\Delta t} + \left( {v_{i,j,k}^{n} - v_{i,j,k}^{0} } \right)\left( {\frac{\varphi }{{\left| {v_{i,j,k}^{n} } \right| + \beta }} + \xi } \right) = v_{i,j,k}^{n + \Delta t} \frac{1}{\Delta t} \\ &amp;  - v_{i,j,k}^{n} \left( {\frac{1}{\Delta t}  - \frac{\varphi }{{\left| {v_{i,j,k}^{n} } \right| + \beta }} - \xi } \right) \\ &amp;  - v_{i,j,k}^{0} \left( {\frac{\varphi }{{\left| {v_{i,j,k}^{n} } \right| + \beta }} + \xi } \right) \\ \end{aligned} $$]

 (2.91)



Then [image: $$\psi \left( {\frac{{\left| {\nabla v} \right|}}{{\left| {\nabla^{2} v} \right|}}} \right)$$] is discretized as [image: $$\psi \left( {\frac{{\left\| {\nabla v_{i,j,k}^{n} } \right\|}}{{\left\| {\Delta v_{i,j,k}^{n} } \right\|}}} \right) = \psi \left( {\frac{{\sqrt {\left( {\frac{{v_{i + h,j,k}^{n} - v_{i - h,j,k}^{n} }}{2h}} \right)^{2} + \left( {\frac{{v_{i,j + h,k}^{n} - v_{i,j - h,k}^{n} }}{2h}} \right)^{2} + \left( {\frac{{v_{i,j,k + h}^{n} - v_{i,j,k - h}^{n} }}{2h}} \right)^{2} } }}{{\frac{{v_{i + h,j,k}^{n} + v_{i - h,j,k}^{n} + v_{i,j + h}^{n} + v_{i,j - h}^{n} + v_{i,j,k + h}^{n} + v_{i,j,k - h}^{n} - 6v_{i,j,k} }}{{h^{2} }}}}} \right)$$] and the divergence-based term is approximated as [image: $$\tau \sum\nolimits_{q \in N(\rho )} {\eta \left( {\left\| {\nabla v_{\rho ,q}^{n} } \right\|} \right)\nabla \left( {v*G_{\sigma } } \right)_{\rho ,q}^{n} }$$], where [image: $$\tau \in \left( {0,1} \right]$$], [image: $$N\left( \rho \right)$$] is the 6-neighborhood of the pixel with the coordinates [image: $$\rho = \left[ {i,j,k} \right]$$] and the gradient magnitude in a particular direction is determined as [image: $$\nabla v_{\rho ,q}^{n} = v_{q}^{n} - v_{\rho }^{n}$$].
One sets h = 1 and [image: $$\Delta t = 1$$], and by combining all these discretization results, obtains the next explicit iterative numerical approximation algorithm:[image: $$  \begin{aligned} &amp; v_{i,j,k}^{n + 1} = v_{i,j,k}^{n} \left( {1 - \frac{\varphi }{{\left| {v_{i,j,k}^{n} } \right| + \beta }} - \xi } \right) + v_{i,j,k}^{0} \left( {\frac{\varphi }{{\left| {v_{i,j,k}^{n} } \right| + \beta }} + \xi } \right) \\ &amp;  + \alpha \tau \psi \left( {\frac{{\sqrt {\left( {v_{i + 1,j,k}^{n} - v_{i - 1,j,k}^{n} } \right)^{2} + \left( {v_{i,j + 1,k}^{n} - v_{i,j - 1,k}^{n} } \right)^{2} + \left( {v_{i,j,k + 1}^{n} - v_{i,j,k - 1}^{n} } \right)^{2} } }}{{2\left( {v_{i + h,j,k}^{n} + v_{i - h,j,k}^{n} + v_{i,j + h}^{n} + v_{i,j - h}^{n} + v_{i,j,k + h}^{n} + v_{i,j,k - h}^{n} - 6v_{i,j,k} } \right)}}} \right) \\ &amp; \sum\limits_{q \in N(\rho )} {\eta \left( {\left\| {\nabla v_{\rho ,q}^{n} } \right\|} \right)\nabla \left( {v * G_{\sigma } } \right)_{\rho ,q}^{n} } \\ \end{aligned} $$]

 (2.92)



The numerical solving scheme (2.92) is stable and consistent to the second-order reaction–diffusion model (2.88) and converges fast to its numerical solution. It was applied successfully in our movie restoration simulations that were performed on voluminous video datasets [121]. This numerical algorithm removes both signal-independent and signal-dependent components of the noise mixtures from contaminated videos, overcoming unintended effects like blurring, staircasing and flickering. Since it deals successfully with the inter-frame correlation issue, it preserves properly the essential video details both along and across the frames. This spatio-temporal video denoising method outperforms many other mixed noise removal approaches. Method comparison results are provided in Table 2.13 and a denoising example involving several frames of a traffic video is described in Fig. 2.22 [121].Table 2.13Average PSNR scores achieved by the video filters


	Video restoration technique
	Average PSNR (dB)

	Nonlinear reaction diffusion-based video filter
	29.4168

	VBM3D filter + VST
	29.2307

	3D non-local mean (NLM) filter
	28.5573

	TV-based mixed noise removal model
	27.1628

	3D Gaussian filter + VST
	25.7604



[image: ]A series of images showing a highway scene with traffic, divided into three rows labeled a, b, and c. Row a, titled "Original movie," displays three clear images of the highway at frames #1, #29, and #52, with visible cars and trees. Row b, titled "Noisy movie," shows the same frames with heavy visual noise obscuring details. Row c, titled "Restored video," presents the frames with reduced noise, partially restoring visibility. Each image includes text "I-5 S 188TH ST" and a logo "© WSDOT."


Fig. 2.22Mixed noise removal from a traffic video


We also introduced a video filtering approach for additive Gaussian noise in [122]. It is based on a fourth-order nonlinear PDE-based model having the form:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial v}{{\partial t}} + \lambda \delta \left( {\frac{{\left\| {\nabla^{2} v} \right\| + \left\| {\nabla v} \right\|}}{2}} \right)\nabla^{2} \left( {\psi \left( {\left\| {\nabla^{2} v} \right\|} \right)\Delta v_{\sigma } } \right) - \alpha \left( {v - v_{0} } \right) = 0,} \hfill \\ {v\left( {x,y,z,0} \right) = v_{0} \left( {x,y,z} \right),\quad \forall \left( {x{,}y,z} \right) \in \Omega } \hfill \\ {v\left( {x,y,z,t} \right) = 0,\quad \forall \left( {x{,}y,z} \right) \in \partial \Omega ,\;\;t \in \left( {0{,}T} \right)} \hfill \\ \end{array} } \right. $$]

 (2.93)



The discretization and mathematical treatment of this well-posed 3D anisotropic diffusion-based filtering model are described in [122]. The simulation and method comparison results that are also presented there illustrate its effectiveness [122].
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Two closely related image processing domains based on nonlinear partial differential equations, namely image inpainting and compression are described in this chapter. The nonlinear PDE-based image reconstruction, or inpainting, field is approached in the first section. Variational and non-variational structural inpainting techniques based on nonlinear PDE models of various orders are described here. Our main contributions in this domain are also surveyed in this section.
The PDE-based image compression area is then described in the second section. It can be regarded as an application field of the image interpolation, since the PDE-based inpainting models are applied successfully to the decompression task. The most important nonlinear diffusion-based decompression schemes are surveyed first. Next, our major contributions in the nonlinear PDE-based compression domain are discussed here.
3.1 Variational and Anisotropic Diffusion Models for Structural Inpainting
The image reconstruction, which is also called image interpolation, inpainting or completion, constitutes the process of recovering the missing or highly deteriorated image areas as plausibly as possible, by using the information achieved from the surrounding regions [1]. There are three categories of reconstruction techniques: textural inpainting, structural inpainting and combined approaches. The texture-based methods can be related to texture synthesis [2] or may represent exemplar-based approaches [3]. Structure-based inpainting employs information around the damaged region to estimate isophote from coarse to fine, and diffuses it by a diffusion mechanism that uses variational and PDE-based models [1, 4].
3.1.1 Variational Structure-Based Image Interpolation Algorithms
A variational inpainting model is based on a energy minimization having the form:[image: $$ \mathop {\min }\limits_{u \in U} \left( {J\left( u \right) = R\left( u \right) + \frac{1}{2}\int\limits_{\Omega } {\lambda_{D} \left( {u - u_{0} } \right)^{2} } d\Omega } \right) $$]

 (3.1)


where D is the inpainting domain whose mask is given by [image: $$\lambda_{D} = \lambda \cdot 1_{\Omega \backslash D} ,\lambda &gt; 0$$], R(u) represents the regularizing term responsible for the filling process and contains certain a-priori information of image u and the fidelity term [image: $$\frac{1}{2}\int_{\Omega } {\lambda_{D} \left( {u - u_{0} } \right)^{2} } d\Omega$$] forces u to remain close enough to the observation [image: $$u_{0}$$] outside of D [4]. Various inpainting solutions can be provided by various forms of the regularizer term. For example, Harmonic Inpainting model uses [image: $$R\left( u \right) = \int\nolimits_{\Omega } {\left\| {\nabla u} \right\|^{2} } dxdy$$] [4].
The early energy-based inpainting schemes were based on the influential Mumford–Shah model. One of them uses the [image: $$\Gamma$$]-convergence approximation of the Mumford–Shah functional [5] and consists of the next minimization:[image: $$  \begin{aligned}    &amp; \mathop {\min }\limits_{{u \in U}} \left( {\frac{1}{2}\int\limits_{\Omega } {\lambda _{D} \left( {u - u_{0} } \right)^{2} } d\Omega  + \frac{\gamma }{2}\int\limits_{{\Omega \backslash \Gamma }} {z_{ \in }^{2} \left| {\nabla u} \right|^{2} } d\Omega } \right. \\     &amp; \left. { + \alpha \int\limits_{{\Omega \backslash \Gamma }} {\left( { \in \left| {\nabla z_{ \in } } \right|^{2}  + \frac{{\left( {1 - z_{ \in } } \right)^{2} }}{{4 \in }}} \right)} d\Omega } \right) \\  \end{aligned}   $$]

 (3.2)


where [image: $$z_{ \in }$$] stands for the signature function of the edge set. This inpainting approach has a low order of complexity in terms of approximation and computation. Also, it has a fast numerical convergence and preserves the boundary sharpness. Another inpainting method, based on the Mumford–Shah–Euler model [6], has the form:[image: $$ \mathop {\min }\limits_{u} \left( {\frac{1}{2}\int\limits_{\Omega } {\lambda_{D} \left( {u - u_{0} } \right)^{2} } dxdy + \frac{\gamma }{2}\int\limits_{\Omega \backslash \Gamma } {\left| {\nabla u} \right|^{2} } dxdy + \alpha \int\limits_{\Gamma } {\left( {\alpha + \beta \kappa^{2} } \right)} ds} \right) $$]

 (3.3)



Total Variation (TV) Inpainting, an influential interpolation model introduced by Chan and Shen [7], is characterized by the energy functional minimization:[image: $$ \mathop {\min }\limits_{{u \in L^{2} \left( \Omega \right)}} \left( {J\left[ u \right] = \int\limits_{\Omega } {\alpha \left\| {\nabla u} \right\|} dxdy + \frac{{\lambda_{D} }}{2}\int\limits_{\Omega } {\left( {u - u_{0} } \right)^{2} } dxdy} \right) $$]

 (3.4)


where [image: $$\alpha &gt; 0$$] and [image: $$\lambda_{D} = \lambda \cdot \left( {1 - 1_{D} } \right)$$]. It fills in the missing zones by minimizing the first-order total variation while keeping close to the observed image in the known regions. The coefficient α controls the denoising process: a low value for directs the filtering mostly to inpainting zone and is minimal outside of D. The next second-order nonlinear anisotropic diffusion-based model is then derived from (3.5), by applying its Euler–Lagrange equation and the steepest descent method:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} = \alpha \, div\left( {\frac{\nabla u}{{\left| {\nabla u} \right|}}} \right) - \lambda_{D} \left( {u - u_{0} } \right)} \hfill \\ {u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right)} \hfill \\ \end{array} } \right., $$]

 (3.5)



TV Inpainting works successfully for non-textured images corrupted by missing or highly damaged regions. It achieves connectivity, but not for large gaps, and may produce staircasing, since TV minimization generates piecewise constant structures. Since inpainting represents filtering with spatially-varying regularization strength [image: $$\lambda_{D}$$], the TV regularization-based inpainting is strongly related to TV-ROF Denoising provided in (2.​14)–(2.​15). Given their similarity, TV Denoising with Split Bregman algorithm was adapted easily to the interpolation field [8].
Numerous variational completion techniques that improve TV Inpainting have been developed in the last decades. One of them is TV2 Inpainting model, obtained by using the second-order total variation as regularizer term: [image: $$R\left( u \right) = \int\nolimits_{\Omega } {\left| {\nabla^{2} u} \right|} dxdy$$] [9].
It outperforms TV Inpainting, achieving better and more natural reconstructions, and overcomes the staircase effect. Also, TV2 Inpainting represents a better connectivity solution, providing an effective interpolation along large gaps [1, 9].
Some variational models combining the first- and second-order TV regularizations achieve improved interpolation results. The TV + TV2 Inpainting technique described in [10] obtains the inpainted image u* as following:[image: $$ u^* = \mathop {\arg }\limits_{u} \min \left( {\frac{{\lambda_{D} }}{2}\int\limits_{\Omega \backslash D} {\left( {u - u_{0} } \right)^{2} } dxdy + \int\limits_{\Omega } {\alpha \left( x \right)\left| {\nabla u} \right|} dxdy + \int\limits_{\Omega } {\beta \left( x \right)} \left| {\nabla^{2} u} \right|dxdy} \right) $$]

 (3.6)


where [image: $$\alpha (x)$$] and [image: $$\beta (x)$$] are 2 properly modeled spatially varying functions. This combined method provides effective filling results, outperforming both TV and TV2 Inpainting. It interpolates successfully large inpainting regions, does not create blocky-like structures and is numerically solved using Split Bregman algorithm [10].
The Total Generalized Variation (TGV) used for image denoising was also adapted for inpainting in [11]. Other effective total variation-based completion solutions are Blind Inpainting using l0 and TV Regularization [12] and TV Inpainting with Primal-Dual Active Set (PDAS) [13]. An influential higher-order variational inpainting framework is Euler’s Elastica Inpainting model proposed by Chan and Shen [14]. It results from (3.1) applying the following regularizer:[image: $$ R\left( u \right) = \int\limits_{\Omega } {w\left( u \right)\left( {\alpha + \beta \left( {\nabla \cdot \frac{\nabla u}{{\left| {\nabla u} \right|}}} \right)^{2} } \right)\left| {\nabla u} \right|} dxdy $$]

 (3.7)


where [image: $$\alpha ,\beta &gt; 0$$] control its behavior and w(u) is a histogram-based weighting function. Euler’s Elastica Inpainting provides a proper reconstruction of the image, being able to fill-in large missing regions and working in noisy conditions too. It achieves a better connectivity than TV Inpainting, interpolating along much larger gaps [14]. The connectivities of the described inpainting models are illustrated in Fig. 3.1.[image: ]Flow chart illustrating different inpainting methods for image restoration. Five panels labeled a to e show various techniques: Harmonic Inpainting, TV Inpainting, TV Inpainting with large gap, TV-2 Inpainting, and Euler's Elastica Inpainting. Each panel depicts a black rectangle with a gray gap, followed by an arrow pointing to the restored image. The methods vary in effectiveness, with differences in gap size and restoration quality. Keywords: inpainting, image restoration, harmonic, TV, Euler's Elastica.


Fig. 3.1Connectivity results of variational inpainting models


We also developed some effective variational inpainting techniques that were surveyed in [15]. Such an energy-based reconstruction approach, which is disseminated in [16], recovers the damaged image as [image: $$u_{opt} = \arg \min_{u} F(u)$$] where[image: $$ F(u) = \int\limits_{\Omega } {\left( {\alpha \varphi_{u} \left( {\left\| {\nabla u} \right\|} \right) + \frac{\beta }{2}(1 - 1_{\Gamma } )\left( {u - u_{0} } \right)^{2} } \right)} d\Omega $$]

 (3.8)


where [image: $$\alpha ,\beta \in \left( {0,1} \right)$$] and its regularizer is [image: $$\varphi_{u} (s) = \int_{0}^{s} {\tau \xi \left( {\frac{\eta (u)}{{\gamma \log_{10} \left( {s + \eta (u)} \right)^{2} + \delta }}} \right)^{\frac{1}{3}} d\tau }$$], with [image: $$\eta (u) = \zeta \cdot median\left( {\left\| {\nabla u} \right\|} \right) + \nu t$$], [image: $$\xi ,\gamma ,\zeta ,\nu \in \left( {0,1} \right]$$] and [image: $$\delta \in \left[ {1,5} \right)$$] [16].
By applying the Euler–Lagrange equation and gradient descent [16], one obtains:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} = 2\alpha \, div\left( {\psi_{u} \left( {\left\| {\nabla u} \right\|} \right)\nabla u} \right) - \beta (1 - 1_{\Gamma } ) \cdot \left( {u - u_{0} } \right)} \hfill \\ \begin{gathered} u\left( {0,x,y} \right) = u_{0} \hfill \\ u\left( {t,x,y} \right) = 0,\quad on\,\partial \Omega \backslash \Gamma \hfill \\ \end{gathered} \hfill \\ \end{array} } \right. $$]

 (3.9)



A rigorous mathematical treatment of the validity of the nonlinear second-order anisotropic diffusion model (3.9) was performed, its well-posedness being demonstrated [16]. This PDE-based model was then solved numerically using the finite difference method [16], the next iterative numerical approximation being obtained:[image: $$ \begin{aligned} u_{i,j}^{n + 1} &amp; = u_{i,j}^{n} \left( {1 - \beta \left( {1 - 1_{\Gamma } } \right)} \right) + 2\alpha \psi_{u} \left( {\frac{{\sqrt {\left( {u_{i + 1,j}^{n} - u_{i - 1,j}^{n} } \right)^{2} + \left( {u_{i,j + 1}^{n} - u_{i,j - 1}^{n} } \right)^{2} } }}{2}} \right) \\ &amp; \quad \cdot \left( {u_{i + 1,j}^{n} + u_{i - 1,j}^{n} + u_{i,j + 1}^{n} + u_{i,j - 1}^{n} - 4u_{i,j}^{n} } \right) \\ &amp; \quad + 2\alpha \psi_{u}^{\prime } \left( {\frac{{\sqrt {\left( {u_{i + 1,j}^{n} - u_{i - 1,j}^{n} } \right)^{2} + \left( {u_{i,j + 1}^{n} - u_{i,j - 1}^{n} } \right)^{2} } }}{2}} \right) \\ &amp; \quad \cdot \frac{{\left( {u_{i + 1,j + 1}^{n} - u_{i + 1,j - 1}^{n} - u_{i - 1,j + 1}^{n} + u_{i - 1,j - 1}^{n} } \right)\left( {u_{i + 1,j}^{n} - u_{i - 1,j}^{n} + u_{i,j + 1}^{n} - u_{i,j - 1}^{n} } \right)}}{8} \\ &amp; \quad + \beta \left( {1 - 1_{\Gamma } } \right)u_{i,j}^{0} \\ \end{aligned} $$]

 (3.10)


where n = 0, …, N, I = 1, …, I and J = 1, …, J. The approximation algorithm is consistent to the diffusion model and converges fast to its solution [16]. This technique completes successfully the missing parts, preserving the essential details and avoiding unintended effects. See some method comparison results in Table 3.1 [16].Table 3.1Average PSNR values of several inpainting approaches


	Inpainting technique
	Average PSNR score (dB)

	Our variational model
	31.25

	TV Inpainting
	26.38

	Harmonic Inpainting
	23.54

	P-M based Inpainting
	26.38

	Kriging Interpolation
	30.38

	TV with PDAS
	33.96




Another variational inpainting framework proposed by us is based on a combination of nonlinear second and fourth order diffusions [17]. It inpaints the image by minimizing the next energy cost functional based on two regularizer functions:[image: $$ u_{inp} = \arg \mathop {\min }\limits_{u} \int\limits_{\Omega } {\left( {\varphi_{u}^{1} \left( {\left\| {\nabla u} \right\|} \right) + \varphi_{u}^{2} \left( {\left| {\Delta u} \right|} \right) + \frac{{\alpha \left( {1 - 1_{\Gamma } } \right)}}{2}\left( {u - u_{0} } \right)^{2} } \right)} d\Omega $$]

 (3.11)


with [image: $$\alpha \in \left( {0,1} \right],\Gamma \subset \Omega$$] and the regularizers [image: $$\varphi_{u}^{1} ,\varphi_{u}^{2} :\left( {0,\infty } \right) \to \left( {0,\infty } \right)$$] are[image: $$ \left\{ {\begin{array}{*{20}l} {\varphi_{u}^{1} \left( s \right) = \int\limits_{0}^{s} {\tau \lambda \left( {\frac{{\eta_{u} }}{{\beta \tau^{k} + \xi }}} \right)^{\frac{1}{3}} } d\tau } \hfill \\ {\varphi_{u}^{2} \left( s \right) = \int\limits_{0}^{s} {\tau \xi \sqrt {\frac{{\eta_{u} }}{{\varepsilon \log_{10} \left( {\eta_{u} + \tau } \right)^{3} + \gamma }}} } d\tau } \hfill \\ \end{array} } \right. $$]

 (3.12)


where [image: $$\lambda ,\beta ,\varepsilon \in \left( {0,1} \right],\xi ,\gamma \in \left[ {1,3} \right],k \in \left( {0,4} \right)$$], [image: $$\eta_{u} = \left| {\nu \mu \left( {\left\| {\nabla u} \right\|} \right) - \zeta t} \right|$$] and [image: $$\zeta ,\nu \in \left( {0,1} \right)$$].
Next 4th-order diffusion model with boundary conditions is derived from (3.10):[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} = div\left( {\delta_{1}^{u} \left( {\left\| {\nabla u} \right\|} \right)\nabla u} \right) - \Delta \left( {\delta_{2}^{u} \left( {\left| {\nabla^{2} u} \right|} \right)\Delta u} \right) - \alpha \left( {1 - 1_{\Gamma } } \right)\left( {u - u_{0} } \right)} \hfill \\ \begin{gathered} u\left( {t,x,y} \right) = 0, \quad {{on}}\;\partial \Omega \backslash \Gamma \hfill \\ u\left( {0,x,y} \right) = u_{0} \hfill \\ \frac{\partial u}{{\partial \vec{n} }} = 0 \hfill \\ \end{gathered} \hfill \\ \end{array} } \right. $$]

 (3.13)


where [image: $$\delta_{1}^{u} ,\delta_{2}^{u} :\left[ {0,\infty } \right) \to \left( {0,\infty } \right)$$], [image: $$ \delta_{1}^{u} (s) = \frac{{\varphi_{u}^{{1^{\prime}}} (s)}}{s} $$], [image: $$ \delta_{2}^{u} (s) = \frac{{\varphi_{u}^{{2^{\prime }}} (s)}}{s} $$] [17].
A finite difference-based numerical approximation of this nonlinear diffusion model is performed in [17]. The obtained fast numerical solver provides a good structural completion of the damaged images, while preserving the edges and other features and overcoming the blurring and staircasing. Well-known image collections, like the USC-SIPI database, were used in our inpainting tests. Method comparison results are provided in Table 3.2 and some inpainting examples in Fig. 3.2.Table 3.2Average PSNR achieved by variational inpainting models


	Inpainting method
	Average PSNR (dB)

	The proposed variational scheme
	31.95

	TV Inpainting
	29.96

	Harmonic Inpainting
	27.32

	Mumford–Shah based Inpainting
	30.27

	Navier–Stokes based Inpainting
	31.75



[image: ]A series of seven grayscale images depicting a primate's face, each processed with different image enhancement techniques. The images are labeled: a) Original, b) Unenhanced Image, c) Threshold Segmentation, d) TV Denoising, e) Harmonic Inpainting, f) Mumford-Shah Inpainting, g) Navier-Stokes Inpainting. Each technique alters the texture and clarity of the image, highlighting different facial features and details.


Fig. 3.2Inpainting results of several variational approaches



3.1.2 Non-variational PDE-Based Structural Inpainting Solutions
Numerous nonlinear PDE-based inpainting techniques introduced in the last 25 years, in both variational and non-variational form. Usually, the second-order PDE-based interpolation models have the next general form:[image: $$ \frac{\partial u}{{\partial t}} + \nabla R\left( u \right) + \lambda_{D} \left( {u - u_{0} } \right) = 0\;{\text{in}}\;\Omega $$]

 (3.14)


where [image: $$\nabla R\left( u \right)$$] is the Frechet derivative of the regularizing function. Most of them follow variational principles, since can be derived from energy-based models, but some diffusion-based inpainting schemes are non-variational. We introduced such non-variational PDE-based inpainting models in our past works.
A nonlinear parabolic PDE-based inpainting technique is disseminated in [18]. It uses the following nonlinear anisotropic diffusion equation:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} - \alpha \, div\left( {\psi_{u} \left( {\left\| {\nabla u} \right\|} \right)\nabla u} \right) + \gamma \left( {1 - 1_{\Gamma } } \right)\left( {u - u_{0} } \right) + F \cdot \nabla u} \hfill \\ \begin{gathered} u\left( {0,x,y} \right) = u_{0} \hfill \\ u\left( {t,x,y} \right) = 0,\quad on\,\partial \Omega \backslash \Gamma \hfill \\ \end{gathered} \hfill \\ \end{array} } \right. $$]

 (3.15)


where [image: $$\alpha \in \left( {0,6} \right],\gamma \in \left( {0,1} \right]$$] and the drift term [image: $$F\left( {x,y} \right) = \left( {e^{{ - \lambda_{1} \left( {x^{k} + y^{k} } \right)}} ,e^{{ - \lambda_{2} \left( {x^{k + 1} + y^{k + 1} } \right)}} } \right)$$], with [image: $$k,\lambda_{1} ,\lambda_{1} &gt; 0$$]. The next conductance function is proposed for this model:[image: $$ \begin{aligned} &amp; \psi_{u} :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right) \\ &amp; \psi_{u} \left( s \right) = \frac{\lambda }{{\eta \left( u \right)\left| {\ln \left( {\frac{s}{\eta \left( u \right)}} \right)} \right|^{k} + \delta \left( {\frac{s}{\eta \left( u \right)}} \right)^{2} }} \\ \end{aligned} $$]

 (3.16)


where [image: $$\alpha ,\delta \in \left( {1,3} \right]$$] and [image: $$\eta \left( u \right) = \left| {\frac{{\xi \mu \left( {\left\| {\nabla u} \right\|} \right) + \beta \cdot median\left( {\left\| {\nabla u} \right\|} \right)}}{\nu }} \right|$$], with [image: $$\xi ,\beta ,\nu \in \left( {0,3} \right]$$]. An explicit numerical approximation scheme is built for it using finite differences [18].
The proposed anisotropic diffusion models provides good structural interpolation results, outperforming some existing PDE-based schemes. See some method comparison results based on the average Norm of the Error (NE) value in Table 3.3.Table 3.3NE values achieved by several PDE-based methods


	Inpainting approach
	Norm of the error

	Our PDE-based inpainting model
	[image: $$5.3 \times 10^{3}$$]

	TV Inpainting
	[image: $$5.9 \times 10^{3}$$]

	Harmonic Inpainting
	[image: $$6.4 \times 10^{3}$$]




Another structure-based inpainting technique is based on the next nonlinear second-order hyperbolic PDE-based model with boundary conditions [19]:[image: $$ \left\{ {\begin{array}{*{20}l} {\gamma \frac{{\partial^{2} u}}{{\partial t^{2} }} + \lambda^{2} \frac{\partial u}{{\partial t}} - div\left( {\xi_{u} \left( {\left| {\nabla u} \right|} \right) \cdot \nabla u} \right) + \beta \left( {1 - 1_{M} } \right)\left( {u - u_{0} } \right) = 0} \hfill \\ \begin{gathered} u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right) \hfill \\ \frac{\partial u}{{\partial t}}\left( {0,x,y} \right) = u_{1} \left( {x,y} \right) \hfill \\ u\left( {t,x,y} \right) = 0,\quad \forall \left( {x,y} \right) \in \partial \Omega \backslash M \hfill \\ \end{gathered} \hfill \\ \end{array} } \right. $$]

 (3.17)


where [image: $$\gamma ,\lambda ,\beta \in \left( {0,1} \right]$$] and the edge-stopping function is:[image: $$ \begin{aligned} &amp; \xi_{u} :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right) \\ &amp; \xi_{u} \left( s \right) = \varepsilon \left( {\frac{K\left( u \right)}{{\alpha \log_{10} \left( {s + K\left( u \right)} \right)^{k} + \nu }}} \right)^{1/3} \\ \end{aligned} $$]

 (3.18)


with [image: $$\alpha ,\varepsilon \in \left( {0,1} \right),\nu \in \left( {1,5} \right]$$], [image: $$k \in \left\{ {1,2,3,4} \right\}$$] and [image: $$K\left( {u\left( {x,y,t} \right)} \right) = \left| {\eta \, median\left( {\left\| {\nabla u} \right\|} \right) - \delta t} \right|$$], [image: $$\eta \in \left( {1,3} \right)$$] and [image: $$\delta \in \left( {0,1} \right)$$]. The next numerical approximation algorithm is built for it:[image: $$ \begin{aligned} u_{i,j}^{n + 1} &amp; = u_{i,j}^{n} \left( {\frac{{4\lambda - 2\beta \left( {1 - 1_{M} } \right)}}{{2\gamma + \lambda^{2} }}} \right) + u_{i,j}^{n - 1} \frac{{\lambda^{2} - 2\gamma }}{{2\gamma + \lambda^{2} }} \\ &amp; \quad - \zeta \sum\limits_{{q \in N_{p} }} {\xi_{u} \left( {\left\| {\nabla^{p,q} u} \right\|} \right)} \cdot \nabla^{p,q} u + u_{i,j}^{0} \beta \left( {1 - 1_{M} } \right) \\ \end{aligned} $$]

 (3.19)



This completion method inpaints successfully the images, in both clean and noisy conditions. It removes the additive noise and unintended effects, and pre-serves and sharpens the features, given its hyperbolic character. It provides better results than some existing PDE inpainting models. See the averaged PSNR values achieved by our hyperbolic PDE-based technique and other approaches, in Table 3.4. A structural inpainting example is described in Fig. 3.3 [19].Table 3.4PSNR values achieved by several inpainting techniques


	Interpolation method
	Average PSNR (dB)

	This hyperbolic PDE model
	31.27

	TV Inpainting
	29.86

	Harmonic Inpainting
	28.42

	Navier–Stokes based inpainting
	30.32



[image: ]A series of six images showing a comparison of inpainting techniques on a photo of vegetables, including peppers and garlic. The top left image is labeled "a) Original Image," showing a clear photo. The top middle image, "b) Degraded image," displays a noisy version. The top right, "c) Hyperbolic PDE-based Inpainting," shows a partially restored image. The bottom row includes "d) Harmonic inpainting," "e) TV Inpainting," and "f) Bertalmio Inpainting," each showing varying levels of noise reduction and image restoration.


Fig. 3.3Inpainting results of our method and other approaches


A non-variational second-order PDE-based inpainting technique that was disseminated in [20] is based on the following nonlinear anisotropic diffusion model:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} - \psi^{u} \left( {\left\| {\nabla u} \right\|} \right)\nabla \cdot \left( {\varphi_{u} \left( {\left\| {\nabla u} \right\|} \right)\nabla u} \right) + \lambda \left( {1 - 1_{\Gamma } } \right)\left( {u - u_{0} } \right) = 0,\quad \forall \left( {x,y} \right) \in \Omega } \hfill \\ \begin{gathered} u\left( {x,y,0} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x,y} \right) \in \Omega \hfill \\ u\left( {t,x,y} \right) = 0,\quad \forall \left( {x,y} \right) \in \partial \Omega \hfill \\ \end{gathered} \hfill \\ \end{array} } \right. $$]

 (3.20)


where [image: $$\lambda \in \left( {0,1} \right]$$], [image: $$\Gamma \subset \Omega \subseteq R^{2}$$], the diffusivity function is[image: $$ \begin{aligned} &amp; \varphi_{u} :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right) \\ &amp; \varphi_{u} \left( s \right) = \delta \left( {\frac{\eta \left( u \right)}{{\xi s^{k} + \nu \log_{10} \left( {\eta \left( u \right)} \right)}}} \right)^{1/k + 1} \\ \end{aligned} $$]

 (3.21)


where [image: $$\delta \in \left( {0,2} \right)$$], [image: $$\xi \in \left( {1,5} \right]$$], [image: $$\nu \in \left( {0,1} \right)$$], [image: $$k \in \left\{ {1,2,3,4} \right\}$$], [image: $$\eta \left( {u\left( {x,y,t} \right)} \right) = \left| {\varepsilon \mu \left( {\left\| {\nabla u} \right\|} \right) + \zeta t} \right|,\varepsilon &gt; 1,\zeta \in \left( {0,1} \right)$$] and the second function is[image: $$ \begin{aligned} &amp; \psi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right) \hfill \\ &amp; \psi \left( s \right) = \gamma \left( {\alpha s^{\tau } + \beta } \right)^{1/\tau+1} \\ \end{aligned} $$]

 (3.22)


with [image: $$\alpha ,\gamma \in \left( {0,3} \right],\beta \in \left( {0.3,5} \right]$$] and [image: $$r \in \left( {0,2} \right]$$].
The well-posedness of this PDE model was demonstrated rigorously in [20]. The next iterative numerical approximation scheme was also proposed in [20]:[image: $$ \begin{aligned} u_{i,j}^{n + 1} &amp; = u_{i,j}^{n} \left( {1 - \lambda \left( {1 - 1_{\Gamma } } \right) + \psi_{i,j} \left( {\varphi_{{i + \frac{1}{2},j}} + \varphi_{{i - \frac{1}{2},j}} + \varphi_{{i,j + \frac{1}{2}}} \varphi_{{i,j - \frac{1}{2}}} } \right)} \right) \\ &amp; \quad + u_{i + 1,j}^{n} \psi_{i,j} \varphi_{{i + \frac{1}{2},j}} + u_{i - 1,j}^{n} \psi_{i,j} \varphi_{{i - \frac{1}{2},j}} + u_{i,j + 1}^{n} \psi_{i,j} \varphi_{{i,j + \frac{1}{2}}} \\ &amp; \quad + u_{i,j - 1}^{n} \psi_{i,j} \varphi_{{i,j - \frac{1}{2}}} + u_{i,j}^{0} \lambda \left( {1 - 1_{\Gamma } } \right) \\ \end{aligned} $$]

 (3.23)


where [image: $$\varphi_{{i \pm \frac{1}{2},j}} = \frac{{\varphi_{i \pm 1,j} + \varphi_{i,j} }}{2},\varphi_{{i,j \pm \frac{1}{2}}} = \frac{{\varphi_{i,j \pm 1} + \varphi_{i,j} }}{2}$$] and [image: $$u_{0,j}^{n} = u_{1,j}^{n} ,u_{I,j}^{n} = u_{I + 1,j}^{n} ,u_{i,0}^{n} = u_{i,1}^{n} ,u_{i,J}^{n} = u_{i,J + 1}^{n}$$].
Method comparison results are provided in the next table and figure. The average PSNR and MSE values achieved by several methods are displayed in Table 3.5 and the results generated by them on a given image are displayed in Fig. 3.4. Table 3.5Method comparison: average PSNR and MSE values


	Inpainting technique
	Average PSNR (dB)
	Average MSE

	The proposed AD Inpainting
	36.1338
	15.8380

	Harmonic Inpainting
	29.6887
	69.8576

	Total Variation Inpainting
	34.2561
	24.4047

	TV-H−1 Inpainting
	36.3805
	14.9634



[image: ]A series of six black and white images showing a woman sitting with her head resting on her hand. The images demonstrate different inpainting techniques. \\n\\n- Image (a) is the original photo.\\n- Image (b) shows the photo with missing parts and scribbles.\\n- Image (c) displays the result of AD Inpainting at time t = 45.\\n- Image (d) shows Harmonic Inpainting at t = 50.\\n- Image (e) presents TV Inpainting at t = 850.\\n- Image (f) illustrates TV-H⁻¹ Inpainting at t = 1500.\\n\\nEach image progressively restores the original photo, with varying levels of detail and smoothness.


Fig. 3.4Barbara image inpainted by several approaches


The well-known inpainting models based on PDEs of higher order usually have a non-variational character. That is the case with the third order PDE-based inpainting techniques that are based on the Navier–Stokes equations. Such an influential model was introduced by Bertalmio et al. in 2000 [21]. Their inpainting algorithm propagates the required information in the direction of the image’s isophotes [21], being characterized by the equation:[image: $$ \frac{\partial u}{{\partial t}} = \nabla^{ \bot } u \cdot \nabla \Delta u $$]

 (3.24)


where [image: $$\nabla^{ \bot } u$$] represents the perpendicular gradient of image u. This constitutes a transport equation for image smoothness which is modeled by the image’s Laplacian along the level lines of the image. An additional anisotropic diffusion is introduced to avoid the level-line crossing, leading to the following nonlinear PDE:[image: $$ \frac{\partial u}{{\partial t}} = \nabla^{ \bot } u \cdot \nabla \Delta u + \nabla \cdot \left( {g\left( {\left| {\nabla u} \right|} \right)\nabla u} \right) $$]

 (3.25)


with [image: $$\nu &gt; 0$$]. The purpose is to evolve this equation to a steady-state solution, where [image: $$\nabla^{ \bot } u \cdot \nabla \Delta u = 0$$], that ensures the information is constant in the isophotes’ direction.
The relation between this inpainting scheme and the Navier–Stokes equations for fluid dynamics was demonstrated in [22]. The research performed in the Navier–Stokes equation-based inpainting domain is mostly inspired by this interpolation framework [23]. Also this third-order PDE-based model illustrates that both the gradient direction and gray-scale values must be propagated inside the inpainting area, and shows why the high-order PDEs are required for an effective completion. This diffusion-based inpainting solution restores successfully the images deteriora- ted by missing regions, being very useful for undesired text and object removal. An old photo inpainting using this model is displayed in Fig. 3.5 [21].[image: ]A side-by-side comparison of two black and white photographs labeled "a) Original old photograph" and "b) Inpainting result." Both images show three children sitting together, smiling. The original photograph on the left has visible scratches and damage, while the inpainting result on the right appears restored and free of blemishes. The children are wearing similar light-colored clothing in both images.


Fig. 3.5Old photo recovered by the inpainting technique of Bertalmio et al.


Curvature-driven Diffusion (CDD) Inpainting represents an well-known third-order PDE-based structural interpolation approach developed by Chan and Shen [1, 15, 24]. CDD Inpainting was elaborated as a solution to fix the drawbacks of their previous TV Inpainting model. The CDD-based reconstruction uses the curvature information of the level lines, being characterized by the next form:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} = \nabla \cdot \left( {\frac{g\left( \kappa \right)}{{\left| {\nabla u} \right|}}\nabla u} \right) - \lambda_{D} \left( {u - u_{0} } \right)} \hfill \\ {u\left( {0,x,y} \right) = u_{0} } \hfill \\ \end{array} } \right. $$]

 (3.26)


where the isophote curvature [image: $$\kappa = \nabla \cdot \left[ {\frac{\nabla u}{{\left| {\left[ {\nabla u} \right]} \right|}}} \right]$$] and the positive and continuous function [image: $$g\left( s \right) = s^{p} ,p \ge 1$$] [15, 24]. CDD Eq. (3.26) diffuses the smoothness perpendicularly to the level lines, while preserving their direction and being able to connect them across large distances. That makes the CDD Inpainting model a better interpolation solution than TV Inpainting and other second-order PDE-based methods. Anyway, CDD Inpainting model has its own drawback, such as its noise sensitive character and its rather poor performance in noisy conditions [24].
A finite difference-based numerical solver for (3.26) is provided in [24]. The flux of this curvature-driven diffusion model is as [image: $$j = - \frac{g\left( \kappa \right)}{{\left| {\nabla u} \right|}}\nabla u$$]. So, the CDD equation is re-written as [image: $$\frac{\partial u}{{\partial t}} = - \nabla \cdot j$$] and discretized using the numerical scheme:[image: $$ u^{n + 1} = u^{n} - \Delta t\left[ {\nabla \cdot j} \right]^{\left( n \right)} $$]

 (3.27)


where [image: $$t = n\Delta t$$] and [image: $$\left[ {\nabla \cdot j} \right]^{\left( n \right)}$$] is the discretization of the divergence [image: $$\nabla \cdot j$$], which is achieved using the half-point central differences for divergence operator [24]. The iterative algorithm (3.27) converges stable to the reconstruction output. CDD Inpainting performs effectively a variety of completion tasks, such as disocclusions, reconstruction of old photos damaged by scratches, text and object removals. An example of CDD Inpainting-based text removal is displayed in Fig. 3.6 [15].[image: ]The image is a panel figure with three subfigures demonstrating an inpainting process. Subfigure (a) shows the original image with the word "Lake" over a textured background. Subfigure (b) displays the inpainted image where the text is removed, leaving a smooth background. Subfigure (c) presents the inpainting mask, highlighting the word "Lake" in white against a black background. The figure illustrates the steps of text removal using inpainting techniques.


Fig. 3.6Text removal obtained with CDD Inpainting


The fourth-order PDE-based inpainting models represent another important category of completion methods using high-order PDEs. One of them is the influential Cahn–Hilliard Inpainting framework [1, 15, 25]. The Cahn–Hilliard equation is a nonlinear fourth-order diffusion equation that originates in the material science, but the well-known inpainting model uses on a modified variant of this PDE, which is based on an added fidelity term. It has the following form [1, 25]:[image: $$ \left\{ {\begin{array}{*{20}l} {u_{t} = - \Delta \left( {\varepsilon \Delta u - \frac{1}{\varepsilon }W^{\prime}\left( u \right)} \right) - \lambda \left( {x,y} \right)\left( {u - u_{0} } \right),\quad in\,\Omega } \hfill \\ {\frac{\partial u}{{\partial \nu }} = \frac{\partial \Delta u}{{\partial \nu }} = 0,\quad on\,\partial \Omega } \hfill \\ \end{array} } \right. $$]

 (3.28)


where deteriorated observation [image: $$u_{0} \in L^{2} \left( \Omega \right)$$], the nonlinear double-well potential function [image: $$W\left( u \right) = u^{2} \left( {u - 1} \right)^{2}$$], [image: $$\lambda \left( {x,y} \right) = \left\{ {\begin{array}{*{20}l} {\lambda_{0} \ge 1,} \quad {\left( {x,y} \right) \in \Omega \backslash D} \hfill \\ {0,} \quad {\left( {x,y} \right) \in D} \hfill \\ \end{array} } \right.$$] and D is the inpainting area.
The nonlinear fourth-order PDE-based model (3.28) is well-posed, its validity being demonstrated in [25]. The solution of the Cahn–Hilliard Inpainting model is computed numerically applying a consistent, fast-converging and stable numerical approximation algorithm that is the convexity splitting fast solver [25]. Cahn–Hilliard Inpainting provides effective interpolation results and outperforms nonlinear second-order PDE-based models. It generates a smooth continuation of level lines into the inpainting domain D, like the curvature-based schemes, but converges faster than CDD Inpainting [24]. A completion example using Cahn–Hilliard Inpainting is displayed in Fig. 3.7. It describes an inpainting result after 1000 iterations [15].[image: ]The image is a panel figure with two subfigures labeled "a" and "b." Subfigure "a" is titled "Observed image" and shows a black background with a white cross shape and a central gray square. Subfigure "b" is titled "Inpainting result: t=1000" and displays a similar black background with a white cross, but the central area is smoothly blended without the gray square. The image demonstrates the process of inpainting, where missing or obscured parts of an image are reconstructed.


Fig. 3.7Cahn–Hilliard Inpainting-based reconstruction example


TV-H−1 Inpainting model represents another important fourth-order PDE-based inpainting approach [15, 26]. It is described by the next equation:[image: $$ u_{t} = \Delta p + \lambda \left( {x,y} \right)\left( {u_{0} - u} \right), \quad p \in \partial TV\left( u \right) $$]

 (3.29)


where [image: $$\lambda \left( {x,y} \right)$$] is defined as in the previous case and [image: $$\partial TV\left( u \right)$$] is the subdifferential of[image: $$ TV\left( u \right) = \left\{ {\begin{array}{*{20}l} \left| {Du} \right|\left( \Omega \right), &amp; if \; \left| u \right| \le 1\; a.e. \; in \; \Omega \\ + \infty , &amp; otherwise \\ \end{array} } \right. $$]

 (3.30)


with [image: $$\left| {Du} \right|\left( \Omega \right)$$] representing the total variation of u. It was proved that stationary equation [image: $$\Delta p + \lambda \left( {u_{0} - u} \right) = 0$$] admits a solution [image: $$u \in BV\left( \Omega \right)$$] [26], which means Eq. (3.29) has a steady state. The TV-H−1 Inpainting is solved applying the next time-stepping numerical approximation algorithm:[image: $$ \begin{aligned} \frac{{U_{k + 1} - U_{k} }}{\Delta t} + C_{1} \Delta \Delta U_{k + 1} + C_{2} U_{k + 1} &amp; = C_{1} \Delta \Delta U_{k} - \Delta \left( {\nabla \cdot \left( {\frac{{\nabla U_{k} }}{{\left| {\nabla U_{k} } \right|_{ \in } }}} \right)} \right) \\ &amp; \quad + C_{2} U_{k} + \lambda \left( {u_{0} - U_{k} } \right) \\ \end{aligned} $$]

 (3.31)


where [image: $$C_{1} &gt; \frac{1}{ \in }$$] and [image: $$C_{2} &gt; \lambda_{0}$$].
TV-H−1 Inpainting model reconstructs properly the image and outperforms second-order TV-based inpainting schemes, but also requires a lot of iterations, due to the complexity of its numerical solver. This is illustrated by the example in Fig. 3.8, where the observation [image: $$u_{0}$$] in (a) is inpainted successfully in t = 1000 iterations, with parameters [image: $$\lambda_{0} = 10^{2} , \in \, = 0.01$$], the interpolation output being displayed in (b) [26].[image: ]The image consists of two panels labeled "a" and "b." Panel (a) shows an observed image of an elephant with black square artifacts scattered across it. Panel (b) displays the same image after inpainting, with the artifacts removed, showing a clearer view of the elephant. The text above the panels reads "a) Observed image" and "b) Inpainting after 1000 iterations." The background features trees and a pathway.


Fig. 3.8TV-H−1 Inpainting example: [image: $$\lambda_{0} = 10^{2} , \in \, = 0.01$$]


Another well-known fourth-order PDE-based inpainting algorithm is low curvature image simplifiers (LCIS)-based inpainting [27], characterized by equation:[image: $$ u_{t} = - \nabla \cdot \left( {g\left( {\left| {\nabla u} \right|} \right)\nabla \Delta u} \right) + \lambda \left( {u_{0} - u} \right) $$]

 (3.32)


where [image: $$g\left( s \right) = \frac{1}{{1 + s^{2} }}$$]. The nonlinear PDE in (3.32) leads to[image: $$ u_{t} = - \nabla \cdot \left( {\arctan \left( {\Delta u} \right)} \right) + \lambda \left( {u_{0} - u} \right) $$]

 (3.33)


that represents a gradient flow in L2 for the next energy functional:[image: $$ E\left( u \right) = \mathop \int \limits_{\Omega } G\left( {\Delta u} \right)dxdy + \frac{1}{2}\mathop \int \limits_{\Omega } \lambda \left( {u_{0} - u} \right)^{2} $$]

 (3.34)


with [image: $$G^{\prime} \left( s \right) = \arctan \left( s \right)$$]. According to the convexity splitting method, it is written as [image: $$E\left( u \right) = E_{1} \left( u \right) - E_{2} \left( u \right)$$], where[image: $$ \left\{ {\begin{array}{*{20}l} {E_{1} \left( u \right) = \int\limits_{\Omega } {\frac{{C_{1} }}{2}\left( {\Delta u} \right)^{2} dxdy} + \frac{1}{2}\int\limits_{\Omega } {\frac{{C_{2} }}{2}\left| u \right|^{2} dxdy} } \hfill \\ {E_{2} \left( u \right) = \int\limits_{\Omega } { - G\left( {\Delta u} \right)} + \frac{{C_{1} }}{2}\left( {\Delta u} \right)^{2} dxdy + \frac{1}{2}\int\limits_{\Omega } { - \lambda \left( {u_{0} - u} \right)^{2} } + \frac{{C_{2} }}{2}\left| u \right|^{2} dxdy} \hfill \\ \end{array} } \right. $$]

 (3.35)


and [image: $$C_{1}$$] and [image: $$C_{2}$$] are selected so that [image: $$E_{1}$$] and [image: $$E_{2}$$] are strictly convex. One obtains the next time-stepping scheme that solves numerically the PDE-based model:[image: $$ \begin{aligned} \frac{{U_{k + 1} - U_{k} }}{\Delta t} + C_{1} \Delta^{2} U_{k + 1} + C_{2} U_{k + 1} &amp; = - \Delta \left( {\arctan \Delta U_{k} } \right) + C_{1} \Delta^{2} U_{k} \\ &amp; \quad + \lambda \left( {u_{0} - U_{k} } \right) + C_{2} U_{k} \\ \end{aligned} $$]

 (3.36)



LCIS Inpainting provides effective inpainting results too, but given the computational expensive numerical approximation algorithm (3.36), it does not operate fast.


3.2 Nonlinear PDE-Based Image Compression Techniques
The image compression represents an important sub-domain of both the image processing and data compression fields. The purpose of compression is reducing the image file size without losing too much information and maintaining a high level of visual quality, in order to facilitate the storage and transmission processes. A compression operation encodes the image information using fewer bits than its original representation and may have an either lossy or lossless character [28].
The lossless techniques recover perfectly the compressed image in the decompression stage, no information being lost. The lossless compression algorithms include Huffman encoding, Run Length Encoding (RLE), Arithmetic coding, LZW encoding and Area coding [28–30]. Digital formats like GIF, BMP and PNG are based on lossless coding.
The lossy coding approaches provide much higher compression ratios than lossless methods, but the decompressed images generated by them are not identical to the original versions. They include the vector quantization, transformation coding, fractal coding, Block Truncation Coding or sub-band coding [29]. Some popular lossy compression-based image formats include JPEG, JPEG 2008 and other JPEG versions, and MPEG with its variants (for videos) [28–30].
An important category of lossy image compression schemes contains nonlinear partial differential equation-based methods. The PDE-based image compression domain represents an obvious application area of PDE-based inpainting, since the PDE-based interpolation models are used in the decompression stage.
In the image compression process stage one selects a set of significant pixels that can be coded efficiently and stored according to an algorithm. A sparsification is performed on that image, to reduce the data to a well-adapted set of significant sparse points. Various sparsification and coding models have been developed. The random sparsification selects the scattered data points randomly, then encode them. This approach generates low-quality decompressions and high loss of information.
The B-Tree Triangular Coding (BTTC), introduced by R. Distasi et al., creates an useful sparse point representation and efficient coding of the sparsified data [31]. This encoding model is based on the recursive decomposition of image domain into right-angled triangles positioned in a binary tree. BTTC is a fast coding algorithm, characterized by a convenient computational cost O(nlog   n) for a number of pixels n, easy to implement and highly parallel. A BTTC example is described in Fig. 3.9. The compression approach in [31, 32] uses a linear interpolation of all these triangles in the decoding stage. This binary tree-based coding works successfully with PDE-based inpainting schemes that interpolate properly its scattered data.[image: ]A two-panel image comparison. Panel a) shows a grayscale photo of a person wearing a wide-brimmed hat, looking over their shoulder. Panel b) displays the same image processed with BTTC encoding, resulting in a grid-like pattern overlaying the original photo, creating a pixelated effect. The text above each panel reads "a) Lenna image" and "b) BTTC encoding" respectively.


Fig. 3.9BTTC triangulation of Lenna image


Other tree-based sparsification and coding techniques include the image coding method using adaptive Delaunay triangulation, elaborated by Demaret et al. [33], the tree-based rectangular subdivision scheme that partitions the original image into rectangular subimages [32] and the stochastic tree-based image sparsification [32]. The edge-based image coding models has been also used successfully with PDE-based inpainting. They detect the image boundaries, then, only the pixels located on them or in their vicinity are considered as sparse points. The selected pixels are coded applying various encoding algorithms [34]. Clustering-based quantization methods for PDE-based image compression have been also introduced [35]. These quantization-based encoding schemes reduce the number of colors without altering the image quality. Clustering algorithms like K-means can be used for this task. The key pixels corresponding to the detected colors are selected, coded and stored [35].
The scattered data achieved and encoded using the sparsification and coding approaches is decoded and interpolated in the decompression stage using PDE-based inpainting models [1, 36]. The PDE-based compression schemes achieve high values for the compression rate, compression ratio, fidelity and quality. The general form of a PDE-based inpainting model used for decompression is:[image: $$ \frac{\partial u}{{\partial t}} = \left( {1 - \lambda_{D} } \right)L\left( u \right) - \lambda_{D} \left( {u - u_{0} } \right) $$]

 (3.37)


where L(u) is a differential operator determining various compression techniques.
A linear homogeneous diffusion-based image compression approach uses the Harmonic Inpainting, its differential operator having the form:[image: $$ L\left( u \right) = - \nabla^{2} u = - \Delta u $$]

 (3.38)



The sparsified image is interpolated successfully in decompression step. This compression scheme provides good results for cartoon and depth map images [34, 37]. A linear homogeneous diffusion-based compression method was introduced by Mainberger and Weickert and uses an edge-based encoding algorithm [34]. A boundary detection based on the Marr–Hildreth operator [38] is performed first. The pixels from edges’ neighborhoods are encoded applying quantization, subsampling and PAQ coding algorithms and stored with JBIG standard [34]. The decompression is performed applying the linear homogeneous diffusion inpainting. It outperforms JPEG and JPEG 2000 compression standards when applied on cartoon images and measured at the same compression rate. An image compression example using edge-based coding and harmonic interpolation is displayed in Fig. 3.10 [34].[image: ]A four-panel illustration showing the process of image compression and decompression using a cartoon character. The first panel labeled "Original" displays the full-color cartoon character with yellow hair tied in pigtails and pink hair ties. The second panel, "Edges," shows a black and white outline of the character, highlighting the edges. The third panel, "Key pixels," presents a simplified version with key colors and outlines. The final panel, "Decompression," shows the character restored to a state similar to the original, demonstrating the compression process.


Fig. 3.10Edge-based compression example


Extended versions of this compression model use differential operators of higher orders. The compression based on the biharmonic smoothing operator [39] has the form [image: $$L\left( u \right) = - \nabla^{4} u = - \Delta^{2} u$$] and provides satisfactory decompression results when used with an effective image coding scheme, like B-Tree Triangular Coding. It provides weaker results when applied along random sparsification. Another derived model is based on triharmonic smoothing operator that is a higher-order differential of the form [image: $$L\left( u \right): = \Delta^{3} u$$]. Triharmonic Inpainting also generates effective image decompression results when applied on the sparse pixels encoded using BTTC [40].
The absolute monotone Lipschitz extension (AMLE) model is a second-order PDE-based interpolation scheme applied successfully in image compression [1, 40]. It is based on the second order directional derivative in the gradient direction, being characterized by [image: $$L\left( u \right) = \partial_{\eta \eta } u$$], with [image: $$\eta = \frac{\nabla u}{{\left| {\nabla u} \right|}}$$]. The AMLE inpainting approach achieves an optimal decompression when applied on a properly selected scattered pixel set, obtained by BTTC, for example. It has a poorer performance when applied on a randomly selected set of sparse pixels.
The nonlinear second-order anisotropic diffusion-based image compression techniques are characterized by differential operators of the form:[image: $$ L\left( u \right) = div(g\left( {\left\| {\nabla u} \right\|^{2} \nabla u} \right) $$]

 (3.39)


where g are the positive and monotonically decreasing diffusivity functions in Sect. 2.​1.​1.
Some more performant PDE-based image compression techniques are those based on edge-enhancing diffusion (EED), which preserves and enhances the edges. An effective EED-based encoder was introduced by Galic et al. [41]. That BTTC-EED scheme applies an improved BTTC for image compression and EED for decompression. So, an adaptive BTTC-based sparsification is applied to obtain the scattered interpolation pixels. The image is decomposed into isosceles triangular regions so that within each region it can be recovered by interpolation from vertices. This triangle-based decomposition is stored into a binary tree structure [41]. That tree is stored by traversing it (pre-order or level-order) and storing it one bit per node: 1 for a node that has children, and 0 for a leaf. A vertex mask is obtained. To code grey values in all vertices, one first zig-zag traverses the sparse image created with the binary tree structure and store it in a sequence encoded with Huffman algorithm. The coding is next enhanced by a final quantization [41].
The decompression process consists of decoding and interpolation. The vertex mask is recovered from the encoding and so results the sparse image. Next, the scattered data interpolation is performed using the EED model [41]. This BTTC + EED approach replaces the linear interpolation of the BTTC-L model [31] to an edge enhancing diffusion-based inpainting applied within each triangle of the sparsified image [42]. The EED-based interpolation is based on the diffusion operator:[image: $$ L\left( u \right): = \nabla \cdot \left( {g\left( {\nabla u_{\sigma } u_{\sigma }^{{\text{T}}} } \right)\nabla u} \right) $$]

 (3.40)


where diffusivity function g is positive, monotonic decreasing and converges to 0.
BTTC-EED scheme produces an effective sparse image interpolation and outperforms other PDE-based inpainting models in the decompression step, providing better average absolute error (AAE) and mean squared error scores, displayed in Table 3.6. It outperforms also JPEG standard at the same compression rate, but it is outperformed by JPEG 2000 coding [41, 42]. Some BTTC-EED results (sparsifications and decompressions) at several compression rates are displayed in Fig. 3.11.Table 3.6Method comparison: AAE and MSE values


	PDE-based compression method
	AAE
	MSE

	Harmonic smoothing
	16.98
	611.5

	Biharmonic smoothing
	15.79
	615.5

	Triharmonic smoothing
	18.69
	807.9

	AMLE model
	17.33
	631.7

	Charbonnier diffusion
	21.80
	987.0

	BTTC-EED technique
	14.58
	591.7



[image: ]A series of six images arranged in two rows and three columns. The top row shows three abstract, pixelated images labeled "0.8 bpp," "0.4 bpp," and "0.2 bpp," indicating different bits per pixel levels. The bottom row displays grayscale photographs of various peppers corresponding to each bpp level above. The images demonstrate the effect of decreasing bpp on image quality, with higher bpp showing more detail and clarity.


Fig. 3.11BTTC-EED image compression results at several rates


Some improved versions of this compression method were also introduced. One of them is the Q64+BTTC(L)-EED image codec introduced by Galic et al. [41]. A more effective EED-based compression technique is Rectangular subdivision with edge-enhancing diffusion (R-EED) codec introduced by Schmaltz et al. [43]. Their technique performs a rectangular subdivision of the image in compression stage. In this approach a line is saved using 3 points. Each time the quality of the image reconstruction is checked: if MSE value exceeds a given threshold, then the image is split into 2 sub-images saving a line between them. The sub-images are then saved in a recursive manner. The saved pixels are quantized and coded applying a entropy coding algorithm [43]. A rectangular subdivision example is described in Fig. 3.12.[image: ]A three-part scientific figure. The first part is a grayscale image of a person wearing a patterned scarf and hat. The second part is a pixelated representation of the same image, showing a dot matrix pattern. The third part is a flow chart depicting a hierarchical structure with three levels labeled "Depth 0," "Depth 1," and "Depth 2." Each level contains boxes connected by arrows, indicating a branching process. Red crosses mark certain points on the boxes.


Fig. 3.12Rectangular subdivision process example


The R-EED decompression is performed applying an EED-based inpainting model. The operator [image: $$L\left( u \right) = div\left( {g\left( {\nabla u_{\sigma } u_{\sigma }^{{\text{T}}} } \right)\nabla u} \right)$$] is used with Charbonnier diffusivity function in Sect. 2.​1.​1. An optimization is performed on this function, by selecting an optimal k parameter that depends on the image and compression ratio [43]. R-EED based compression outperforms BTTC-EED algorithm and all other PDE-based compression schemes, and also JPEG. It also provides a better decompression than JPEG 2000, when compared at comparable high compression ratios. While R-EED works better for grayscale images, it is outperformed by JPEG 2000 for color images. Some method comparison results at various ratios are described in Fig. 3.13.[image: ]A grayscale image showing a woman wearing a hat and patterned scarf, used to compare image compression methods. The top right graph plots MSE against compression ratios for JPEG, JPEG 2000, and R-EED, showing JPEG with the highest error. Below, six images display varying compression results: JPEG, E-EED, JPEG 2000, and R-EED, with compression ratios and MSE values noted. The R-EED method shows the lowest MSE, indicating better quality at higher compression.


Fig. 3.13Compression results of various techniques and method comparison


An improved R-EED color image compression method was proposed by Peter and Weickert [44]. It provides more attention to encoding of the luma channel of the YCbCr colorspace and outperforms JPEG 2000 for high compression rates.
Our own contributions in the nonlinear PDE-based image compression field were disseminated in [45, 46]. Thus, we developed a PDE-based compression technique using edge information [45]. Unlike other PDE-based techniques, it uses nonlinear diffusion schemes for both the image compression and decompression tasks. First, it detects the edges using the second-order anisotropic diffusion-based model:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} - \delta \left( {\nabla \left( {K_{x,y} * u} \right)} \right)\nabla \cdot \left( {\psi \left( {\nabla u} \right)\nabla u} \right) + \alpha \left( {u - u_{0} } \right) = 0{ }} \hfill \\ {u\left( {x,y,0} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x,y} \right) \in \Omega } \hfill \\ {u\left( {t,x,y} \right) = 0,\quad \forall \left( {x,y} \right) \in \partial \Omega } \hfill \\ \end{array} } \right. $$]

 (3.41)


where [image: $$\alpha \in \left[ {0,1} \right)$$], [image: $$u_{0} = Im * K_{x,y}$$], Im is the original image, [image: $$K_{x,y}$$] is a 2D filter kernel,[image: $$ \psi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right),\psi \left( s \right) = \varepsilon \left( {\frac{\xi \left( u \right)}{{\left| {\beta s^{2} + \zeta \ln \xi \left( u \right)} \right|}}} \right)^{\frac{1}{3}} $$]

 (3.42)


where [image: $$\beta \in \left( {2,4} \right],\varepsilon ,\zeta \in \left( {0,1} \right)$$], [image: $$\xi \left( u \right) = \nu \left| {\mu \left( {\nabla u} \right) + median\left( {\nabla u} \right)} \right|$$], [image: $$\nu \in \left[ {1,3} \right)$$]. Also, [image: $$\delta \left( s \right) = \kappa \sqrt[{r + 1}]{{\upsilon s^{r} + \rho }}$$], with [image: $$\kappa ,r \in \left( {0,1} \right)$$], [image: $$\upsilon ,\rho \in \left[ {1,2} \right)$$]. The next explicit finite difference-based numerical approximation scheme is obtained [45]:[image: $$  \begin{aligned}   u_{{i,j}}^{{n + 1}}  &amp;  = u_{{i,j}}^{n} \left( {1 - \alpha } \right) + u_{{i,j}}^{0} \alpha  + \delta _{{i,j}} \left( {\psi _{{i + \frac{1}{2},j}} \left( {u_{{i + 1,j}}^{n}  - u_{{i,j}}^{n} } \right) - \psi _{{i - \frac{h}{2},j}} \left( {u_{{i,j}}^{n}  - u_{{i - 1,j}}^{n} } \right)} \right. \\     &amp; \quad \left. { + \psi _{{i,j + \frac{1}{2}}} \left( {u_{{i,j + 1}}^{n}  - u_{{i,j}}^{n} } \right) - \psi _{{i,j - \frac{1}{2}}} \left( {u_{{i,j}}^{n}  - u_{{i,j - 1}}^{n} } \right)} \right) \\  \end{aligned}   $$]

 (3.43)


where [image: $$\psi_{{i \pm \frac{h}{2},j}} = \frac{{\psi_{i \pm h,j} + \psi_{i,j} }}{2},\psi_{{i,j \pm \frac{h}{2}}} = \frac{{\psi_{i,j \pm h} + \psi_{i,j} }}{2}$$]. One obtains a binary image determining the absolute difference between 2 states and applying a thresholding procedure [45]:[image: $$ \begin{aligned} &amp; u_{i,j}^{b} = \left\{ {\begin{array}{*{20}l} {1,} \hfill &amp; {if\;\left| {u_{i,j}^{m + T} - u_{i,j}^{m} } \right| \ge w\frac{{\xi \left( {u^{m + T} } \right) + \xi \left( {u^{m} } \right)}}{2}} \hfill \\ {0,} \hfill &amp; {otherwise} \hfill \\ \end{array} } \right., \\ &amp; \forall i \in \left\{ {1, \ldots ,I} \right\},\;\;\forall j \in \left\{ {1, \ldots ,J} \right\},\;\;w \in \left( {0,3} \right) \\ \end{aligned} $$]

 (3.44)



Some morphological operations, such as dilation, thinning, gap filing and small spot removal, are applied to that binary image. The result represents the edge detection and the pixels located in the vicinity of the extracted boundaries are next coded. A lossless RLE-inspired coding scheme is applied to the sparse pixels. The sparse image is transformed into row vector R and at each step one determines the 3-uple [image: $$\left[ {R\left( i \right),n_{i} ,z_{i} } \right]$$], where [image: $$R\left( i \right) = \cdots = R\left( {i + n_{i} - 1} \right)$$] and zi is the number of consecutive 0s after last occurrence. The current 3-uple is appended to coding vector: [image: $$C: = \left[ {C,R\left( i \right),n_{i} ,z_{i} } \right]$$].
In the decompression stage, a decoding is applied to the encoded pixels, first. Next, a completion is performed on the sparsified image, applying the next nonlinear fourth-order PDE-based structural inpainting model [45]:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} + \lambda \delta \left( {\nabla u} \right)\nabla^{2} \left( {\varphi \left( {\Delta u} \right)\nabla^{2} u} \right) - \eta \, div\left( {\psi \left( {\nabla u} \right)\nabla u} \right) + \left( {1 - 1_{\Gamma } } \right)\left( {u - u_{0} } \right) = 0{ }} \hfill \\ {u\left( {x,y,0} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x,y} \right) \in \Omega } \hfill \\ {\frac{\partial u}{{\partial \vec{n}}} = 0} \hfill \\ {u\left( {t,x,y} \right) = 0,\quad \forall \left( {x,y} \right) \in \partial \Omega } \hfill \\ \end{array} } \right. $$]

 (3.45)


where [image: $$\lambda \in \left[ {1.4,2} \right)$$], [image: $$\eta \in \left( {0.5,1} \right]$$], [image: $$\varphi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right),\varphi \left( s \right) = \gamma \sqrt[k]{{\frac{\xi \left( u \right)}{{\varsigma \left| {\xi \left( u \right) + s} \right|^{k + 1} + \tau }}}}$$] and [image: $$\tau \in \left( {2,4} \right],\gamma ,\varsigma \in \left[ {0.5,1} \right)$$], [image: $$k \in \left\{ {2, \ldots ,5} \right\}$$].
A numerical approximation algorithm is constructed for (3.45) using the same quantization of the space and time coordinates [45]. Since the PDE is re-written as [image: $$\frac{\partial u}{{\partial t}} + \left( {1 - 1_{\Gamma } } \right)\left( {u - u_{0} } \right) = \eta \left( {\frac{\partial }{\partial x}\left( {\psi \left( {\left| {\nabla u} \right|} \right)u_{x} } \right) + \frac{\partial }{\partial y}\left( {\psi \left( {\left| {\nabla u} \right|} \right)u_{y} } \right)} \right) - \lambda \delta \left( { {\nabla u} } \right)\nabla^{2} \left( {\varphi \left( {  {\Delta u} } \right)\nabla^{2} u} \right)$$], its left term is approximated as [image: $$\frac{{u_{i,j}^{n + \Delta t} - u_{i,j}^{n} }}{\Delta t} + \left( {1 - 1_{\Gamma } } \right)\left( {u_{i,j}^{n} - u_{i,j}^{0} } \right) = u_{i,j}^{n + \Delta t} \frac{1}{\Delta t} + u_{i,j}^{n} \left( {1 - 1_{\Gamma } - \frac{1}{\Delta t}} \right) - u_{i,j}^{0} \left( {1 - 1_{\Gamma } } \right)$$]. The second-order diffusion-based component, [image: $$\eta \left( {\frac{\partial }{\partial x}\left( {\psi \left( {\left| {\nabla u} \right|} \right)u_{x} } \right) + \frac{\partial }{\partial y}\left( {\psi \left( {\left| {\nabla u} \right|} \right)u_{y} } \right)} \right)$$], is discretized as[image: $$ \begin{aligned}    &amp; \eta \left( {\psi _{{i + \frac{1}{2},j}} \left( {u_{{i + 1,j}}^{n}  - u_{{i,j}}^{n} } \right) - \psi _{{i - \frac{h}{2},j}} \left( {u_{{i,j}}^{n}  - u_{{i - 1,j}}^{n} } \right)} \right. \\    \quad &amp; \left. { + \psi _{{i,j + \frac{1}{2}}} \left( {u_{{i,j + 1}}^{n}  - u_{{i,j}}^{n} } \right) - \psi _{{i,j - \frac{1}{2}}} \left( {u_{{i,j}}^{n}  - u_{{i,j - 1}}^{n} } \right)} \right) . \\  \end{aligned}  $$]




The fourth-order diffusion term, [image: $$\lambda \delta \left( {\nabla u} \right)\nabla^{2} \left( {\varphi \left( {\Delta u} \right)\nabla^{2} u} \right)$$], is approximated next as [image: $$\lambda \delta_{i,j} \Delta \varphi_{i,j} = \lambda \delta_{i,j} \frac{{\varphi_{i + 1,j} + \varphi_{i - 1,j} + \varphi_{i,j + 1} + \varphi_{i,j - 1} - 4\varphi_{i,j} }}{{h^{2} }}$$], where [image: $$\varphi_{i,j} = \varphi \left( {\left| {\Delta u_{i,j} } \right|} \right)\nabla^{2} u_{i,j}$$] and [image: $$\Delta u_{i,j} = \nabla^{2} u_{i,j} = \frac{{u_{i + h,j}^{n} + u_{i - h,j}^{n} + u_{i,j + h}^{n} + u_{i,j - h}^{n} - 4u_{i,j} }}{{h^{2} }}$$]. If [image: $$h = \Delta t = 1$$], one obtains the numerical scheme[image: $$ \begin{aligned} u_{i,j}^{n + 1} &amp; = u_{i,j}^{n} \left( {1_{\Gamma } - \eta \left( {\psi_{{i + \frac{1}{2},j}} + \psi_{{i - \frac{1}{2},j}} + \psi_{{i,j + \frac{1}{2}}} + \psi_{{i,j - \frac{1}{2}}} } \right)} \right) \\ &amp; \quad + \eta \left( {u_{i + 1,j}^{n} \psi_{{i + \frac{1}{2},j}} + u_{i - 1,j}^{n} \psi_{{i - \frac{1}{2},j}} + u_{i,j + 1}^{n} \psi_{{i,j + \frac{1}{2}}} + u_{i,j - 1}^{n} \psi_{{i,j - \frac{1}{2}}} } \right) \\ &amp; \quad + u_{i,j}^{0} \left( {1 - 1_{\Gamma } } \right) - \lambda \delta_{i,j} \left( {\phi_{i + 1,j} + \phi_{i - 1,j} + \phi_{i,j + 1} + \phi_{i,j - 1} - 4\phi_{i,j} } \right) \\ \end{aligned} $$]

 (3.46)


for n = 0, 1, …, N, that is stable and consistent to the diffusion-based model [45].
This PDE-based compression approach was tested successfully on many image datasets and achieved good scores of compression rate, compression ratio, fidelity and quality. It outperforms BTTC-L and the most PDE-based schemes, is slightly better than JPEG at high compression rates, while it is outperformed by JPEG 2000 and R-EED. The main steps of a compression process are displayed in Fig. 3.14 and some method comparison results, are presented in Table 3.7 [45].[image: ]A four-panel image showing different stages of image processing on a photo of assorted vegetables, including bell peppers and garlic. Panel (a) displays the original image with the vegetables arranged on a dark cloth. Panel (b) shows edge-based segmentation, highlighting the outlines of the vegetables. Panel (c) illustrates key pixel extraction using 4-connectivity, with a sparse representation of the image. Panel (d) presents the decompression result with parameters \(N = 1950\) and PSNR = 29.7 dB, showing a reconstructed version of the original image.


Fig. 3.14Main stages of a compression process, at ratio = 12:1

Table 3.7Method comparison: PSNR and SSIM at compression rate 0.4 bpp


	Compression technique
	PSNR (dB)
	SSIM

	The proposed AD-based technique
	27.8777
	0.8231

	Linear homogeneous diffusion
	20.8971
	0.6866

	Biharmonic smoothing operator
	21.4235
	0.7230

	BTTC-L compression scheme
	22.8565
	0.7487

	BTTC-EED compression
	25.6607
	0.7738

	R-EED codec
	28.9994
	0.8586

	JPEG
	27.7475
	0.8143

	JPEG 2000
	28.4545
	0.8467




Another nonlinear PDE-based image compression framework developed by us applies a feature keypoint-based sparsification algorithm in the coding stage [46]. Our approach extracts all SIFT, SURF, MSER, BRISK, ORB, FAST, KAZE and Harris keypoints of the analyzed image but uses only the strongest k of each type. The pixels related to those keypoints, or those positioned in their neighborhood, are used for sparsification. The sparsified image is converted into a vector V and a code C(V) is constructed for this it. At each iteration, the coding algorithm determines [image: $$\left[ {V\left( i \right),n_{i} ,n_{i}^{0} } \right]$$], where [image: $$V\left( i \right) = \cdots = V\left( {i + n_{i} - 1} \right)$$] and [image: $$V\left( {i + n_{i} } \right) = \cdots = V\left( {i + n_{i} + n_{i}^{0} - 1} \right) = 0$$], and appends it to the code: [image: $$C(V): = \left[ {C(V),\left( {V\left( i \right),n_{i} ,n_{i}^{0} } \right)} \right]$$]. The image width to height ratio is finally added to C(V), which represents the compression result [46].
In the decompression stage one applies a decoding algorithm to the values encoded in C(V), to recover the vector V, then a sparse image is obtained from V. It is then reconstructed by the next nonlinear fourth-order PDE-based inpainting model:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} - \alpha \psi \left( {\left| {\nabla^{2} u} \right|} \right)\nabla \cdot \left( {\delta \left( {\left\| {\nabla^{4} u_{\sigma } } \right\|} \right)\nabla u} \right) + \left( {1 - 1_{\Gamma } } \right)\left( {u - u_{0} } \right) = 0,\quad {\text{on}}\,\left( {0,T} \right) \times \partial \Omega } \hfill \\ {u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {u\left( {t,x,y} \right) = 0,\quad {\text{on}}\,\left( {0,T} \right) \times \partial \Omega } \hfill \\ {\Delta u\left( {t,x,y} \right) = 0,\quad {\text{on}}\,\left( {0,T} \right) \times \partial \Omega } \hfill \\ \end{array} } \right. $$]

 (3.47)


where [image: $$\alpha \in \left[ {1,2} \right)$$], [image: $$\Gamma \subset \Omega \subseteq R^{2}$$] is the inpainting region of the sparse image [image: $$u_{0} :\Omega \backslash \Gamma \to R$$] and the positive and monotonic decreasing diffusivity function is[image: $$ \delta :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right),\delta \left( s \right) = \gamma \left( {\frac{\eta (t,x,y)}{{\left| {\lambda \ln \eta (t,x,y) + \beta s^{k} } \right|}}} \right)^{{\frac{1}{k + 1}}} $$]

 (3.48)


where [image: $$\lambda ,\gamma \in \left( {0,1} \right),\beta \in \left( {1,3} \right],k \ge 1$$] and the conductance function [image: $$\eta (t,x,y)$$] depends on the evolving image’s coordinates and statistics [46]. The other positive function is [image: $$\psi \left( s \right) = \frac{{\left( {\xi s^{r} + \nu } \right)^{{\frac{1}{r + 1}}} }}{\zeta }$$], where [image: $$\xi ,\nu ,\zeta \in \left[ {1,3} \right)$$] and [image: $$r \in \left( {0,1} \right)$$] [46]. The fourth-order PDE interpolation model (3.47) reconstructs properly the observed image that is known only in the sparse pixel locations. It fulfills the scattered pixel interpolation directing the diffusion toward the inpainting region only [46].
The mathematical validity of this nonlinear fourth-order diffusion-based model is investigated rigorously in [46]. A mathematical treatment is performed on its well-posedness, to demonstrate the existence and unicity of a weak solution for it. So, one transforms (3.47) into the next parabolic equation of porous media type:[image: $$ \left\{ {\begin{array}{*{20}l} {v_{t} - \alpha \psi \left( {\left| {\nabla^{2} u} \right|} \right)\nabla \cdot \left( {\delta \left( {\left\| {G_{1} * v} \right\|} \right) \cdot \nabla \left( {\Delta^{ - 1} v} \right)} \right) + \Delta \left( {1 - 1_{\Gamma } } \right)\left( {\Delta^{ - 1} v - u_{0} } \right) = 0,\quad {\text{on}}\,\left( {0,T} \right) \times \partial \Omega } \hfill \\ {v\left( {0,x,y} \right) = \Delta u_{0} \left( {x,y} \right),\quad \left( {x{,}y} \right) \in \Omega } \hfill \\ {v\left( {t,x,y} \right) = 0,\quad {\text{on}}\,\left( {0,T} \right) \times \partial \Omega } \hfill \\ \end{array} } \right. $$]

 (3.49)


where [image: $$G_{1} = \nabla^{2} G_{\sigma }$$] and [image: $$v = \nabla^{2} u = \Delta u$$] [46].
Since [image: $$\nabla \cdot \left( {\delta \left( {\left\| {G_{1} *v} \right\|} \right)\nabla \left( {\Delta^{ - 1} v} \right)} \right) = \delta^{\prime}\left( {\left\| {G_{1} *v} \right\|} \right)\left( {\nabla G_{1} *v} \right) \cdot \nabla \left( {\Delta^{ - 1} v} \right) + \delta \left( {\left\| {G_{1} *v} \right\|} \right)v$$], (3.49) becomes[image: $$ \left\{ {\begin{array}{*{20}l} {v_{t} - \alpha \Delta \phi \left( {x,y,v} \right) + \Delta \left( {\left( {1 - 1_{\Gamma } } \right)\left( {\Delta^{ - 1} v - u_{0} } \right)} \right) = 0,\quad {\text{on}}\,\left( {0,T} \right) \times \partial \Omega } \hfill \\ {v\left( {0,x,y} \right) = v_{0} \left( {x,y} \right) = \Delta v_{0} \left( {x,y} \right),\quad \left( {x{,}y} \right) \in \Omega } \hfill \\ {v\left( {t,x,y} \right) = 0,\quad \left( {x{,}y} \right) \in \Omega ,\;\;t \in \left( {0,T} \right)} \hfill \\ \end{array} } \right. $$]

 (3.50)


where [image: $$\phi \left( {x,y,v} \right) = \psi \left( {\left| v \right|} \right)\delta^{\prime}\left( {\left\| {G_{1} *v} \right\|} \right)\left( {\nabla G_{1} *v} \right) \cdot \nabla \left( {\Delta^{ - 1} v} \right) + \delta \left( {\left\| {G_{1} *v} \right\|} \right)v$$] [46].
So, instead of (3.47) one studies the existence problem for nonlinear parabolic problem (3.50). The next hypotheses are verified [47, 48]:	i.
[image: $$\psi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right)$$] is of class [image: $$C^{1}$$] and [image: $$\beta_{1} \le \psi^{\prime}\left( r \right) \le \beta_{2} ,\forall r \in R^{ + }$$] where [image: $$\beta_{1} ,\beta_{2} &gt; 0$$]

 

	ii.
[image: $$\delta \in C^{1} \left( R \right),\delta &gt; \rho &gt; 0,$$] where [image: $$\rho$$] is a constant

 

	iii.
[image: $$\left( {\nabla G_{1} *v} \right) \cdot \nabla \left( {\Delta^{ - 1} v} \right) \ge 0,\forall v \in L^{2} \left( \Omega \right),v \ge 0$$].

 





We note that (ii)–(iii) imply [image: $$\phi \left( {x,y,v} \right) \ge \alpha_{1} \psi \left( v \right)v,\forall v \ge 0$$], where [image: $$\alpha_{1} &gt; 0$$]. By weak solution to (3.50) we mean a function [image: $$v:\left[ {0,T} \right] \times \Omega \to R$$] such that[image: $$ v \in L^{2} \left( {0,T;L^{2} \left( \Omega \right)} \right), \quad v_{t} \in L^{2} \left( {0,T;\left( {L^{2} } \right)^{*} } \right) $$]

 (3.51)


where [image: $$\left( {L^{2} } \right)^{*}$$] is the dual space of [image: $$L^{2} \left( \Omega \right)$$] with pivotal space [image: $$H^{ - 1} \left( \Omega \right)$$] that is the dual space of the Sobolev space [image: $$H_{0}^{1} \left( \Omega \right)$$] and[image: $$ \begin{aligned} &amp; \int\limits_{\Omega } {v\left( {t,x,y} \right)\left( { - \Delta } \right)^{ - 1} \varphi \left( {x,y} \right)dxdy}  = \alpha \int\limits_{\Omega } {\phi \left( {x,y,v\left( {t,x,y} \right)} \right)\varphi \left( {x,y} \right)dxdy} \\ &amp;  - \int\limits_{\Omega } {\left( {1 - 1_{\Gamma } } \right)\left( {\Delta^{ - 1} v\left( {t,x,y} \right) - u_{0} \left( {x,y} \right)} \right)\varphi \left( {x,y} \right)dxdy} = 0 \\ \end{aligned} $$]

 (3.52)


for all [image: $$\varphi \in L^{2} \left( \Omega \right)$$] [47, 48]. We note that from (3.51) and (3.52) it follows that [image: $$v \in C\left( {\left[ {0,T} \right];H^{ - 1} \left( \Omega \right)} \right)$$] and [image: $$\phi \left( { \cdot ,v} \right) \in L^{2} \left( {0,T;H_{0}^{1} \left( \Omega \right)} \right)$$] which implies v = 0 on [image: $$\partial \Omega$$].
Proposition 1
If [image: $$v_{0} = \Delta u_{0} \in L^{2} \left( \Omega \right)$$] and [image: $$v_{0} \ge 0$$], then, under the hypotheses (i)–(iii), for T sufficiently small, there exists at least one solution [image: $$v \in C\left( {\left[ {0,T} \right];H^{ - 1} \left( \Omega \right)} \right) \cap L^{2} \left( {\left[ {0,T} \right];H_{0}^{1} \left( \Omega \right)} \right),v \ge 0$$] to Eq. (3.50).

Proof
We consider[image: $$  \begin{aligned}   \aleph  &amp;  = \left\{ {v \in L^{2} \left( {0,T;H_{0}^{1} \left( \Omega  \right)} \right);\int\limits_{\Omega } {v^{2} \left( {t,x,y} \right)} dxdy \le M,} \right. \\    &amp; \quad \left. { \int\limits_{0}^{T} {\int\limits_{\Omega } {\left| {\nabla v\left( {t,x,y} \right)} \right|^{2} dtdcdy \le M} } ,v \ge 0\quad on\left( {0,T} \right) \times \Omega } \right\} \\  \end{aligned}  $$]



 and for each [image: $$w \in \aleph$$] consider equation[image: $$ \left\{ {\begin{array}{*{20}l} {v_{t} - \alpha \Delta \left( {\psi \left( v \right)\varsigma } \right) + \Delta \left( {1 - 1_{\Gamma } } \right)\left( {\Delta^{ - 1} v - u_{0} } \right) = 0} \hfill \\ {v\left( {0,x,y} \right) = v_{0} \left( {x,y} \right) = \Delta u_{0} \left( {x,y} \right)} \hfill \\ {v\left( {t,x,y} \right) = 0\quad {\text{on}}\,\left( {0,T} \right) \times \partial \Omega } \hfill \\ \end{array} } \right. $$]

 (3.53)


where [image: $$\varsigma = \nabla \cdot \left( {\delta \left( {\left\| {G_{1} *v} \right\|} \right)\nabla \left( {\Delta^{ - 1} w} \right)} \right)$$]. For [image: $$\forall w \in \aleph$$], the operator [image: $$A\left( t \right):L\left( \Omega \right) \to \left( {L^{2} } \right)^{*}$$] defined by [image: $${}_{{\left( {L^{2} } \right)^{*} }}\left( {A\left( t \right)v,\varphi } \right)_{{L^{2} \left( \Omega \right)}} = \alpha \int_{\Omega } {\psi \left( v \right)} \varsigma \varphi dxdy,\forall \varphi \in L^{2} \left( \Omega \right)$$] is monotone, continuous and coercive, that is [image: $${}_{{\left( {L^{2} } \right)^{*} }}\left( {A\left( t \right)v,\varphi } \right)_{{L^{2} \left( \Omega \right)}} = C_{1} \left\| \varphi \right\|_{{L^{2} \left( \Omega \right)}}^{2} - C_{2} \left\| \varphi \right\|_{{\left( {L^{2} } \right)^{\infty } }}^{2}$$]. Next, by the Theorem 1.​2, Chap. 2 in [48] it follows that (3.53), which is [image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial v}{{\partial t}} + A\left( t \right)v = 0,\quad t \in \left( {0.T} \right)} \hfill \\ {v\left( {0,x,y} \right) = v_{0} \left( {x,y} \right)} \hfill \\ \end{array} } \right. $$]

 (3.54)


has a unique solution v = F(w), [image: $$v \in L^{2} \left( {0,T;H_{0}^{1} \left( \Omega \right)} \right)$$], [image: $$\frac{\partial v}{{\partial t}} \in L^{2} \left( {0,T;\left( {L_{2} } \right)^{*} } \right)$$]. Moreover, if multiply (3.53) by v and integrate it on [image: $$\left( {0,t} \right) \times \Omega $$] we get the next estimate [image: $$ \frac{d}{dt}\int\limits_{\Omega } {v^{2} \left( {t,x,y} \right)} dxdy + \alpha_{1} \int\limits_{\Omega } {\left| {\nabla v\left( {t,x,y} \right)} \right|}^{2} dxdy \le CM + C\int\limits_{\Omega } {\left| {v\left( {t,x,y} \right)} \right|}^{2} dxdy $$]

 (3.55)


for each [image: $$w \in \aleph$$], where C > 0 and thus we have [image: $$ \begin{aligned} &amp; \frac{d}{dt}\int\limits_{\Omega } {v^{2} \left( {t,x,y} \right)} dxdy + \alpha_{1} \int\limits_{0}^{t} {\int\limits_{\Omega } {\left| {\nabla v\left( {s,x,y} \right)} \right|}^{2} dsdxdy} \le C\left( {M + 1} \right)T \\ &amp;  + \int\limits_{\Omega } {v_{0}^{2} \left( {x,y} \right)} dxdy \\ \end{aligned} $$]

 (3.56)



So, for T sufficiently small and M suitable chosen, we have [image: $$F\left( w \right) \in \aleph ,\forall w \in \aleph$$]. Moreover, F is continuous from [image: $$L^{2} \left( {0,T;L^{2} \left( \Omega \right)} \right)$$] to itself and [image: $$F\left( \aleph \right)$$] is compact in [image: $$L^{2} \left( {0,T;L^{2} \left( \Omega \right)} \right)$$] because by (3.53) we see that [image: $$\left\| {\frac{dv}{{dt}}} \right\|_{{L^{2} \left( {0,T;H^{ - 1} \left( \Omega \right)} \right)}} \le C,\forall w \in \aleph$$]. By the Schauder’s fixed point theorem [48], there is [image: $$w^* \in \aleph$$] such that [image: $$F\left( w \right) = w^*$$]. Clearly, [image: $$u = w^*$$] represents a solution to (3.49) as claimed. From the Proposition 1, it follows an existence result for (3.47) via the transformation [image: $$u = \Delta^{ - 1} v$$], so the nonlinear PDE model is well-posed. Its unique weak solution is determined by solving numerically the PDE, using the following consistent and fast-converging iterative finite difference-based approximation scheme that is proposed in [46]:[image: $$  \begin{aligned}   u_{{i,j}}^{{n + 1}}  &amp;  = u_{{i,j}}^{n} \left( {\lambda \left( {1_{\Gamma }  - 1} \right) + 1} \right) + \lambda u_{{i,j}}^{0}  \\ &amp; \quad + \alpha \psi _{{i,j}} \left[ {\delta _{{i + \frac{1}{2},j}} \left( {u_{{i + 1,j}}^{n}  - u_{{i,j}}^{n} } \right) - \delta _{{i - \frac{1}{2},j}} \left( {u_{{i,j}}^{n}  - u_{{i - 1,j}}^{n} } \right)} \right. \\     &amp; \quad \left. { + \delta _{{i,j + \frac{1}{2}}} \left( {u_{{i,j + 1}}^{n}  - u_{{i,j}}^{n} } \right) - \delta _{{i,j - \frac{1}{2}}} \left( {u_{{i,j}}^{n}  - u_{{i,j - 1}}^{n} } \right)} \right] \\  \end{aligned}   $$]

 (3.57)




This nonlinear diffusion-based compression technique was been applied successfully on numerous images. It works properly for both clean and noisy images, achieving good compression performance metric values [46]. It outperforms many well-known compression approaches, providing better decompression results than compression schemes using random sparsification, edge-based coding or BTTC with various PDE inpainting models. It also outperforms BTTC-L compression and performs slightly better than BTTC-EED and JPEG at higher compression rates, but it is outperformed by JPEG 2000 and R-EED compression, as shown in Table 3.8. A method comparison example at 0.4 bpp compression rate is displayed in Fig. 3.15.Table 3.8Average PSNR values of various methods at 0.4 bpp compression rate


	Compression technique
	Average PSNR (dB)

	The proposed 4th-order PDE-based approach
	26.3475

	Harmonic Inpainting-based compression
	20.8495

	Charbonnier diffusion-based model
	22.3321

	BTTC-L
	23.1485

	BTTC-EED
	26.2378

	JPEG
	26.1075

	JPEG 2000
	26.8379

	R-EED
	27.1465



[image: ]A grid of nine black and white images showing a woman's face with different image processing techniques applied. Each image is labeled: a) Original TruE, b) Harmonic operator, c) Charbonnier anisotropic diffusion, d) BTTC-L, e) JPEG standard, f) BTTC-EED, g) JPEG 2000, h) R-EED, i) Thin 4th-order PDE-based model. The images vary in clarity and detail, demonstrating the effects of each technique. The last image is highlighted with a blue border.


Fig. 3.15Decompression results of several methods at compression rate of 0.4 bpp



References
	1.
C. B. Schonlieb, Partial Differential Equation Methods for Image Inpainting, Volume 29, Cambridge University Press, 2015.


	2.
A. A. Efros, T. K. Leung, Texture synthesis by non-parametric sampling, Proceedings of the International Conference on Computer Vision, volume 2, pp. 1033-1038, 1999.


	3.
A. Criminisi, P. Perez, K. Toyama, Region filling and object removal by exemplar-based image inpainting, IEEE Transactions on Image Processing, vol. 13, no. 9, pp. 1200–1212, 2004.


	4.
B. Song, Topics in Variational PDE Image Segmentation, Inpainting and Denoising, University of California, 2003.


	5.
L. Ambrosio, V. M. Tortorelli, Approximation of functionals depending on jumps by elliptic functionals via [image: $$\Gamma $$]- convergence, Comm. Pure Appl. Math., 43, pp. 999–1036, 1990.


	6.
S. Esedoglu, J. Shen, Digital inpainting based on the Mumford-Shah Euler image model, European Jourmal of Applied Mathematics, 2002.


	7.
T. Chan, J. Shen, Morphologically invariant PDE inpaintings, UCLA CAM Report, pp. 1-15, 2001.


	8.
P. Getreuer, Total Variation Inpainting using Split Bregman, Image Processing On Line, 2, pp. 147–157, 2012.


	9.
K. Papafitsoros, C. B. Schonlieb, A combined first and second order variational approach for image reconstruction, J. Math. Imaging Vision, 48, pp. 308–338, 2014.


	10.
K. Papafitsoros, C. B. Schoenlieb, B. Sengul, Combined first and second order total variation inpainting using split Bregman, Image Process. On Line, vol. 2013, pp. 112–136, Jan. 2013.


	11.
K. Bredies, M. Holler, A TGV-based framework for variational image decompression, zooming, and reconstruction, Part I: Analytics, SIAM J. Imag. Sci., vol. 8, no. 4, pp. 2814–2850, 2015.


	12.
M. V. Afonso, J. M. R. Sanches, Blind Inpainting Using l0 and Total Variation Regularization, IEEE Transactions on Image Processing, 24, 7, pp. 2239–2253, 2015.


	13.
M. Neri, E. R. Zara, Total variation-based image inpainting and denoising using a primal-dual active set method, Philippine Science Letters, Vol. 7, No. 1, pp. 97-103, 2014.


	14.
T. Chan, S. Kang, J. Shen, Euler’s elastica and curvature based inpaintings, SIAM J. Appl. Math., 2002.


	15.
T. Barbu, Novel Diffusion-Based Models for Image Restoration and Interpolation, Book Series: Signals and Communication Technology, Springer International Publishing, 2019.


	16.
T. Barbu, Variational image inpainting technique based on nonlinear second-order diffusions, Computers & Electrical Engineering, Volume 54, pp. 345–353, August 2016.


	17.
T. Barbu, Hybrid Image Interpolation Technique based on Nonlinear Second and Fourth-order Diffusions, Proc. of the 13th Intl. Symp. on Signals, Circuits and Systems, ISSCS’17, Iasi, Romania, pp. 1–5, July 13 - 14, 2017.


	18.
T. Barbu, Nonlinear Anisotropic Diffusion-based Structural Inpainting Framework, Proceedings of the 13th International Conference TELSIKS’17, Nis, Serbia, pp. 207–210, 18–20 October 2017, IEEE.


	19.
T. Barbu, Structural Image Interpolation using a Nonlinear Second-order Hyperbolic PDE-based Model, Proceedings of the 6th IEEE International Conference on e-Health and Bioengineering, EHB 2017, Sinaia, Romania, pp. 5–8, 22–24 June 2017.


	20.
T. Barbu, Second-order Anisotropic Diffusion-based Framework for Structural Inpainting, Proceedings of the Romanian Academy, Series A, Volume 19, Issue 2, April–June 2018.


	21.
M. Bertalmio, G. Sapiro, V. Caselles and C. Ballesters, Image inpainting, Proc. ACM Conf. Comp. Graphics (SIGGRAPH), pp. 417–424, New Orleans, LU, July 2000.


	22.
M. Bertalmio, A. L. Bertozzi, G. Sapiro, Navier-stokes, fluid dynamics, and image and video inpainting, Proc. Conf. Comp. Vision Pattern Rec., pp. 355–362, Hawai, December 2001.


	23.
M. A. Ebrahimi, M. Holst, E. Lunasin, The Navier-Stokes-Voight model for image inpainting, IMA J. Appl. Math., 78 (5), pp. 869–894, 2013.


	24.
T. F. Chan, J. Shen, Non-texture inpainting by curvature-driven diffusions (CDD), J. Visual Comm. Image Rep., 4 (12), pp. 436–449, 2001.


	25.
M. Burger, L. He, C. Schonlieb, Cahn-Hilliard inpainting and a generalization for grayvalue images, SIAM J. Imaging Sci., 2 (4), pp. 1129–1167, 2009.


	26.
S. Osher, A. Sole, L. Vese, Image decomposition and restoration using total variation minimization and the H−1 norm, Multiscale Modeling and Simulation: A SIAM Interdisciplinary Journal, Vol. 1, Nr. 3, pp. 349-370, 2003.


	27.
C. B. Schoenlieb, A. Bertozzi, Unconditionally stable schemes for higher order inpainting, Comm. Math. Sci., vol. 2, no. 9, pp. 413–457, 2011.


	28.
R. Gonzalez, R. Woods, Digital Image Processing, Prentice Hall, New York, NY, USA, 2nd ed., 2001.


	29.
V. Bhaskaran, K. Konstantinides, Image and Video Compression Standards, Kluwer Academic Press, Boston, 1995.


	30.
K. Sayood, Introduction to Data Compression, Morgan Kaufmann, Third edition, 2005.


	31.
R. Distasi, M. Nappi, S. Vitulano, Image compression by B-tree triangular coding, IEEE Transactions on Communications 45 (9), pp. 1095-1100, 1997.


	32.
P. T. Peter, Understanding and advancing PDE-based image compression, PhD Thesis, Saarland University, 2016.


	33.
L. Demaret, N. Dyn, A. Iske, Image compression by linear splines over adaptive triangulations, Technical report, Dept. of Mathematics, University of Leicester, UK, January 2005.


	34.
M. Mainberger, J. Weickert, Edge-based image compression with homogeneous diffusion, Computer Analysis of Images and Patterns, Lecture Notes in Computer Science, Vol. 5702, Springer, Berlin, pp. 476–483, 2009.


	35.
L. Hoeltgen, P. Peter, M. Breuß, Clustering-based quantization for PDE-based image compression, Signal, Image and Video Processing 12 (3), pp. 411-419, 2018.


	36.
G. Aubert, P. Kornprobs, Mathematical problems in image processing: partial differential equations and the calculus of variations, Vol. 147, Springer Science & Business Media, 2006.


	37.
J. Chen, F. Ye, J. Di, C. Liu, A. Men, Depth map compression via edge-based inpainting, Proceedings of the 29th Picture Coding Symposium, pp. 57–60, Kraków, Poland, May 2012.


	38.
D. Marr, E. Hildreth, Theory of Edge Detection, Proceedings of the Royal Society of London, Series B, Biological Sciences, 207 (1167), pp. 187–217, 1980.


	39.
S. Hoffmann, G. Plonka, J. Weickert, Discrete Green’s functions for harmonic and biharmonic inpainting with sparse atoms, International Workshop on Energy Minimization Methods in Computer Vision and Pattern Recognition, pp. 169–182, 2015.


	40.
C. Schmaltz, P. Peter, M. Mainberger, F. Ebel, J. Weickert, A. Bruhn, Understanding, optimizing, and extending data compression with anisotropic diffusion, International Journal of Computer Vision, 108 (3), pp. 222-240, 2014.


	41.
I. Galic, J. Weickert, M. Welk, A. Bruhn, A. Belyaev, H.-P. Seidel, Image compression with anisotropic diffusion, Journal of Mathematical Imaging and Vision, 31 (2-3), pp. 255-269, 2008.


	42.
I. Galic, J. Weickert, M. Welk, A. Bruhn, A. Belyaev, H.-P. Seidel, Towards PDE-based image compression, Variational, Geometric and Level-Set Methods in Computer Vision, Lecture Notes in Computer Science, vol. 3752, Springer, Berlin, pp. 37–48, 2005.


	43.
C. Schmaltz, J. Weickert, A. Bruhn, Beating the quality of JPEG 2000 with anisotropic diffusion, Pattern Recognition, Lecture Notes in Computer Science, Vol. 5748, Springer, pp. 452–461, 2009.


	44.
P. Peter, J. Weickert, Colour image compression with anisotropic diffusion, Proc. of 21st IEEE International Conference on Image Processing, Paris, France, pp. 4822–4826, 2014.


	45.
T. Barbu, Segmentation-Based Non-Texture Image Compression Framework Using Anisotropic Diffusion Models, Proceedings of the Romanian Academy, Ser. A, Vol. 20, no. 2, pp. 122–130, 2019.


	46.
T. Barbu, Feature Keypoint-Based Image Compression Technique Using a Well-Posed Nonlinear Fourth-Order PDE-Based Model, Mathematics, 8, 930, MDPI, June 2020.


	47.
L. Lions, W. Strauss, Some non-linear evolution equations, Bulletin de la Société Mathématique de France; Bulletin de la S.M.F., Paris, France, Volume 93, pp. 43–96, 1965.


	48.
L. Lions, Quelques Méthodes de Résolution des Problèmes aux Limites non Linéaires, Dunod & Gauthier-Villars: Paris, France, 1969.








© The Author(s), under exclusive license to Springer Nature Switzerland AG 2025
T. BarbuDigital Image Processing, Analysis and Computer Vision Using Nonlinear Partial Differential EquationsStudies in Computational Intelligence1211https://doi.org/10.1007/978-3-031-89576-0_4

4. Nonlinear Diffusion-Based Multi-scale Image Analysis Methods

Tudor Barbu1  
(1)Institute of Computer Science, Romanian Academy—Iasi Branch, Iasi, Romania

 

 
Tudor Barbu
Email: tudor.barbu@iit.academiaromana-is.ro



The multi-scale image analysis and computer vision techniques based on nonlinear PDE models are discussed in this chapter. The results described here illustrate that many effective multi-scale analysis solutions for various tasks can be achieved by using nonlinear diffusion-based models. Some nonlinear PDE-based scale-space representations are created and used by the high-level feature extraction components of several image analysis techniques proposed by us. Thus, some anisotropic diffusion-based multi-scale texture recognition frameworks are described in the first section. Then, the content-based image recognition using nonlinear PDE-based scale spaces is discussed in the second section. The nonlinear diffusion-based multi-scale image indexing and retrieval solutions are presented in the final section.
4.1 Anisotropic Diffusion-Based Multi-scale Texture Recognition
Multi-scale and multi-resolution analysis approaches, that handle image structures at different scales and resolutions, are applied successfully in various image processing and computer vision domains, including the texture analysis, since the multi-scale and multi-resolution representations allow more flexibility and provide better results than traditional approaches. A scale space representation is created applying a 2D filter kernel to the analysed image at various scales. While many multiscale image analysis techniques use scale spaces based on 2D Gaussian filters and Gaussian derivatives [1], we have introduced more effective scale spaces using the diffusion-based filtering.
Texture analysis represents an important image analysis field that is successfully applied in computer vision areas like object detection, recognition and tracking, image indexing and retrieval, medical imaging and remote sensing. It includes the next subdomains: texture recognition, segmentation, synthesis and retrieval.
Texture recognition consists of texture feature extraction and classification. The texture featuring methods are grouped in statistical, structural, model-based and transform-based approaches. Statistical methods include histogram-based schemes [2], moment-based algorithms [3], Gray Level Co-occurrence Matrices (GLCM) [4], Local Binary Patterns (LBP) [5], Binary Gabor Patterns (BGP) [6] and energy variation-based approaches [7]. Structural methods include edge-based techniques [8], morphological operators [9] and SIFT descriptors [10]. The model-based techniques include fractal texture models [11], Markov random field texture models [12] and autoregressive models [13]. Transform-based approaches include feature extraction solutions based on 2D Gabor filters [14], Wavelet transforms [15] and Curvelet transforms [16]. Other featuring methods combine such descriptors [17].
Texture recognition may have either a supervised or an unsupervised character [18]. Supervised machine learning algorithms used for texture classification include K-Nearest Neighbour (K-NN), minimum distance classifier, artificial neural networks (ANN), Support Vector Machines (SVM) and Hidden Markov Models (HMM), while unsupervised classifiers include K-means, hierarchical clustering, Self-organizing Maps (SOM) and Dynamic Time Warping (DTW). Deep learning [19] and graph clustering have been also applied successfully for classification [20].
Many texture recognition methods provide poor results in the presence of noise or when textures have undergone rotations. So, we developed some rotation-invariant texture recognition frameworks using the multi-scale image analysis, that works properly in both normal and noisy conditions. A supervised texture recognition approach was disseminated in [21]. We introduced the next second-order anisotropic diffusion model for creating the scale space:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} - \alpha \varphi \left( {\left| {\Delta u_{\sigma } } \right|} \right)\nabla \cdot \left( {\psi \left( {\left\| {\nabla u_{\sigma } } \right\|} \right)\nabla u} \right) + \lambda \left( {u - u_{0} } \right) = 0,\quad \left( {x{,}y} \right) \in \Omega } \hfill \\ {u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {u\left( {t,x,y} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega ;} \hfill \\ \end{array} } \right. $$]

 (4.1)


where [image: $$\alpha \in \left[ {1,2} \right)$$], [image: $$\lambda \in \left( {0,1} \right)$$] and the considered diffusivity function is:[image: $$ \psi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right),\psi \left( s \right) = \left( {\frac{\eta }{{\left| {\delta \log 10\left( \eta \right) + \xi s^{k} } \right|}}} \right)^{1/k + 1} $$]

 (4.2)


where [image: $$\delta ,\xi \in \left( {0,1} \right],\eta \ge 15$$] and [image: $$k \ge 1$$]. The other positive function has the form:[image: $$ \varphi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right),\varphi \left( s \right) = \zeta \sqrt[{r + 1}]{{\gamma s^{r} + \beta }}, $$]

 (4.3)


with [image: $$\zeta ,\gamma ,\beta \in \left[ {1,4} \right)$$] and [image: $$r \in \left( {0,1} \right)$$].
The next explicit iterative finite difference-based numerical approximation algorithm was constructed for this model [21]:[image: $$ \begin{aligned} &amp; u_{i,j}^{n + 1}  = u_{i,j}^{n} \left( {1 - \lambda } \right) + u_{i,j}^{0} \lambda \\ &amp;  + \alpha \frac{{\varphi \left( {\left( {u_{\sigma } } \right)_{i + 1,j}^{n} + \left( {u_{\sigma } } \right)_{i - 1,j}^{n} + \left( {u_{\sigma } } \right)_{i,j + 1}^{n} + \left( {u_{\sigma } } \right)_{i,j - 1}^{n} - 4\left( {u_{\sigma } } \right)_{i,j}^{n} } \right)}}{4} \\ &amp; \left[ \begin{gathered} \psi \left( {\left\| {\left( {u_{\sigma } } \right)_{i + h,j}^{n} - \left( {u_{\sigma } } \right)_{i,j}^{n} } \right\|} \right)\left( {u_{i + h,j}^{n} - u_{i,j}^{n} } \right) + \psi \left( {\left\| {\left( {u_{\sigma } } \right)_{i - h,j}^{n} - \left( {u_{\sigma } } \right)_{i,j}^{n} } \right\|} \right)\left( {u_{i - h,j}^{n} - u_{i,j}^{n} } \right) \hfill \\ + \psi \left( {\left\| {\left( {u_{\sigma } } \right)_{i,j + h}^{n} - \left( {u_{\sigma } } \right)_{i,j}^{n} } \right\|} \right)\left( {u_{i,j + h}^{n} - u_{i,j}^{n} } \right) + \psi \left( {\left\| {\left( {u_{\sigma } } \right)_{i,j - h}^{n} - \left( {u_{\sigma } } \right)_{i,j}^{n} } \right\|} \right)\left( {u_{i,j - h}^{n} - u_{i,j}^{n} } \right) \hfill \\ \end{gathered} \right] \\ \end{aligned} $$]

 (4.4)



The scale space is created applying this numerical scheme on current texture [image: $$u^{0}$$] at various iterations. A proper scale-space representation is generated by filtering the texture using the anisotropic diffusion-based model until some properly chosen time moments t and differencing the successive filtered textures. One considers the filtering results at iteration moments [image: $$4n,n \in \left\{ {0, \ldots ,K} \right\},K \ge 4$$]. The obtained [image: $$\left\{ {u^{0} - u^{4} ,u^{4} - u^{8} , \ldots ,u^{{4\left( {K - 1} \right)}} - u^{4K} } \right\}$$] constitutes the scale-space representation with K scales. The image [image: $$U_{m} = u^{{4\left( {m - 1} \right)}} - u^{4m}$$] at each scale [image: $$m \in \left\{ {1, \ldots ,K} \right\}$$] represents the textural component of the PDE-based decomposition of [image: $$u^{{4\left( {m - 1} \right)}}$$] and contains the contours of the evolving image u [21].
An effective rotation-invariant texture feature descriptor is determined using this scale space. So, a feature extraction is performed on the current texture at multiple scales, by combining Gray Level Co-occurrence Matrices (GLCM) to 2D circular filters. The co-occurrence matrix of image u computes the occurrences of the pairs of pixels with a specific value and offset in that image [4] and is based on formula:[image: $$ CM_{\Delta x,\Delta y} \left[ u \right]\left( {i,j} \right) = \sum\limits_{x} {\sum\limits_{y} {\left\{ {\begin{array}{*{20}l} {1,} \hfill &amp; {for\;u\left( {x,y} \right) = i\;{\text{\&amp; }}\;u\left( {x + \Delta x,y + \Delta y} \right) = j} \hfill \\ {0,} \hfill &amp; {otherwise} \hfill \\ \end{array} } \right.} } $$]

 (4.5)


where [image: $$\left( {\Delta x,\Delta y} \right)$$] is the offset. If [image: $$\left\{ {\left( {\Delta x_{1} ,\Delta y_{1} } \right), \ldots ,\left( {\Delta x_{p} ,\Delta y_{p} } \right)} \right\}$$] is a properly selected set of offsets, the sequence of GLCMs corresponding to that image is computed as:[image: $$ CM\left( u \right) = \left\{ {CM_{{\Delta x_{1} ,\Delta y_{1} }} \left( u \right), \ldots ,CM_{{\Delta x_{p} ,\Delta y_{p} }} \left( u \right)} \right\} $$]

 (4.6)



A GLCM-based featuring process is then performed on [image: $$u_{0}$$] applying (4.6) to its scale space. One obtains the sequence [image: $$\left\{ {CM\left( {U_{1} } \right),CM\left( {U_{2} } \right), \ldots ,CM\left( {U_{K} } \right)} \right\}$$] for it. Then, a circular filtering process is applied to the images of each [image: $$CM\left( {U_{i} } \right),i \in \left\{ {1,K} \right\}$$].
The 2D circular filters are based on the use of the Gabor filter that is described by the Fourier transform function [21, 22]:[image: $$ H_{\sigma } \left( \omega \right) = e^{{ - \frac{{\left( {\omega - \frac{\pi }{\sigma }} \right)\left( {\mu \sigma } \right)^{2} }}{2}}} $$]

 (4.7)


where [image: $$\frac{\pi }{\sigma }$$] and [image: $$\mu \sigma$$] represents the central frequency and the filter bandwidth. Changing the variable [image: $$\omega \to \sqrt {\omega_{x}^{2} + \omega_{y}^{2} }$$], the next transform is obtained:[image: $$ H_{\sigma } \left( {\omega_{x} ,\omega_{y} } \right) = e^{{ - \frac{{\left( {\sqrt {\omega_{x}^{2} + \omega_{y}^{2} } - \frac{\pi }{\sigma }} \right)\left( {\mu \sigma } \right)^{2} }}{2}}} $$]

 (4.8)



A bank of M 2D filters with circular frequency response is applied to the GLCM-based images related to the scale space. Each filter is characterized by [image: $$\sigma = a^{q} ,q \in \left\{ {1, \ldots ,M} \right\}$$], where a > 1. Each [image: $$CM_{{\Delta x_{j} ,\Delta y_{j} }} \left( {U_{i} } \right),i = 1, \ldots ,K,j = 1, \ldots ,p$$] is mean normalized first, then convolved to each of the M circular filters of the bank. The L2 norm is next computed for each of the M filtered images. So, an M dimensional vector composed of these norms is obtained for each [image: $$CM_{{\Delta x_{j} ,\Delta y_{j} }} \left( {U_{i} } \right)$$], which means p such M dimensional vectors are computed for [image: $$U_{i}$$]. They are concatenated into a pM dimensional 1D feature vector, [image: $$V\left( {U_{i} } \right)$$], but 2D [image: $$\left[ {p \times M} \right]$$] versions of this vector corresponding to the ith scale can be created as well. The K texture feature vectors [image: $$V\left( {U_{i} } \right)$$] determined at multiple scales are combined into a final texture feature vector corresponding to [image: $$u_{0}$$]. A 1D pMK dimensional feature vector is obtained for it concatenating feature vectors at all scales: [image: $$V\left( {u_{0} } \right) = \left[ {V\left( {U_{1} } \right)\;\;V\left( {U_{2} } \right)\;\; \ldots \;\;V\left( {U_{K} } \right)} \right]$$]. 2D ([image: $$ [ {pM \times K} ] $$]) or even 3D ([image: $$ [ {p \times M \times K} ]$$]) forms can be obtained for [image: $$V\left( {u_{0} } \right)$$], which represents a robust rotation-invariant and noise-insensitive texture descriptor [21].
A supervised texture classification was applied to these feature vectors. A K-Nearest Neighbour (K-NN) classifier with a voluminous training set containing textures grouped in some known classes was used for this task [18]. Euclidean metric is used to determine the distances between input texture feature vectors and the training feature vectors. While the training textures used in this process were noise-free and not rotated, the input textures could be noisy and rotated in order to evaluate the effectiveness of the technique [21].
This multiscale texture recognition method was tested succesfully on thousands of normal and rotated textures. Voluminous texture databases, like Brodatz album [23] and Kylberg texture dataset [24], were used. The texture classes are displayed in Fig. 4.1. The proposed method achieves high recognition rates. The confusion matrices corresponding to recognition experiments performed on the 2 collections are described in [21]. The obtained classification accuracies are 98.7 and 98.4%, since there are few misclassifications. Its overall classification rate is over 98.5%.[image: ]Electron microscopy image showing two sets of texture classes. Panel a) labeled "Texture classes - Brodatz" displays 12 grayscale images with various intricate patterns and textures. Panel b) labeled "Texture classes - Kylberg" contains 12 grayscale images, each depicting different detailed textures. The textures vary in complexity and pattern, illustrating diverse surface structures.


Fig. 4.1Texture classes related to the 2 datasets


Method comparison that were performed are described in Table 4.1. Our multiscale texture recognition approach outperforms other well-known texture analysis schemes, including those based on image moments, LBP features, circularly symmetric 2D Gabor filters and CNN-based circular filters, achieving a higher classification accuracy [21].Table 4.1Classification performances of several texture analysis methods


	Texture analysis technique
	Proposed framework (%)
	Moment-based approach (%)
	Local binary patterns (%)
	Circularly symmetric 2D Gabor filters (%)
	CNN-based circular filters (%)

	Recognition rate
	98.5
	87
	91
	97
	95




An unsupervised texture recognition framework was introduced in [25]. The next unsupervised recognition task was considered: the textures from the set [image: $$T = \left\{ {T_{1} , \ldots ,T_{M} } \right\}$$] has to be clustered automatically in similarity classes whose number is not a priori known, on the basis of their high-level features. We considered the next nonlinear parabolic fourth-order PDE-based model combining second and fourth order anisotropic diffusions for the multi-scale analysis [25].[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} + \alpha \varphi \left( {\left\| {\nabla u} \right\|} \right)\nabla^{2} \left( {\psi \left( {\left\| {\Delta u_{\sigma } } \right\|} \right)\nabla^{2} u} \right) - \beta \varphi \left( {\left\| {\Delta u} \right\|} \right)div\left( {\psi \left( {\left\| {\nabla u_{\sigma } } \right\|} \right)\nabla u} \right) + \lambda \left( {u - u_{0} } \right) = 0} \hfill \\ {u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {u\left( {t,x,y} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega ;} \hfill \\ \end{array} } \right. $$]

 (4.9)


where [image: $$\alpha ,\beta \in \left[ {0.5,1.5} \right)$$], [image: $$\lambda \in \left( {0,0.2} \right)$$], the positive and monotonic decreasing diffusivity function is [image: $$\psi \left( s \right) = \gamma \left( {\frac{\eta }{{\left| {\xi s^{2} + \delta } \right|}}} \right)^{\frac{1}{3}}$$], with [image: $$\xi \in \left( {0,1} \right],\delta \ge 5,\gamma \ge 1$$], [image: $$\eta \ge 10$$], and [image: $$\varphi \left( s \right) = \nu \left( {\zeta s^{\tau } + \varepsilon } \right)^{{\frac{1}{\tau + 1}}}$$], where [image: $$\varepsilon ,\zeta \in \left[ {1,4} \right),\nu \in \left( {1,1.5} \right)$$] and [image: $$\tau \in \left( {0,1} \right)$$] [25]. The following finite difference-based numerical approximation scheme that is stable and consistent to the nonlinear PDE model (4.9) is proposed in [25]:[image: $$ \begin{aligned} &amp; u_{i,j}^{n + 1}  = u_{i,j}^{n} \left( {1 - \lambda } \right) + u_{i,j}^{0} \lambda - \alpha \varphi \left( {\left\| {\nabla u_{i,j} } \right\|} \right)\left( {\psi^{{_{i + 1,j} }} + \psi^{{_{i - 1,j} }} + \psi^{{_{i,j + 1} }} + \psi^{{_{i,j - 1} }} - 4\psi^{{_{i,j} }} } \right) \\ &amp;  + \beta \left( {\left\| {\Delta u_{i,j} } \right\|} \right)\left( \begin{gathered} \psi_{{i + \frac{1}{2},j}} \left( {\left( {K_{\sigma } *u} \right)_{i + 1,j}^{n} - \left( {K_{\sigma } *u} \right)_{i,j}^{n} } \right) - \psi_{{i - \frac{h}{2},j}} \left( {\left( {K_{\sigma } *u} \right)_{i,j}^{n} - \left( {K_{\sigma } *u} \right)_{i - 1,j}^{n} } \right) \hfill \\ + \psi_{{i,j + \frac{1}{2}}} \left( {\left( {K_{\sigma } *u} \right)_{i,j + 1}^{n} - \left( {K_{\sigma } *u} \right)_{i,j}^{n} } \right) - \psi_{{i,j - \frac{1}{2}}} \left( {\left( {K_{\sigma } *u} \right)_{i,j}^{n} - \left( {K_{\sigma } *u} \right)_{i,j - 1}^{n} } \right) \hfill \\ \end{gathered} \right) \\ \end{aligned} $$]

 (4.10)


where [image: $$\psi_{{i \pm \frac{h}{2},j}} = \frac{{\psi_{i \pm h,j} + \psi_{i,j} }}{2},\psi_{{i,j \pm \frac{h}{2}}} = \frac{{\psi_{i,j \pm h} + \psi_{i,j} }}{2}$$] and [image: $$K_{\sigma } \left( {x,y} \right) = \frac{1}{{2\pi \sigma^{2} }}e^{{ - \frac{{x^{2} + y^{2} }}{{2\sigma^{2} }}}}$$].
This numerical approximation algorithm is applied on the texture [image: $$u^{0} = T_{i}$$]. One considers the filtering output at the iteration moments 4k, where [image: $$k \in \left\{ {0, \ldots ,S} \right\},S \ge 3$$]. Next, one computes absolute differences between consecutive filtering results and a scale-space representation is obtained as [image: $$\left\{ {\left\| {u^{0} - u^{4} } \right\|,\left\| {u^{4} - u^{8} } \right\|, \ldots ,\left\| {u^{{4\left( {S - 1} \right)}} - u^{4S} } \right\|} \right\}$$]. The image at each scale [image: $$r \in \left\{ {1, \ldots ,S} \right\}$$] is denoted [image: $$U_{r} = u^{{4\left( {r - 1} \right)}} - u^{4r}$$]. A feature extraction process is then performed on [image: $$U_{r}$$] by combining some 2D circular filters [22]. If a bank of Q filters with circular frequency responses is applied to [image: $$U_{r}$$], then a Q-dimensional feature vector, [image: $$V\left( {U_{r} } \right)$$], is generated at each scale. The final texture feature vector of the observed texture is determined by concatenating the vectors computed at multiple scales: [image: $$V\left( {T_{i} } \right) = V\left( {u^{0} } \right): = \left[ {V\left( {U_{1} } \right)\;\;V\left( {U_{2} } \right)\;\; \ldots \;\;V\left( {U_{S} } \right)} \right]$$] [25].
We proposed a graph-based automatic unsupervised feature vector classification algorithm and applied it on the invariant texture feature vector set [image: $$\left\{ {V\left( {T_{1} } \right), \ldots ,V\left( {T_{M} } \right)} \right\}$$]. The graph-based clustering algorithms have been applied succesfully to texture segmentation. In [25] we proposed a connectivity-based clustering technique adapted for undirected weighted graphs, that is inspired by the Highly Connected Subgraphs (HCS) clustering algorithm [26].
Our unsupervised recognition framework was tested successfully on thousands images from voluminous texture collections, such as Kylberg [24] and Brodatz [23] databases. The experiments were performed on textures rotated at various orientati- ons, from those datasets. One used 16 texture classes from each database, which are displayed in Fig. 4.2. Each category of Brodatz collection con-tains 25 [128 × 128] textures for each of the orientations: 0°, 20°, 30°, 45°, 60°, 70°, 90°, 120°. Each category of Kylberg datase contains 20 [576 × 576] textures for each angle.[image: ]The image shows two sets of texture categories. On the left, labeled "a) Texture categories from Brodatz," there are 24 black and white texture samples arranged in a grid. On the right, labeled "b) Texture categories from Kylberg," there are 28 similar texture samples. Each sample displays a unique pattern, illustrating various textures for comparison.


Fig. 4.2Representative images of the texture classes used in the recognition tests


The described method classifies properly textures rotated by any angle, due to its rotation-invariant multi-scale texture feature extraction approach. It achieves a high texture recognition rate. Our technique obtains high values of Precision, Recall, F1 score and Rand index [27] adapted for pairs of data points, since it generates very few misclassifications. Method comparisons were also performed. It outperforms many unsupervised recognition techniques, including those based on image moments, LBP, GLCM and 2D Gabor filters in combination to K-means, SOM or hierarchical clustering schemes, in both clean and noisy conditions. Both the nonlinear anisotropic diffusion-based multi-scale texture feature extraction scheme and weighted graph-based texture clustering algorithm proposed here provide better results than other texture analysis and classification methods, as shown by performance metrics values displayed in Table 4.2 [25].Table 4.2Method comparison results


	 	Precision
	Recall
	F1

	The proposed technique
	0.9708
	0.9752
	0.9730

	Proposed multiscale feature extraction + K-means
	0.9652
	0.9617
	0.9634

	Proposed multiscale feature extraction + hierarchical agglomerative clustering
	0.9638
	0.9624
	0.9631

	Moment-based feature extraction + K-means
	0.9268
	0.9163
	0.9215

	Moment-based feature extraction + hierarchical agglomerative clustering
	0.9174
	0.9197
	0.9185

	LBP features + K-means
	0.9345
	0.9367
	0.9356

	LBP + hierarchical agglomerative clustering
	0.9459
	0.9422
	0.9440

	GLCM + K-means
	0.9505
	0.9574
	0.9539

	GLCM + hierarchical agglomerative clustering
	0.9578
	0.9603
	0.9590

	Gabor 2D filter + K-means
	0.9612
	0.9608
	0.9610

	Gabor 2D filter + hierarchical agglomerative clustering
	0.9592
	0.9611
	0.9601





4.2 Content-Based Image Recognition Using Nonlinear PDE-Based Multi-scale Analysis Solutions
Besides the textures, there are also other types of images that can be recognized successfully using the PDE-based multi-scale analysis. Thus, an anisotropic diffusion-based multiscale medical image analysis technique was disseminated by us in [28]. The proposed image analysis framework performs an effective coronavirus disease diagnosis using the Chest X-Ray images [29]. First, our machine learning–based COVID-19 detection technique performs a multi-scale Chest X-ray image analysis using a nonlinear anisotropic diffusion-based scale-space and a 2D circular filter bank. We proposed the following fourth-order anisotropic diffusion model with boundary conditions to create that scale space representation:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} + \lambda \psi \left( {\left| {\nabla u_{\sigma } } \right|} \right)\Delta \left( {\varphi \left( {\left\| {\nabla^{2} u} \right\|} \right)\Delta u} \right) + \delta \left( {u - u_{0} } \right) = 0} \hfill \\ {u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {u\left( {t,x,y} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega ;} \hfill \\ \end{array} } \right. $$]

 (4.11)


where the conductance function [image: $$\varphi \left( s \right) = \alpha \sqrt[3]{{\frac{\beta }{{\left| {\gamma s^{2} + \eta } \right|}}}}$$], with [image: $$\gamma \in \left( {0,1} \right],\alpha \ge 1,\eta ,\beta \ge 5$$], and [image: $$\psi \left( s \right) = \zeta \left( {\nu s^{r} + \rho } \right)^{{\frac{1}{r + 1}}}$$], with [image: $$\zeta ,\nu ,\rho \in \left[ {1,5} \right)$$] [28].
The nonlinear PDE model is non-variational, since it is not derived from an energy functional minimization, and also well-posed, since it admits a unique variational (weak) solution that is determined applying a numerical solving scheme. Since the PDE can be written as [image: $$\frac{\partial u}{{\partial t}} + \delta \left( {u - u_{0} } \right) = - \lambda \psi \left( {\left| {\nabla u_{\sigma } } \right|} \right)\Delta \left( {\varphi \left( {\left\| {\nabla^{2} u} \right\|} \right)\Delta u} \right)$$], its left term can be discretized using central differences as:[image: $$ \frac{{u_{i,j}^{n + \Delta t} - u_{i,j}^{n} }}{\Delta t} + \delta \left( {u_{i,j}^{n} - u_{i,j}^{0} } \right) = u_{i,j}^{n + \Delta t} \frac{1}{\Delta t} + u_{i,j}^{n} \left( {\delta - \frac{1}{\Delta t}} \right) - u_{i,j}^{0} \delta $$]

 (4.12)


where [image: $$x = ih,y = jh,i \in \left\{ {1, \ldots ,I} \right\},j \in \left\{ {1, \ldots ,J} \right\}$$], [image: $$t = n\Delta t,n \in \left\{ {0, \ldots ,N} \right\}$$].
The right term [image: $$\lambda \psi \left( {\left| {\nabla u_{\sigma } } \right|} \right)$$] is approximated as [image: $$\lambda \psi \left( {\nabla \left\| {\left( {K_{\sigma } *u} \right)_{i,j} } \right\|} \right)$$] and [image: $$\Delta \left( {\varphi \left( {\left\| {\nabla^{2} u} \right\|} \right)\Delta u} \right)$$] is discretized as:[image: $$ \Delta \varphi_{i,j} = \frac{{\varphi_{i + h,j} + \varphi_{i - h,j} + \varphi_{i,j + h} + \varphi {}_{i,j - h} - 4\varphi_{i,j} }}{{h^{2} }} $$]

 (4.13)


where [image: $$\Delta u_{i,j} = \nabla^{2} u_{i,j} = \frac{{u_{i + h,j}^{n} + u_{i - h,j}^{n} + u_{i,j + h}^{n} + u_{i,j - h}^{n} - 4u_{i,j} }}{{h^{2} }}$$]  and [image: $$\varphi_{i,j} = \varphi \left( {\left| {\Delta u_{i,j} } \right|} \right)\nabla^{2} u_{i,j}$$]. We take [image: $$h = \Delta t = 1$$] and obtain the following numerical approximation scheme:[image: $$ \begin{aligned} u_{i,j}^{n + 1} &amp; = u_{i,j}^{n} \left( {1 - \delta } \right) + u_{i,j}^{0} \delta \\ &amp; \quad - \lambda \psi \left( {\left\| {\nabla \left( {K_{\sigma } *u} \right)_{i,j} } \right\|} \right)\left( {\varphi_{i + 1,j} + \varphi_{i - 1,j} + \varphi_{i,j + 1} + \varphi_{i,j - 1} - 4\varphi_{i,j} } \right) \\ \end{aligned} $$]

 (4.14)



This iterative numerical discretization algorithm is consistent to the PDE model and converges to its fast to its numerical solution. The following scale-space representation with K scales is obtained by applying this numerical scheme: [image: $$\left\{ {\left\| {u^{0} - u^{5} } \right\|,\left\| {u^{5} - u^{10} } \right\|, \ldots ,\left\| {u^{{5\left( {K - 1} \right)}} - u^{5K} } \right\|} \right\}$$]. A rotation-invariant feature extraction process is performed at each scale. A 2D band-pass circularly symmetric filter is considered for this task. The image at each kth scale, [image: $$\left\| {u^{{5\left( {k - 1} \right)}} - u^{5k} } \right\|$$], is mean-normalized and convolved to a set of M 2D circular filters having the form [image: $$F_{\sigma } \left( {\omega_{x} ,\omega_{y} } \right) = e^{{ - \frac{{\left( {\sqrt {\omega_{x}^{2} + \omega_{y}^{2} } - \frac{\pi }{\sigma }} \right)\left( {\mu \sigma } \right)^{2} }}{2}}}$$] [28]. A M-dimensional feature vector that is [image: $$V\left( {\left\| {u^{{5\left( {k - 1} \right)}} - u^{5k} } \right\|} \right)$$] is achieved at each scale. Final feature vector of the observation, representing a powerful rotation-invariant MK-dimensional descriptor of the Chest X-ray image is determined concatenating the vectors obtained at multiple scales.
A supervised binary classification is applied to these medical image feature vectors. One considers a voluminous medical training set composed of Chest X-ray images divided into 2 classes: first one contains normal images, related to healthy subjects, while the second one contains the Chest X-ray images of infected subjects. See examples of normal and COVID-19 infection related images in Fig. 4.3.
A K-Nearest Neighbour (K-NN) classifier based on this training set is then applied to the medical images to be recognized. Each input Chest X-ray image is thus recognized as either normal or coronavirus positive image [28].
This recognition technique was tested on a several hundreds of Chest X-Ray images from the Kaggle repository [30]. A training set of 115 normal Chest X-Ray images and 115 COVID-19 positive Chest X-Ray images was created. We also considered a testing set composed of 65 normal Chest X-ray images and 65 COVID-19 positive images [28]. The multi-scale feature extraction and K-NN classifier were applied to the Chest X-ray images with parameters: K = 4 scales, M = 4 circular filters and KNN = 7. A high recognition accuracy rate (over 92%) was achieved. Its effectiveness is illustrated by the method comparison results described in Table 4.3.Table 4.3Method comparison


	Technique
	Precision
	Recall
	F1
	Accuracy

	Proposed model
	92.97
	89.76
	91.34
	92.12

	DarkCovidNet
	89.96
	85.35
	87.37
	87.02

	Flat-EfficientNet B3
	93.93
	93.96
	93.94
	93.34

	Covid-Net
	98.9
	91
	94.79
	93.3



[image: ]Chest X-ray images arranged in two rows. The top row shows three normal X-rays labeled a, b, and c, with clear lung fields and visible rib structures. The bottom row displays three X-rays labeled d, e, and f, indicating COVID-19, with visible opacities and differences in lung appearance compared to the normal images. Each image is labeled with its respective condition.


Fig. 4.3Examples of normal and COVID-19 infection related images



4.3 Image Indexing and Retrieval Frameworks Using Nonlinear Diffusion-Based Multi-scale Image Analysis
The nonlinear PDE-based multi-scale analysis has also be used sucessfully in the content-based image indexing and retrieval domain. The content-based image retrieval (CBIR) techniques retrieve the images on the basis of their content features instead of textual descriptions [31]. Their querying process uses the query by example, which means providing user-supplied query images or image content features. The features involved in the retrieval process can be global features, based on color, texture, shape and spatial information, or local features. The global feature-based CBIR systems use invariant color moments [32], histograms, correlograms [31] and co-occurrence matrices [33], Wavelet transforms [34], gray-level co-occurrence matrices (GLCM) [35], Gabor filters [36], Fourier descriptors [37], affine moment invariants [38], local structure descriptors [31] and color, texture and shape feature fusion [39]. Local feature-based image retrieval is based on scale-invariant feature transform (SIFT) [40], binary robust invariant scalable key points (BRISK) [31], speeded-up robust features (SURF) [41], local binary patterns (LBP) [42] and Harris corner detectors [31].
Various image content-based database indexing structures that facilitate the retrieval tasks have been developed, many of them based on clustering techniques. These approaches create cluster-based indexing structures by clustering the image features based on similarity, using various machine learning algorithms [18]. A CBIR framework using a cluster-based image indexing model created using the nonlinear PDE-based multi-scale analysis was introduced by us in [43].
The scale-space representation was obtained by considering the next nonlinear second-order anisotropic diffusion-based model:[image: $$  \begin{aligned}   u_{{i,j}}^{{n + 1}}  &amp;  = u_{{i,j}}^{n} \left( {1 - \beta } \right) + u_{{i,j}}^{0} \beta  + \lambda \eta _{{i,j}} \left( {\psi _{{i + \frac{1}{2},j}} \left( {u_{{i + 1,j}}^{n}  - u_{{i,j}}^{n} } \right) - \psi _{{i - \frac{h}{2},j}} \left( {u_{{i,j}}^{n}  - u_{{i - 1,j}}^{n} } \right)} \right. \\     &amp; \quad \left. { + \psi _{{i,j + \frac{1}{2}}} \left( {u_{{i,j + 1}}^{n}  - u_{{i,j}}^{n} } \right) - \psi _{{i,j - \frac{1}{2}}} \left( {u_{{i,j}}^{n}  - u_{{i,j - 1}}^{n} } \right)} \right) \\  \end{aligned}   $$]

 (4.15)


where [image: $$\alpha \in \left[ {1,2} \right),\beta \in \left( {0,0.4} \right)$$], [image: $$\psi \left( s \right) = \gamma \left( {\frac{\alpha }{{\left| {\xi s^{2} + \delta } \right|}}} \right)^{1/3}$$], [image: $$\xi \in \left( {0,1} \right],\gamma \ge 1,\alpha ,\delta \ge 4$$], [image: $$\eta \left( s \right) = \sqrt[{\kappa + 1}]{{\frac{{\nu s^{\tau } + \rho }}{\zeta }}}$$], [image: $$\nu ,\rho \in \left[ {1,4} \right),\zeta \in \left( {0,0.6} \right)$$] and [image: $$\kappa \in \left( {0,1} \right)$$].
This second-order nonlinear PDE model is non-variational and well-posed, since it exists a unique weak solution for it. That solution is determined applying the finite difference-based numerical approximation scheme proposed in [43]:[image: $$  \begin{aligned}   u_{{i,j}}^{{n + 1}}  &amp;  = u_{{i,j}}^{n} \left( {1 - \beta } \right) + u_{{i,j}}^{0} \beta  + \lambda \eta _{{i,j}} \left( {\psi _{{i + \frac{1}{2},j}} \left( {u_{{i + 1,j}}^{n}  - u_{{i,j}}^{n} } \right) - \psi _{{i - \frac{h}{2},j}} \left( {u_{{i,j}}^{n}  - u_{{i - 1,j}}^{n} } \right)} \right. \\     &amp; \quad \left. { + \psi _{{i,j + \frac{1}{2}}} \left( {u_{{i,j + 1}}^{n}  - u_{{i,j}}^{n} } \right) - \psi _{{i,j - \frac{1}{2}}} \left( {u_{{i,j}}^{n}  - u_{{i,j - 1}}^{n} } \right)} \right) \\  \end{aligned}  $$]

 (4.16)


where space and time coordinates are quantized as [image: $$x = ih,y = jh,i \in \left\{ {1, \ldots ,I} \right\},j \in \left\{ {1, \ldots ,J} \right\}$$], [image: $$t = n\Delta t,n \in \left\{ {0, \ldots ,N} \right\}$$] and [image: $$\psi_{{i \pm \frac{h}{2},j}} = \frac{{\psi_{i \pm h,j} + \psi_{i,j} }}{2},\psi_{{i,j \pm \frac{h}{2}}} = \frac{{\psi_{i,j \pm h} + \psi_{i,j} }}{2}$$] [43].
It was then successfully used to create a scale-space representation. The diffusion model works for grayscale images, while one needs a multi-scale space for RGB color images. Applying (4.16) on each of the 3 image channels is not a proper solution, since R, G and B channels could be highly correlated. So, the RGB image Im was converted to a decorrelated color space like CIELAB, then its luminance channel L(Im) was processed by (4.16), [image: $$\left( {L\left( {Im} \right)} \right)^{n}$$] representing its filtering after n iterations. The filtered L*a*b image, [image: $$\left[ {\left( {L\left( {Im} \right)} \right)^{n} ,a\left( {Im} \right),b\left( {Im} \right)} \right]$$], is then converted back to RGB form. One obtains next multiscale representation with K scales for Im[image: $$  \begin{aligned}   S\left( {Im} \right) &amp;  = \left\{ {Im,RGB\left( {\left[ {\left( {L\left( {Im} \right)} \right)^{\tau } ,a\left( {Im} \right),b\left( {Im} \right)} \right]} \right), \ldots ,} \right. \\     &amp; \quad \left. {RGB\left( {\left[ {\left( {L\left( {Im} \right)} \right)^{{\tau \left( {K - 1} \right)}} ,a\left( {Im} \right),b\left( {Im} \right)} \right]} \right)} \right\} \\  \end{aligned}   $$]

 (4.17)


where [image: $$K \ge 5$$] and time step [image: $$\tau \in \left[ {3,10} \right]$$] [43]. The scale space S is then used in the multi-scale image content feature extraction process. A high-level feature extraction is performed on the analyzed image at each scale [image: $$k \in \left\{ {0, \ldots ,K - 1} \right\}$$], having the form [image: $$S\left( {Im} \right)\left\{ k \right\} = RGB\left( {\left[ {\left( {L\left( {Im} \right)} \right)^{\tau k} ,a\left( {Im} \right),b\left( {Im} \right)} \right]} \right)$$], using deep learning-based models [43].
Convolutional Neural Networks (CNNs, ConvNets) represent deep learning net-works that provide powerful image content feature extraction results [44]. A CNN learns successfully high-level feature representations for a large variety of images if it has been trained on voluminous databases. Here one applied 2 pre-trained CNNs to compute the high-level characteristics of each image: ResNet (Residual Network) 50 and Inception-V3. ResNet-50 is a deep residual network characterized by a 50-layer architecture trained on 1.2 million images of the voluminous ImageNet database containing 1000 object categories [45], while Inception-V3 is a 48 layers deep convolutional neural network that started as a GoogleNet module [46]. The layers of these ConvNets generate activations to the input images. While their first layers can detect only low-level characteristics that are then processed by the deeper convolutional layers that combine them to achieve high-level features [45, 46]. We considered as optimal content-based feature extraction solutions the Fully Connected Layer with 1000 neurons (FC 1000), located right before final classification layer in the ResNet-50 architecture, and Predictions Layer of Inception-V3 that is also a fully connected layer located before classification layer. Each [image: $$S\left( {Im} \right)\left\{ k \right\}$$] image was pre-processed according to the specifications of ResNet-50 input layer, first. It was resized at the [image: $$\left[ {224 \times 224 \times 3} \right]$$] required format and a 0-center normalization was performed to it: [image: $$S\left( {Im} \right)\left\{ k \right\}: = \left( {S\left( {Im} \right)\left\{ k \right\} - \mu \left( {S\left( {Im} \right)\left\{ k \right\}} \right)} \right)/\sigma \left( {S\left( {Im} \right)\left\{ k \right\}} \right),\forall k \in \left\{ {0, \ldots ,K - 1} \right\}$$]. The mini-batch parameter size was set at 32. Next, these pre-processed RGB images are fed into the ResNet-50 network. For each k from 0 to K − 1, its FC 1000 layer produces an activation on [image: $$S\left( {Im} \right)\left\{ k \right\}$$] that computes high-level characteristics in the form of a content feature vector with 1000 coefficients, [image: $$V_{1} \left( {S\left( {Im} \right)\left\{ k \right\}} \right)$$]. The Inception network was then applied similarly on the initial [image: $$S\left( {Im} \right)\left\{ k \right\}$$]. The image is resized at the [image: $$\left[ {299 \times 299 \times 3} \right]$$] format required by its input layer, then the same normalization is performed to it. It is fed into Inception-V3 model whose fully connected prediction layer produces an activation generating 1000 coefficient feature vector [image: $$V_{2} \left( {S\left( {Im} \right)\left\{ k \right\}} \right)$$]. All 2D feature vectors [image: $$V\left( {S\left( {Im} \right)\left\{ k \right\}} \right): = \left[ {V_{1} \left( {S\left( {Im} \right)\left\{ k \right\}} \right);\;\;V_{2} \left( {S\left( {Im} \right)\left\{ k \right\}} \right)} \right]$$] of the scale space were concatenated into the final [image: $$\left[ {2 \times 1000K} \right]$$] feature vector [image: $$V\left( {Im} \right): = \left[ {V\left( {S\left( {Im} \right)\left\{ 0 \right\}} \right) \ldots V\left( {S\left( {Im} \right)\left\{ {K - 1} \right\}} \right)} \right]$$], that is a powerful content descriptor of Im [43].
A content-based database indexing structure was then created applying an automatic graph-based image feature vector clustering approach [43]. A weighted similarity graph was modeled for image database [image: $$Db = \left\{ {Im_{1} , \ldots ,Im_{M} } \right\}$$], as a fully connected undirected graph G = (V, E), whose vertex set V corresponds to images [image: $$Im_{i}$$] and [image: $$E \subseteq V \times V$$] represents the set of linking edges weighted by this weighting function:[image: $$ w:E \to R:w_{ij} = w\left( {i,j} \right) = 1000e^{{ - d\left( {V\left( {Im_{i} } \right),V\left( {Im_{j} } \right)} \right)}} ,\quad \forall i,j \in \left\{ {1, \ldots ,M} \right\},\;\;i \ne j $$]

 (4.18)


where d is the Euclidian metric. A normalized-cut (NCut) based graph clustering algorithm was provided for G in [47]. The achieved graph clustering result C = {C{1}, …, C{Nc}}, where Nc is the detected number of clusters, was then used as a cluster-based index of Db. The image coresponding to the maximum sum of within-cluster weights was selected as representative for each C{r} cluster. So, that image is [image: $$Im_{ind\left( r \right)} \in Db$$], where [image: $$ind\left( r \right): = \arg {\max}_{{i \in C\left\{ r \right\}}} \, \sum\nolimits_{{j \in C\left\{ r \right\}}} {w_{ij} }$$] [43].
The query Q received as input by the proposed CBIR system is compared to its representative images only. The most relevant one, which is [image: $$Im_{ind(j)}$$] with [image: $$j = \arg \min_{{i \in \left\{ {1, \ldots ,N_{c} } \right\}}} d\left( {V\left( Q \right),V\left( {Im_{ind(i)} } \right)} \right)$$] is provided to the user if it is not too dissimilar to the query, so the condition [image: $$d\left( {V\left( Q \right),V\left( {Im_{ind(j)} } \right)} \right) \le 2\frac{{\sum\nolimits_{{i,k \in \left\{ {1, \ldots ,N_{c} } \right\}}} {d\left( {V\left( {Im_{ind(i)} } \right),V\left( {Im_{ind(k)} } \right)} \right)} }}{{N_{c} \left( {N_{c} - 1} \right)}}$$] holds.
A relevance-feedback mechanism is then used to search for better retrieval results in the database index given by the most relevant cluster C{j}. The most relevant R images to Q are retrieved from C{j} and ranked according to their relevance given by feature vector distance value [image: $$d\left( {V\left( Q \right),V\left( {Im_{i} } \right)} \right),i \in C\left\{ j \right\}$$]. All or some of them can be extracted as retrieval output and the best of them (usually the 1st-ranked one) may be selected as a new query Q for the retrieval process [43].
This retrieval framework combining successfully PDE to AI models was tested on ODIDS (OutDoor Images Data Set) database containing over 5000 color images, grouped into 43 categories [48]. We created a validation dataset based on it, containing 1750 images belonging to 34 similarity classes and 80 images not belonging to any of them. We used 1300 of the class-belonging images as database images to be retrieved and the remaining 450 as first queries. The 80 no-class images were also used for queries. A CBIR test is partially described (only 1 query) in Fig. 4.4.[image: ]Flow chart illustrating an image retrieval process from a clustered database. The top section shows a grid of images labeled as clusters C{1} to C{7}. A query image on the left is connected to the database, with arrows indicating feature vector distance values. The minimum distance is highlighted at 49.26, linking to cluster C{2}. The bottom section displays the most relevant images retrieved from cluster C{2}, labeled as the optimal result. Keywords: image retrieval, clustered database, feature vector, minimum distance.


Fig. 4.4Example of a CBIR experiment


This framework was compared to other cluster-based CBIR systems using global features, like color moment invariants, GLCM and 2D Gabor filters, combined global features, or local features, such as LBP, SURF, SIFT or MKSIFT [49], with clustering algorithms like K-means, hierarchical agglomerative clustering, Bayesian fuzzy clustering or other ML schemes. It outperforms most of them and is slightly outperformed only by MKSIFT + BFC, as illustrated by method comparison results displayed in Table 4.4.Table 4.4Method comparison: MAP values achieved by various cluster-based CBIR models


	CBIR technique
	Mean average precision (MAP)

	The proposed framework
	0.9384

	Color moment invariant + hierarchical agglomerative clustering
	0.6471

	GLCM + K-means
	0.6843

	SIFT + K-means
	0.7302

	MKSIFT + Bayesian fuzzy clustering
	0.9453

	Color, shape, texture features + agglomerative clustering scheme
	0.8697

	LBP features + K-means
	0.7815

	SURF + hierarchical agglomerative clustering
	0.7521

	2D Gabor filters + hierarchical agglomerative clustering
	0.8162
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This chapter approaches the PDE-based image segmentation domain, describing variational and non-variational PDE-based models for static and video image segmentation. The edge-based segmentation of static images is addressed in the first section of the chapter, where our contribution in this field, representing a nonlinear diffusion-based multi-scale edge detection framework, is discussed. Next, the segmentation solutions using nonlinear PDE-based parametric and geometric active contour models are presented in the second section. Our own contributions, representing some geodesic active contours with level-set functions, are also described here. The video image segmentation field is then addressed in the third section. A temporal video segmentation technique proposed by us, which combines a nonlinear second-order PDE-based multi-scale frame analysis to a deep learning-based high-level feature extraction, is discussed in that section.
5.1 Diffusion-Based Multi-scale Analysis for Edge-Based Segmentation
The edge detection represents an important image analysis field that includes techniques identifying the boundaries, which contain the points of a image where its brightness has sharp discontinuities. The edges correspond to the discontinuities in depth or surface orientation, variations in scene illumination or changes in material properties [1]. The application areas of this domain include object detection and recognition, biometric authentication, image compression and remote sensing.
Various edge detectors have been developed in the last decades. They may be grouped into two major categories. The first one includes techniques based on the first-order image derivative [2], like classical gradient operators of Roberts, Sobel and Prewitt. The second category contains detection methods using second-order derivative [3], such as the Laplacian of a Gaussian (LoG)-based edge operator of Marr and Hildreth [4]. The most known detector, still representing the state-of-the-art of the area, is the multi-stage Canny edge detection algorithm of Canny [5].
Since the edges represent multi-scales structures in nature and human vision has a multi-scale character too, numerous multi-scale edge detection solutions have been introduced [6]. The multi-scale representations provide better boundary extraction solutions in natural scenes and work properly in noisy conditions. The early multi-scale edge detection techniques applied the 2D Gaussian filtering at multiple scales provided by [image: $$\sigma$$], and fine-to-coarse and coarse-to-fine boundary tracking operations [7, 8]. Edge focusing methods represent more performant techniques that extract the edges in a image filtered by a large scale Gaussian filter, using the adaptive thresholding, and next combine the edge information by moving from a coarse to a fine scale [9]. Another improved multiscale boundary detection approach, introduced by Williams and Shah [10], use the motion information of the edges filtered by a Gaussian operator of different sizes, in order to determine how to link the edge points detected at multiple scales. An extended multi-scale version of the single-scale Sobel detector, based on 2D Gaussian 2D filtering and fine-to-coarse tracking, is disseminated in [11]. The multi-scale anisotropic Gaussian kernels (AGKs) represent another effective edge detection tool [12]. Various multi-scale edge identification methods using other image filters have been also developed. Some effective multi-scale detection approaches are based on Wavelet transforms [13, 14].
Nonlinear partial differential equation-based filters have also been used successfully to create effective multi-scale edge detection solutions. The influential anisotropic diffusion-based model developed by Perona and Malik was applied to create a scale-space representation for image boundary extraction [15].
Some nonlinear PDE-based edge-based segmentation frameworks have been also developed by us [16, 17]. Thus, a second-order nonlinear anisotropic diffusion-based edge detection model proposed by us is disseminated in [16]. It was already described in the Sect. 3.​2 of Chap. 3, since it is part of the nonlinear PDE-based image compression framework described there.
Another nonlinear diffusion-based edge detection technique introduced by us is disseminated in [17]. The next second-order parabolic PDE-based filtering model is introduced there to create the scale-space representation:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} - \beta \delta \left( {\left\| {\nabla u} \right\|} \right)div\left( {\varphi \left( {\left\| {\nabla u_{\sigma } } \right\|} \right)\nabla u} \right) + \alpha \left( {u - u_{0} } \right) = 0,\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {u\left( {t,x,y} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega ;} \hfill \\ \end{array} } \right. $$]

 (5.1)


where [image: $$\alpha \in \left( {0,0.3} \right),\beta \in \left[ {1,2} \right)$$], [image: $$u_{0} \in L^{2} \left( \Omega \right)$$], [image: $$u_{\sigma } = u*G_{\sigma }$$], [image: $$G_{\sigma } \left( {x,y} \right) = \frac{1}{{2\pi \sigma^{2} }}e^{{ - \frac{{x^{2} + y^{2} }}{{2\sigma^{2} }}}}$$], the proposed positive, monotonic decreasing diffusivity function has the form[image: $$ \varphi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right):\varphi \left( s \right) = \xi \sqrt[3]{{\frac{\lambda }{{\left| {\eta s^{2} + \gamma } \right|}}}} $$]

 (5.2)


where [image: $$\eta \in \left( {0,1} \right],\gamma \ge 4,\xi \ge 1$$], [image: $$\lambda \ge 5$$] and the other positive function of the model is[image: $$ \delta :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right):\delta \left( s \right) = \left( {\frac{{\varepsilon s^{\tau } + \zeta }}{\nu }} \right)^{{\frac{1}{\tau + 1}}} , $$]

 (5.3)


where [image: $$\varepsilon ,\zeta \in \left[ {1,5} \right),\nu \in \left( {0,0.5} \right)$$] and [image: $$\tau \in \left( {0,1} \right)$$].
This second-order diffusion model is non-variational and well-posed, since it admits a unique and weak solution. This solution is determined numerically by applying an iterative approximation algorithm for (5.1) that converges to it. The proposed discretization scheme which solves numerically our PDE model is detailed in [17]. It has been obtained by applying the finite difference method and has the following explicit form:[image: $$ \begin{aligned} &amp; u_{i,j}^{n + 1} = u_{i,j}^{n} \left( {1 - \alpha } \right) + u_{i,j}^{0} \alpha \\ &amp;  + \beta \delta_{i,j} \left( \begin{gathered} \varphi_{{i + \frac{1}{2},j}} \left( {\left( {G_{\sigma } *u} \right)_{i + 1,j}^{n} - \left( {G_{\sigma } *u} \right)_{i,j}^{n} } \right) - \varphi_{{i - \frac{h}{2},j}} \left( {\left( {G_{\sigma } *u} \right)_{i,j}^{n} - \left( {G_{\sigma } *u} \right)_{i - 1,j}^{n} } \right) \hfill \\ + \varphi_{{i,j + \frac{1}{2}}} \left( {\left( {G_{\sigma } *u} \right)_{i,j + 1}^{n} - \left( {G_{\sigma } *u} \right)_{i,j}^{n} } \right) - \varphi_{{i,j - \frac{1}{2}}} \left( {\left( {G_{\sigma } *u} \right)_{i,j}^{n} - \left( {G_{\sigma } *u} \right)_{i,j - 1}^{n} } \right) \hfill \\ \end{gathered} \right) \\ \end{aligned} $$]

 (5.4)


where [image: $$x = ih,y = jh,i \in \left\{ {1, \ldots ,I} \right\},j \in \left\{ {1, \ldots ,J} \right\}$$], [image: $$t = n\Delta t,n \in \left\{ {0, \ldots ,N} \right\}$$] and[image: $$ \varphi_{{i \pm \frac{h}{2},j}} = \frac{{\varphi_{i \pm h,j} + \varphi_{i,j} }}{2},\varphi_{{i,j \pm \frac{h}{2}}} = \frac{{\varphi_{i,j \pm h} + \varphi_{i,j} }}{2} $$]

 (5.5)



This numerical approximation algorithm is stable and consistent to (5.1) and converges in N iterations to its variational solution. It has been successfully used to create an effective multiscale space for the edge detection task [17]. A multi-scale representation with K scales is then generated by considering the output of this numerical scheme at K iteration moments. The scale-space is determined as following:[image: $$ S = \left\{ {\left| {u^{\tau } - u^{0} } \right|,\left| {u^{2\tau } - u^{0} } \right|, \ldots ,\left| {u^{K\tau } - u^{0} } \right|} \right\} $$]

 (5.6)


where [image: $$K \ge 10$$], the time step [image: $$\tau \in \left[ {30,50} \right]$$] and [image: $$k \in \left\{ {1, \ldots ,K} \right\}$$] [17].
The image at each kth scale of S, denoted as [image: $$U^{k} = \left| {u^{k\tau } - u^{0} } \right|$$], is then analyzed to detect its edges. One determines the zero-crossings of [image: $$U^{k}$$] and the binary image representing them is denoted [image: $$E\left( {U^{k} } \right)$$]. It is further processed, only the zero-crossings corresponding to those pixels of [image: $$U^{k}$$] characterized by a gradient magnitude exceeding a given threshold being kept in [image: $$E\left( {U^{k} } \right)$$]. This process is formulated as follows:[image: $$ \left\| {\nabla U_{ij}^{k} } \right\| \le T_{k} \Rightarrow E\left( {U^{k} } \right)\left[ {i,j} \right]: = 0, \; \forall k \in \left\{ {1, \ldots ,K} \right\},\; i \in \left\{ {1, \ldots ,I} \right\},\; j \in \left\{ {1, \ldots ,J} \right\} $$]

 (5.7)


where a proper threshold value is [image: $$T_{k} = 2\mu \left( {\left\| {\nabla U^{k} } \right\|} \right)$$] [17]. Since only the real edges must be extracted, this technique discards the connected components of [image: $$E\left( {U^{k} } \right)$$] that may represent noise, their areas being smaller than threshold value of 25 [17]. Some morphological operations are next applied to the obtained binary image. An image closing operation, is applied first: [image: $$E\left( {U^{k} } \right): = \left( {E\left( {U^{k} } \right) \oplus Sq} \right)\Theta Sq$$], where Sq represents a [image: $$\left[ {1 \times 1} \right]$$] square structuring element. A thinning process is performed on the closed image applying the Zhang-Suen algorithm [18]. The thinned [image: $$E\left( {U^{k} } \right)$$] represents the boundary detection result at the kth scale of S.
The edges extracted at multiple scales are combined into the final detection result by applying a fine-to-coarse edge tracking technique. At lower scales, provided by low k values, the edge maps [image: $$E\left( {U^{k} } \right)$$] correspond to finer details and some of white pixels may not represent real edges, but some noise or clutter. At higher scales, given by larger k values, [image: $$E\left( {U^{k} } \right)$$] maps do not contain false edges, but, since they correspond to coarser details, some real boundaries could be missed or dislocated. Therefore, our edge tracking scheme starts at the finest scale of S and executes until it reaches the coarsest one. The boundaries that disappear fast when the scale is increased must be discarded, while those that exist at both fine and coarse scales should be kept, since they constitute salient structures. This fine-to-coarse tracking scheme considers all edge pixels of [image: $$E\left( {U^{1} } \right)$$] and track them through the scale-space. If they appear in a large enough number of successive edge images [image: $$E\left( {U^{k} } \right)$$], then can be considered as belonging to real edges and labeled accordingly, otherwise they are discarded. The tracking process goes on the same way, until there are not enough remaining scales so that the unlabeled edges of the current [image: $$E\left( {U^{k} } \right)$$] to appear in a large enough number of them. Our choice for that number is [image: $$\left\lceil \frac{K}{2} \right\rceil$$]. The labeling process updates a binary matrix, initialized as E(S) := 0 and representing the detection result. The proposed tracking is formulated as [17]:[image: $$ \begin{aligned} &amp; \forall k \in \left\{ {1, \ldots ,\left\lfloor \frac{K}{2} \right\rfloor } \right\},i \in \left\{ {1, \ldots ,I} \right\},j \in \left\{ {1, \ldots ,J} \right\}:E\left( {U^{k} } \right)\left[ {i,j} \right] \\ &amp; = \cdots = E\left( {U^{k + m} } \right)\left[ {i,j} \right] = 1\;\&amp; \;m \ge \left\lceil \frac{K}{2} \right\rceil \Rightarrow E\left( S \right)\left[ {i,j} \right] = 1 \\ \end{aligned} $$]

 (5.8)



This fine-to-coarse tracking algorithm can be improved by performing the search in small edge neighborhoods at higher scales. In order to address any possible edge displacement at large scales, an edge pixel would be accepted as valid even if it is not found at the same location in the edge map of the next scale, but in a neighborhood of it. The proposed improvement to be incorporated in (5.8) is formulated as:[image: $$ \begin{aligned} &amp; \exists a \in \left\{ {i - 1,i,i + 1} \right\},b \in \left\{ {j - 1,j,j + 1} \right\}:E\left( {U^{k} } \right)\left[ {i,j} \right] \\ &amp; = E\left( {U^{k + 1} } \right)\left[ {a,b} \right] = 1,\quad \forall k \ge high\,threshold \\ \end{aligned} $$]

 (5.9)



An edge detection example is displayed in Fig. 5.1. The edges of the [image: $$\left[ {256 \times 256} \right]$$] Trui image displayed in (a), which are detected at 10 scales of S are displayed in (b)–(k) and the final detection result is described in (l) [17].[image: ]A series of images showing edge detection on a grayscale photo of a person wearing a hat and scarf. The first image (a) is the original grayscale photo. Subsequent images (b to k) display edge detection at increasing scales from \(k=1\) to \(k=10\), highlighting different levels of detail. The final image (l) shows the complete edge detection result. Each subfigure emphasizes the progressive enhancement of edges, illustrating the effect of scale on edge clarity.


Fig. 5.1Edge detection using a scale-space representation with K = 10 scales


This anisotropic diffusion-based edge detection framework was successfully tested on hundreds grayscale images from well-known image collections, such as the USC-SIPI Image Database and the Berkeley Segmentation Dataset (BSD) [17]. Optimal boundary detection results were obtained for [image: $$K = 15$$] and [image: $$\tau = 40$$].
The method comparison results show that our multi-scale edge extraction approach outperforms the classic detectors, achieving better performance measure scores. It is slightly outperformed by the state-of-the-art Canny filter that achieves somewhat better values of these metrics. An edge detection method comparison example is described in Fig. 5.2. Next, the average Performance Ratio (PR) and PSNR scores obtained by this technique and other detection filters are displayed in Table 5.1.[image: ]A panel of images showing edge detection techniques applied to a photo of a woman wearing a hat. The top left image is the original photo labeled "a) Observed image." The remaining images display various edge detection methods: "b) Roberts detector," "c) Sobel detector," "d) Prewitt detector," "e) Laplacian of Gaussian (LoG)," "f) Canny detector," and "g) Multi-scale edge detector: K=12." Each processed image highlights different edges and contours of the original photo.


Fig. 5.2An edge detection method comparison example

Table 5.1Method comparison: average PR and PSNR values


	Edge detection technique
	Average PR
	Average PSNR (in dB)

	The proposed edge detector
	11.0217
	20.1742

	Canny filter
	12.1304
	22.3817

	Laplacian of Gaussian (Log)
	9.3267
	19.4837

	Roberts operator
	6.5486
	15.6745

	Sobel detector
	7.4251
	16.7802

	Prewitt filter
	8.5139
	16.9837





5.2 Energy and PDE-Based Image Segmentation Using Active Contours
Image segmentation represents an essential image analysis task whose purpose is to achieve a meaningful image partition. Each of the obtained segments has the property that its pixels are similar with respect to some property, such as color, intensity or texture [19]. The segmentation field has many important computer vision application areas, including object detection and tracking, image object recognition, biometric authentication, image and video indexing and retrieval, video surveillance and medical imaging.
The existing image segmentation techniques methods could be grouped in: thresholding-based schemes, edge-based algorithms [20], histogram-based techniques [19], pixel clustering approaches [21], motion-based schemes [22], compression-based techniques [23], graph partitioning algorithms [24] and nonlinear PDE-based models. Active Contours, also called snakes, represent the most popular PDE-based segmentation models. They are based on curve propagation and have a variational character, since they perform energy-based functional minimizations. They are divided into two main categories: parametric and geometric models.
5.2.1 Parametric Active Contour Models
Introduced by Kass et al. in 1988 [25], the parametric active contours represent deformable models defined explicitly as parameterized curves. These snakes are deformable splines influenced by constraint and image forces that pull them towards the objects’ contours and internal forces that resist deformation. A parametric active contour is simply a set of contour points v(s) = (X(s), Y(s)) parameterized by s ∈ [0,1] that minimizes an energy associated to the contour as a sum of the internal and external energy: E = Einternal + Eexternal, where[image: $$ \begin{aligned} E_{internal} &amp; = \frac{1}{2}\left( {\alpha \left( s \right)\left| {{\text{v}}_{s} \left( s \right)} \right|} \right)^{2} + \left( {\beta \left( s \right)\left| {{\text{v}}_{ss} \left( s \right)} \right|} \right)^{2} \\ &amp; = \frac{1}{2}\left( {\alpha \left( s \right)\left\| {\frac{{d{\vec{\text{v}}}}}{ds}\left( s \right)} \right\|} \right)^{2} + \left( {\beta \left( s \right)\left\| {\frac{{d^{2} {\vec{\text{v}}}}}{{ds^{2} }}\left( s \right)} \right\|} \right)^{2} \\ \end{aligned} $$]

 (5.10)


 [image: $$\alpha \left( s \right)$$] and [image: $$\beta \left( s \right)$$] represent some properly selected non-negative weights, and[image: $$ E_{external} = - \int\limits_{0}^{1} {f\left( {X\left( s \right),X\left( s \right)} \right)} ds,\quad {\text{where}}\,f\left( {x,y} \right) = \left| {\nabla I\left( {x,y} \right)} \right|^{2} $$]

 (5.11)


where I is the analyzed image. The minimization of the contour energy E is solved applying two independent Euler equations that are next solved using the finite difference method [25].
This parametric active contour has obvious drawbacks, like the poor convergence performance for concave boundaries. Also, a higher accuracy of it requires tighter convergence criteria used for energy minimization and thus, a higher computation time. An object segmentation example based on this snake is described in Fig. 5.3 [25].[image: ]A black and white photo showing four identical images of a pear and a potato placed on a flat surface. The pear is upright with a visible stem, and the potato is lying horizontally in front of it. The images are arranged in a two-by-two grid, each displaying the same composition. The background is plain, emphasizing the textures and shapes of the fruits.


Fig. 5.3Active contour evolving to the boundaries of some image objects


Some active contours that improve this snake model were developed in the last decades. An active contour that addresses the issues of the previous one is Gradient vector flow (GVF) snake model introduced by Xu and Prince in [26]. The gradient vector flow (GVF) field v minimizes the next energy functional:[image: $$ E_{GVF} = \iint {\mu \left( {u_{x}^{2} + u_{y}^{2} + v_{x}^{2} + v_{y}^{2} } \right)} + \left| {\nabla f} \right|^{2} \left| {v - \nabla f} \right|^{2} dxdy $$]

 (5.12)


where f(x, y) is an edge map derived from I(x, y). This energy minimization problem is solved applying 2 Euler equations, which are then solved through iteration towards a steady-state value [26].
This GVF-based active contour solves the poor convergence performance of the first snake. So, the example displayed in the next figure shows that an active contour with GVF external forces moves successfully into a concave boundary region [26] (Fig. 5.4).[image: ]The image is a panel figure consisting of three subfigures labeled (a), (b), and (c). \\n\\n- Subfigure (a) shows a simple contour map with a shape resembling a two-lobed structure.\\n- Subfigure (b) displays a vector field with arrows radiating outward from a central point, forming a pattern similar to the shape in (a).\\n- Subfigure (c) presents a more detailed contour map with multiple concentric lines, again resembling the two-lobed structure.\\n\\nThe figure illustrates variations in data representation using contour maps and vector fields.


Fig. 5.4A GVF snake evolving into a concave boundary region


The Baloon models represent active contours that have been developed so that to overcome the limitations of the default snake [27]. While the original snake is not attracted to distant boundaries and shrinks inwards if no substantial images forces are acting on it, the baloon model makes the curve behave like a balloon which is inflated by an additional force.
Its initial contour need no longer be close to the solution to converge, since it passes over the weak edges and stops only if the edge is strong enough. This active contour introduces the inflation term [image: $$F_{\inf } = k_{1} \vec{n}\left( s \right)$$], where k1 is the force magnitude and n(s) is normal unitary vector of the evolving curve, into the forces that act on the snake [27]. The baloon snake has its own drawbacks, such as the outward force making the contour slightly larger than the actual minima and the inflation force that may overpower forces from the weak edges.
Another category of deformable models is represented by the region-based active contours. The most popular of them is the piecewise-smooth Mumford and Shah model [28] and it is based on the next energy functional minimization:[image: $$ E\left( {u,C} \right) = \frac{1}{2}\int\limits_{\Omega } {\left( {f{ - }u} \right)}^{2} dx{ + }\lambda^{2} \frac{1}{2}\int\limits_{{\Omega { - }C}} {\left| {\nabla u} \right|}^{2} dx{ + }v\left\| {\left. C \right\|} \right. $$]

 (5.13)


where f is the function of image to be segmented and C is the evolving contour.
This PDE variational model is ill posed and difficult to solve. Many solutions that aim minimize its energy functional have been proposed [29]. Also, other active contours modifying this Mumford–Shah energy functional have been developed.
Such an active contour is the diffusion snake model, introduced by Cremers et al. in 2001 [30]. It addresses several issues of the deformable models, such as their sensitiviy to noise, clutter, and occlusions. It defines the next energy for the contour C:[image: $$ E\left( {u,C} \right) = E_{i} \left( {u,C} \right) + \alpha E_{c} \left( C \right) $$]

 (5.14)


where Ec favors contours familiar from a learning process and the other energy term represents the modified Mumford–Shah energy functional:[image: $$ E_{i} (u,C) = \frac{1}{2}\int\limits_{\Omega } {\left( {f{ - }u} \right)}^{2} dx{ + }\frac{1}{2}\lambda^{2} \int\limits_{{\Omega { - }C}} {\left| {\nabla u} \right|}^{2} dx{ + }v{\text{L}}\left( C \right) $$]

 (5.15)


with [image: $${\text{L}}\left( C \right) = \int_{0}^{1} {C_{s}^{2} ds}$$] [30].
Thus, it represents a hybrid active contour combining the external energy of the Mumford–Shah energy functional with the Kass snake’s internal energy. Next, the total energy E is minimized iteratively with respect to contour C and the segmented image u [30]. The corresponding Euler–Lagrange equation is determined and it is then solved applying the gradient descent method. It leads to an evolution equation which is approximated numerically. An image segmentation example based on the diffusion snake is described in Fig. 5.5 displaying the segmentation results with and without prior knowledge about object shape [30]. Other variants of this diffusion-based active contour model have been also proposed. Such a PDE-based segmentation model is the simplified diffusion snake [31].[image: ]A series of four sketches illustrating contour segmentation processes. The first sketch shows an "Initial contour" with a dashed oval partially overlapping a solid shape. The second sketch, labeled "Segmentation without prior," depicts a jagged contour around a solid shape. The third sketch, "Segmentation with prior," shows a smoother contour around the shape. The final sketch, "Evolution with prior," features multiple overlapping ovals, indicating contour evolution.


Fig. 5.5Image segmentation applying the diffusion-based snake



5.2.2 Geodesic Active Contours
The geometric, or geodesic, active contours (GAC) represent deformable models that represent the contours implicitly as level sets of some 2D scalar functions. These segmentation models introduced by Caselles et al. in 1993, are active contours evolving in time according to the intrinsic geometric measures of the considered image [32].
The GAC models are achieved combining parametric active contours to level-sets and represent an effective tool to solve the limitations of the previously described parametric snakes. The level set of a real-valued function f is a set where the function takes on a given constant value c:[image: $$ L_{c} \left( f \right) = \left\{ {\left( {x_{1} , \ldots ,x_{n} } \right)\left| {f\left( {x_{1} , \ldots ,x_{n} } \right) = c} \right.} \right\} $$]

 (5.16)



It becomes a level curve for n = 2, a level surface for n = 3 and a level hypersurface for n > 3. Also, if f is differentiable, the level set represents a hypersurface and a manifold outside this function’s critical points.
The level sets have been successfully applied for both the contour- and region-based segmentation tasks. A geodesic active contour is based on energy minimization [image: $$\min \int_{0}^{1} {g\left( {\left| {\nabla I \left( {C\left( q \right)} \right)} \right|} \right)} \left| {C^{\prime } \left( q \right)} \right| dq$$] with C a parametrized planar curve [32]. One applies the Euler–Lagrange PDE that corresponds to it and gets the gradient descent curve evolution equation of GAC:[image: $$ \frac{\partial C\left( t \right)}{{\partial t}} = g\left( I \right)\kappa {\vec{\mathcal{N}}} - \left( {\nabla g \cdot {\vec{\mathcal{N}}}} \right) {\vec{\mathcal{N}}} $$]

 (5.17)


where [image: $$\kappa$$] represents the Euclidean curvature and [image: $$ {\vec{\mathcal{N}}} $$] is the unit inward normal [32]. If C represents the level-set of the function u, it leads to the next evolution equation:[image: $$ \frac{\partial u}{{\partial t}} = \left| {\nabla u} \right|div\left( {g\left( I \right)\frac{\nabla u}{{\left| {\nabla u} \right|}}} \right) + \nu g\left( I \right)\nabla u $$]

 (5.18)



Since these geodesic flows have been applied successfully in the medical imaging field, a GAC-based medical image segmentation example depicting a tumor detection is described in Fig. 5.6 [32].[image: ]Fluorescence microscopy image showing two side-by-side panels of a biological sample. Each panel displays a circular structure with varying intensities of fluorescence, indicating different levels of molecular activity or presence. The background is dark, enhancing the visibility of the fluorescent areas. Numerical labels are present along the axes, suggesting measurements or coordinates, but specific values are not discernible. The image highlights structural differences or changes between the two samples.


Fig. 5.6A GAC-based tumor detection example


Another category of level-set based geometric active contours contains the active contours without edges. One of these segmentation models is that introduced by Chan and Vese in 1999 [33], which does not rely on the image boundaries at all.
This active contour, influenced by a simplified Mumford–Shah segmentation model, represents the segmentation boundary using a level set function [33]. If f is the image to be segmented, this variational model performs the energy minimization [image: $$\arg \min_{u,C} \mu \,{\text{length}}(C) + \int_{\Omega } {\left( {f\left( x \right) - u\left( x \right)} \right)^{2} } dx$$] with [image: $$u\left( x \right) = \left\{ {\begin{array}{*{20}l} {c_{1} ,} \hfill &amp; {for\,x\,inside\,C} \hfill \\ {c_{2} ,} \hfill &amp; {for\,x\,outside\,C} \hfill \\ \end{array} } \right.$$]. It leads to the energy functional minimization:[image: $$ \begin{aligned} &amp; \arg \mathop {\min }\limits_{u,C} \mu \,{\text{length}}(C) + \nu \,Area\left( {inside\left( C \right)} \right) + \lambda_{1} \int\limits_{inside\left( C \right)} {\left| {f\left( x \right) - c_{1} } \right|^{2} } dx \\ &amp; + \lambda_{2} \int\limits_{outside\left( C \right)} {\left| {f\left( x \right) - c_{2} } \right|^{2} } dx \\ \end{aligned} $$]

 (5.19)



Since C is represented as the zero-crossing of a level set function, [image: $$C = \left\{ {x \in \Omega :\varphi \left( x \right) = 0} \right\}$$], the energy minimization is rewritten as:[image: $$ \begin{aligned} &amp; \arg \mathop {\min }\limits_{{c_{1} ,c_{2} ,\varphi }} \mu \int\limits_{\Omega } {\delta \left( {\varphi \left( x \right)} \right)\left| {\varphi \left( x \right)} \right|} dx + \nu \int\limits_{\Omega } {H\left( {\varphi \left( x \right)} \right)} dx \\ &amp;  + \lambda_{1} \int\limits_{\Omega } {\left| {f\left( x \right) - c_{1} } \right|^{2} } H\left( {\varphi \left( x \right)} \right)dx + \lambda_{2} \int\limits_{\Omega } {\left| {f\left( x \right) - c_{2} } \right|^{2} \left( {1 - H\left( {\varphi \left( x \right)} \right)} \right)} dx \\ \end{aligned} $$]

 (5.20)


where H is the Heaviside function and the function [image: $$\delta$$] represents the Dirac measure [33].[image: $$ c_{1} = \frac{{\int_{\Omega } {f\left( x \right)H\left( {\varphi \left( x \right)} \right)} dx}}{{\int_{\Omega } {H\left( {\varphi \left( x \right)} \right)dx} }},\quad c_{2} = \frac{{\int_{\Omega } {f\left( x \right)\left( {1 - H\left( {\varphi \left( x \right)} \right)} \right)} dx}}{{\int_{\Omega } {\left( {1 - H\left( {\varphi \left( x \right)} \right)} \right)dx} }} $$]

 (5.21)



The variational Chan–Vese model is solved applying a semi-implicit gradient descent method [33]. A segmentation example related to this model is displayed in Fig. 5.7, where a cluster detection is performed successfully after 6000 iterations of this algorithm.[image: ]Three-panel sketch showing the evolution of a contour over iterations. The first panel, labeled "Initial," displays a large blue circle encompassing a dense cluster of black dots. The second panel, labeled "3000 iterations," shows the contour adapting to the shape of the cluster, forming an irregular boundary. The third panel, labeled "6000 iterations," depicts the contour further refined, splitting into two separate boundaries around distinct clusters. The background consists of scattered black dots on a white field.


Fig. 5.7Cluster detection using the Chan–Vese algorithm


We also developed a level-set based variational segmentation inspired by the influential Chan–Vese algorithm, which is disseminated in [34]. Our approach performs the next energy functional minimization:[image: $$ \varphi^* = \arg \min \left\{ {F\left( {vf} \right);\varphi \in X\left( \Omega \right)} \right\} $$]

 (5.22)


where[image: $$ \begin{aligned} F\left( \varphi \right) &amp; = \nu \int\limits_{\Omega } {H\left( \varphi \right)} dxdy + \mu \int\limits_{\Omega } {\left| {\nabla H\left( \varphi \right)} \right|} dxdy \\ &amp; \quad + \lambda_{1} \int\limits_{\Omega } {\left| {u_{0} - C_{1} \left( \varphi \right)} \right|^{2} } H\left( {\varphi \left( x \right)} \right)dxdy \\ &amp; \quad + \lambda_{2} \int\limits_{\Omega } {\left| {u_{0} - C_{2} \left( \varphi \right)} \right|^{2} \left( {1 - H\left( {\varphi \left( x \right)} \right)} \right)} dxdy + \lambda_{3} \int\limits_{\Omega } {\left| \varphi \right|^{2} } dxdy \\ \end{aligned} $$]

 (5.23)



Next, the nonlinear PDE-based variational scheme in (5.17) was solved numerically by applying a convergent numerical approximation algorithm that was constructed using the gradient-descent scheme. That numerical solver developed by us is detailed in [34]. It was applied successfully in our contour detection experiments on various image datasets, and satisfactory segmentation results were achieved.
The proposed PDE varational contour tracking model was also rigorously investigated. A robust mathematical justification of the considered level-set model was performed in [34].
Other effective PDE-based active contour models with level-set functions, proposed by us and inspired by the GACs in (5.17)–(5.19), were diseminated in [35, 36]. These image segmentation solutions are used in combination with some AI and CV-based models for video object detection and tracking, being introduced to improve those detection and tracking solutions.
Thus, we introduced a moving vehicle recognition and tracking framework in [35]. It combines a Gaussian Mixture Model (GMM)-based video foreground extraction to a level-set based frame segmentation in the vehicle detection stage. A motion-based vehicle tracking process is next performed on the obtained detections by applying a Kalman filtering model. Then, the detected vehicles are recognized by their type applying a convolutional neural network (CNN)-based classifier and the tracking results [35].
The GMM-based detection process that is described in [37] may generate vehicle bounding boxes that do not fit exactly the detected vehicles. Some of them may contain even more than one vehicle, since a moving region detected by GMMs in a crowded traffic video could have more adjacent vehicles.
This situation is illustrated in Fig. 5.8, which describes a GMM-based traffic frame foreground detection process. One of the video objects detected in (a) contains two moving vehicles. Therefore, an active contour-based frame segmentation technique that improves the GMM-based vehicle detection was also proposed in [35].[image: ]Highway scene with two panels. Panel a) shows three cars on a multi-lane road, each outlined with yellow boxes labeled "GMM-based foreground detection." Panel b) displays a black background with white shapes representing the cars, each enclosed in yellow bounding boxes, labeled "Foreground mask with bounding boxes."


Fig. 5.8GMM-based foreground detection for a traffic video frame


Thus, a GAC-based segmentation is performed within each vehicle sub-image, a level-set function-based active contours being toward the vehicle boundaries [35]. The proposed approach applies the following nonlinear diffusion-based model:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} - \lambda \psi \left( {\left\| {\nabla^{2} u} \right\|} \right)\nabla \cdot \left( {\varphi \left( {\left| {\nabla v_{\sigma } } \right|} \right)\psi \left( {\left\| {\nabla u} \right\|} \right)\nabla u} \right) - \alpha \left\| {\nabla u} \right\|\varphi \left( {\left| {\nabla v} \right|} \right) = 0,} \hfill \\ {u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {\frac{\partial }{{\partial \vec{n}}}\left( {t,x,y} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega ,\;\;{\text{in}}\left( {{0,}T} \right) \times \Omega } \hfill \\ \end{array} } \right. $$]

 (5.24)


where u represents the level-set function, v is the vehicle-related image function, [image: $$\lambda ,\alpha \in \left[ {0.6,3} \right)$$], [image: $$\Omega \subseteq R^{2}$$], [image: $$v_{\sigma } = v*G_{\sigma }$$] and [image: $$G_{\sigma } \left( {x,y} \right) = \frac{1}{{2\pi \sigma^{2} }}e^{{ - \frac{{x^{2} + y^{2} }}{{2\sigma^{2} }}}}$$]. The stopping function of this model is[image: $$ \varphi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right):\varphi \left( s \right) = e^{{ - s^{2} /\eta }} $$]

 (5.25)


with [image: $$\eta \ge 5$$], while the considered diffusivity function has the form:[image: $$ \psi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right):\psi \left( s \right) = \delta \sqrt[3]{{\frac{\kappa }{{\left| {\xi + \beta s^{2} } \right|}}}} $$]

 (5.26)


where [image: $$\beta \in \left( {0,1} \right],\delta ,\xi ,\kappa \in \left( {1,5} \right]$$].
Next, this nonlinear PDE-based model is solved numerically applying a finite difference method-based approximation algorithm that is detailed in [35]. The following explicit iterative numerical discretization scheme is thus determined for (5.24):[image: $$ \begin{aligned} &amp; u_{i,j}^{n + 1} = u_{i,j}^{n} + \lambda \psi \left( {u_{i + 1,j}^{n} + u_{i - 1,j}^{n} + u_{i,j + 1}^{n} + u_{i,j - 1}^{n} - 4u_{i,j} } \right)\tau \\ &amp; \sum\limits_{q \in N(p)} {\varphi \left( {\left\| {\nabla \left( {v*G_{\sigma } } \right)_{i,j} } \right\|} \right)\psi \left( {\left\| {\nabla u_{p,q}^{n} } \right\|} \right)\nabla u_{p,q}^{n} } + \alpha \left\| {\nabla u_{i,j} } \right\|\varphi \left( {\left\| {\nabla v_{i,j} } \right\|} \right) \\ \end{aligned} $$]

 (5.27)


where [image: $$n \in \left\{ {0, \ldots ,N} \right\}$$] and [image: $$x = ih,y = jh,i \in \left\{ {1, \ldots ,I} \right\},j \in \left\{ {1, \ldots ,J} \right\}$$], for a [image: $$\left[ {Ih \times Jh} \right]$$] support image.
The numerical algorithm (5.27) is consistent to the proposed nonlinear diffusion-based model and converges quite fast to an optimal segmentation of the vehicle subimage, given by [image: $$u^{N + 1}$$], that represents a foreground mask which can be improved by applying some morphological operations. So, the low-sized connected components are removed from this binary image and the remaining ones correspond to the real vehicles [35].
A segmentation example using the proposed geometric active contour is provided in Fig. 5.9. Here, the 2 vehicles contained by the same moving object in Fig. 5.8a are separated by evolving the active contour in (5.27), with 60 iterations. The states [image: $$u^{0} ,u^{15} ,u^{30} ,u^{45} ,u^{60}$$] of the level-set function are depicted in the images (a)–(e) and the finally detected vehicles are provided in (f). As illustrated by these results, our active contour-based segmentation technique leads to much more reliable bounding boxes for the detected objects.[image: ]A series of six images showing the process of vehicle detection using contour iterations. Image (a) shows the initial contour labeled "Initial contour: u^0" with a blank white rectangle. Image (b) shows the contour after 15 iterations, with a white shape on a black background. Image (c) shows the result after 30 iterations, with more defined white shapes. Image (d) shows 45 iterations, further refining the shapes. Image (e) shows 60 iterations, with two distinct white shapes outlined in yellow. Image (f) displays two vehicles on a road, each outlined in yellow, labeled "Detected vehicles."


Fig. 5.9Vehicle detection improved by active contour-based segmentation


Another GAC-based segmentation approach that improve the vehicle detection results is proposed in [36]. There we introduced a CV-based multiple vehicle detection and tracking framework that applies a boosting algorithm for the detection task.
The proposed Haar Cascade Classifier based on the Gentle AdaBoost (GAD) meta-algorithm and trained in OpenCV by using some positive and negative vehicle datasets constructed by us, can also generate some vehicle bounding boxes that are much larger than the real vehicles and even could contain more than one vehicle [36].
So, the cascade classification-based vehicle detection results are improved by applying a PDE-based active contour segmentation within each of the subimages determined by those bounding boxes. The proposed GAC is based on the following nonlinear parabolic PDE model:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} - \alpha \varphi \left( {\frac{{\left\| {\Delta u} \right\| + \left\| {\nabla u} \right\|}}{2}} \right)div\left( {\psi \left( {\left| {\nabla v_{\sigma } } \right|} \right)\varphi \left( {\left\| {\nabla u} \right\|} \right)\nabla u} \right) - \beta \psi \left( {\left| {\nabla v} \right|} \right)\left\| {\nabla u} \right\| = 0,} \hfill \\ {u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {\frac{\partial u}{{\partial \vec{n}}}\left( {t,x,y} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega ,\;\;{\text{in}}\left( {{0,}T} \right) \times \Omega } \hfill \\ \end{array} } \right. $$]

 (5.28)


where u is the level-set function of the evolving contour, v represents the function of the vehicle subimage, [image: $$\alpha ,\beta \in \left[ {0.5,2} \right)$$], the considered stopping function has the form:[image: $$ \psi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right):\psi \left( s \right) = e^{{ - s^{3} /\gamma }} $$]

 (5.29)


with [image: $$\gamma \ge 4$$], and the proposed diffusivity function is[image: $$ \varphi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right):\varphi \left( s \right) = \zeta \left( {\frac{\lambda }{{\left| {\xi s^{\kappa } + \eta } \right|}}} \right)^{{\frac{1}{\kappa + 1}}} $$]

 (5.30)


where [image: $$\xi \in \left( {0,1} \right]$$] and [image: $$\lambda ,\zeta ,\kappa ,\eta \in \left( {1,4} \right]$$]. The intervals of all these parameters were determined empirically by applying the trial and error approach [36].
This nonlinear anisotropic diffusion-based segmentation model can be approximated numerically applying the finite difference method [36, 38]. The discrete observation [image: $$u_{0}$$] is the initial contour represented as a binary mask that is almost equal in size to the subimage of v. This active contour converges rapidly to an optimal segmentation of it. It evolves u toward the boundaries of the vehicle(s) in that image, reaching them in less than 150 iterations.
As in the previous case, the resulted foreground mask is improved applying morphological procedures. Thus, one performs an opening followed by a closing operation, then applies an image filling process and removes the small-sized connected components [36].
A vehicle example based on the proposed technique is described in Fig. 5.10. The casade classifier-based detections in (a) are improved by the active contour-based segmentation, the final output being presented in (b). The segmentation of central bounding box, which contains two vehicles, is provided in (c), which displays the mask at several iteration moments [36]. The improved vehicle detection results show that our GAC-based segmentation approach generates bounding boxes that fit more correctly the vehicle objects.[image: ]Image showing vehicle detection on a highway. Panel (a) displays cascade classifier-based detection with yellow boxes around three vehicles. Panel (b) shows improved detection with more accurately placed yellow boxes. Panel (c) illustrates the evolving active contour for the central bounding box, progressing from an initial contour to a final mask through 50 and 108 iterations.


Fig. 5.10Vehicle detection using cascade classification and active contours




5.3 Temporal Video Segmentation via PDE-Based Multiscale Analysis
Temporal video segmentation represents a significant computer vision domain [37]. This type of video image segmentation consists in dividing the video sequence in temporal segments, such as the video shots and scenes. It has a large variety of application fields, including the video compression, video database indexing and retrieval, video understanding and the video object detection and tracking.
While a videoshot represents a continuous serie of frames that are shot uninterruptedly by a single camera, a video scene constitutes a succession of semantically-correlated shots [39]. Video transitions, represent the mechanism used to change from one shot to the next one in a film sequence, can be categorized as follows: hard cuts, soft cuts and digital effects [37, 39, 40].
The hard cuts, also called simply cuts, represent the most encountered type of video transitions and constitute abrupt transitions between succesive shots. A soft cut is a gradual transition between two consecutive shots, representing a frame sequence belonging to both of them. The most common soft cuts represent fades or dissolves. The digital effects used as video shot transitions include the animated effects, wipes, lighting effects, color replacement, pixelization, focus drops and other effects.
Here one considers only the hard cut detection field. The video cut detection algorithms developed in the last decades could be grouped in several major classes. The first one contains the pixel difference-based cut detection techniques that measure the discontinuity of the visual content comparing the corresponding pixel intensities between two adjacent video frames. The sum of absolute differences (SAD) [37, 39, 40] and the pair-wise pixel comparisons [41] are used by these algorithms. The second category is that of the histogram comparison-based video cut detection methods which measure the similarity of the grayscale and color histograms corresponding to successive frames by applying metrics like the histogram difference, histogram quadratic distance and histogram intersection [39, 40].
The edge-based shot detection techniques are based on edge change ratio (ECR), edge tracking and edge histograms [37, 39, 40, 42]. The motion-based shot identification approaches apply motion estimation solutions to determine the motion breaks that could indicate the presence of some sudden transitions [42–44].
Statistical feature-based cut detection schemes break the frames into certain zones and compare various statistical measures, like those based on the average or standard deviation values, of the pixels in these regions [37, 39–41, 44]. Such a recently introduced fast statistical measure-based shot detection method uses the separable moments and SVM classifiers [45].
Other temporal segmentation solutions perform a simplification of the video image into a static one by applying the visual rhythm concept [46]. Some fuzzy logic-based shot boundary extraction techniques that can detect properly both the suddden and gradual video cuts were also developed [47]. Other shot transition detection algorithms combine the Principal Component Analysis (PCA) to deep learning models [48, 49], while some cut detection techniques are based on multiple invariant features, including the edge change ratio, color descriptors and SIFT features [50].
We also introduced several effective temporal video segmentation techniques that overcome some drawbacks of the mentioned shot detections approaches. Some of those schemes, such as thoses using pixel differences, pair-wise pixel comparisons or edges, have an object and camera motion-sensitive characted and generate numerous false positives. Other algorithms, like those based on histograms, could provide many false negatives, because they disregard the spatial distribution. The detection solutions based on motion estimation and statistics are characterized by high computational costs and execution time. And many other existing techniques are not automatic or rely on error-generating thresholds.
One of the techniques developed by us applies a 2D Gabor filtering-based frame feature extraction, followed by an automatic inter-frame distance value clustering [51]. Another successful video segmentation approach developed by us is based on a high-level deep learning-based feature extraction [52]. The most recent temporal segmentation framework proposed by us is based on a successful combination of nonlinear second-order PDE models and convolutional neural networks [53].
The deep learning-based framework disseminated in [53] performs a high-level multi-scale feature extraction on the video frames, using a PDE-based scale-space representation. It is also fully automatic, since it does not use thresholding procedures and it is not motion-sensitive.
So, the following nonlinear second-order hyperbolic PDE-based model with boundary conditions was introduced to create the multiscale space:[image: $$ \left\{ {\begin{array}{*{20}l} {\alpha \frac{{\partial^{2} u}}{{\partial t^{2} }} + \beta \frac{\partial u}{{\partial t}} - \eta \nabla \cdot \left( {\psi \left( {\left\| {\nabla u_{\sigma } } \right\|} \right)\nabla u} \right) + \lambda \left( {u - u_{0} } \right) = 0} \hfill \\ {u\left( {x,y,0} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega \subseteq R^{2} } \hfill \\ {u_{t} \left( {x,y,0} \right) = u_{1} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {u\left( {x,y,t} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega } \hfill \\ {\frac{\partial u}{{\partial \vec{n}}}\left( {x,y,t} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega } \hfill \\ \end{array} } \right., $$]

 (5.31)


where [image: $$\alpha ,\beta ,\eta ,\lambda \in \left( {0,1} \right]$$], [image: $$\partial \Omega$$] is the frontier of the domain [image: $$\Omega \subseteq R^{2}$$], the observed image [image: $$u_{0} \in L^{2} \left( \Omega \right)$$]. The next positive, monotonically decreasing and convergent diffusivity function was considered [53]:[image: $$ \psi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right),\psi \left( s \right) = \left( {\frac{\xi }{{\left| {\delta s^{k} + \gamma } \right|}}} \right)^{{\frac{1}{k - 1}}} , $$]

 (5.32)


with [image: $$\delta \in \left( {0,1} \right],\xi \ge 4$$], [image: $$\gamma \ge 5$$] and [image: $$k \in \left\{ {2,3,4,5} \right\}$$] [54].
The nonlinear PDE-based model (5.31) provides an effective detail-preserving image filtering and overcomes side-effects, like blurring and staircasing. Its second-time derivative, [image: $$\frac{{\partial^{2} u}}{{\partial t^{2} }}$$], that provides the hyperbolic character of this nonlinear PDE, sharpens the image boundaries. This PDE model is also non-variational and we demonstrated in [53] that it is well-posed under some certain conditions, its mathematical validity being rigorously treated.
Thus, we performed an integration operation on (5.31) and obtain the integral model [53]:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}}\left( {x,y,t} \right) - \frac{1}{\alpha }\int\limits_{0}^{t} {e^{{\frac{{\beta^{2} }}{\alpha }\left( {t - s} \right)}} \left( {\eta \, div\left( {\psi \left( {\left\| {\nabla u_{\sigma } \left( {x,y,s} \right)} \right\|} \right)\nabla u\left( {x,y,s} \right)} \right) + \lambda \left( {u\left( {x,y,s} \right) - u_{0} \left( {x,y} \right)} \right)} \right)ds} = u_{1} \left( {x,y} \right)} \hfill \\  u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right) \hfill \\ u\left( {x,y,t} \right) = 0,\quad {\text{on}}\;\partial \Omega \times \left( {0,T} \right)  \hfill \\ \end{array} } \right. $$]

 (5.33)



A modified variant of this integral model may be well-posed under some certain assumptions [53]. So, (5.33) can be replaced by the following model:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} - \varphi \Delta u - \int\limits_{0}^{t} {(\eta \, div\left( {\psi \left( {\left\| {\nabla u_{\sigma } } \right\|} \right)\nabla u} \right)} + \lambda \left( {u - u_{0} } \right))ds = 0} \hfill \\ \begin{gathered} u\left( {x,y,0} \right) = u_{0} \left( {x,y} \right) \hfill \\ u\left( {x,y,t} \right) = 0\quad {\text{on}}\,\partial \Omega \times \left( {0,T} \right) \hfill \\ \end{gathered} \hfill \\ \end{array} } \right. $$]

 (5.34)



This integral equation admits a solution for [image: $$\varphi &gt; 0$$] if these conditions hold [53]:[image: $$ \left\{ {\begin{array}{*{20}l} {\left( {\psi \left( {\left\| v \right\|} \right)v - \psi \left( w \right)w} \right)\left( {v - w} \right) \ge 0,\quad \forall v,w \in R^{2} } \hfill \\ \begin{gathered} \exists a,b:a \ge \psi \left( s \right) \ge b &gt; 0,\quad \forall r \ge 0 \hfill \\ \psi { - }continuous \hfill \\ \end{gathered} \hfill \\ \end{array} } \right. $$]

 (5.35)



We have:[image: $$ \frac{{\partial \left( {\psi \left( s \right)s} \right)}}{\partial s} = \psi^{\prime}\left( s \right)s + \psi \left( s \right) \ge 0,\quad \forall s \in R^{ + } , $$]

 (5.36)


since [image: $$\psi^{\prime}\left( s \right) \ge 0$$], which means function [image: $$s \to \psi \left( s \right)s$$] is monotone in [image: $$R^{2}$$], therefore the first condition of (5.35) holds. Its second condition also holds, since [image: $$\psi$$] is bounded. Because it is also continuous on [image: $$\left[ {0,\infty } \right)$$], its third condition also holds [53].
These three conditions being satisfied, the integral Eq. (5.34) admits a unique variational solution [image: $$u^*:\Omega \times (0,T) \to {\mathbb{R}}$$] in sense of distributions [55], with T > 0. This means[image: $$ u^* \in L^{\infty } \left( {0,T;H_{0}^{1} \left( \Omega \right)} \right),\frac{{\partial u^{*} }}{\partial t} \in L^{2} \left( {0,T;L^{2} \left( \Omega \right)} \right), $$]

 (5.37)


[image: $$ \nabla \cdot \left( {\psi \left( {\left\| {\nabla u_{\sigma }^{*} } \right\|} \right)\nabla u^{*} } \right) \in L^{\infty } \left( {0,T;L^{2} \left( \Omega \right)} \right) $$]

 (5.38)


and[image: $$ \begin{aligned} &amp; \int\limits_{\Omega } {\frac{\partial }{\partial t}u^{*} \left( {x,y,t} \right)} \chi \left( {x,y} \right)dxdy + \varphi \int\limits_{\Omega } {\nabla u^{*} \left( {x,y,t} \right)} \cdot \nabla \chi \left( {x,y} \right)dxdy \\ &amp;  + \int\limits_{0}^{t} {ds} \int\limits_{\Omega } {\eta \psi } \left( {\left\| {\nabla u_{\sigma }^{*} \left( {x,y,t} \right)} \right\|} \right)\nabla u^{*} \left( {x,y,t} \right) \cdot \nabla \chi \left( {x,y} \right) \\ &amp;   + \lambda \left( {u^{*} (x,y,s) - u_{0} (x,y)} \right)\chi \left( {x,y} \right)dxdy = 0, \\ &amp; u^{*} \left( {x,y,0} \right) = u_{0} \left( {x,y} \right),\quad \forall x,y \in \Omega ,\;\;\forall \chi \in H_{0}^{1} \left( \Omega \right) \\ \end{aligned} $$]

 (5.39)


where the Sobolev space [image: $$H_{0}^{1} \left( \Omega \right) = \left\{ {u \in L^{2} \left( \Omega \right);\nabla u \in \left( {L^{2} \left( \Omega \right)} \right)^{2} ,u = 0\;{\text{on}}\;\partial \Omega } \right\}$$] [54].
The integral model (5.34) represents a very good approximation of (5.33) and, for [image: $$\varphi \to 0$$], the solution of (5.34) converges in a certain weak sense to a solution of (5.33). This well-posed nonlinear second-order hyperbolic model is solved numerically by applying a finite difference-based numerical approximation algorithm that converges to its weak solution. The same a grid of space size h and the time step [image: $$\Delta t$$], which has been used for the other discretization tasks, is applied here too. The construction of the numerical approximation scheme is detailed in [53]. Its final explicit form is the following one:[image: $$ \begin{aligned} u_{i,j}^{n + 1} &amp; = u_{i,j}^{n} \left( {\frac{4\lambda - 2\alpha }{{\beta + 2\alpha }}} \right) + u_{i,j}^{n - 1} \left( {\frac{\beta - 2\alpha }{{\beta + 2\alpha }}} \right) + u_{i,j}^{0} \frac{2\lambda }{{\beta + 2\alpha }} \\ &amp; \quad + \eta \varsigma \sum\limits_{{q \in N_{p} }} {\psi \left( {\left| {\nabla \left( {u*G_{\sigma } } \right)_{p,q}^{n} } \right|} \right)\nabla u_{p,q}^{n} } \\ \end{aligned} $$]

 (5.40)


where [image: $$n \in \left\{ {0, \ldots ,N} \right\}$$]. This explicit iterative numerical discretization scheme in (5.40) is stable and consistent to the hyperbolic PDE model and converges quite fast to its weak solution. It is used successfully to construct the scale-space representation for the multi-scale feature extraction [53].
The analyzed video is represented as [image: $$V = \left[ {F_{1} , \ldots ,F_{M} } \right]$$], where [image: $$F_{i}$$] are the frames and [image: $$i \in \left\{ {1, \ldots ,M} \right\}$$]. The PDE-based scale-space is created applying the numerical scheme (5.40) on the current frame and considering the filtering results at several iteration moments. Each frame [image: $$F_{i}$$] is converted to the de-correlated color space CIE L*a*b* and the filtered L*a*b frame is [image: $$\left[ {\left( {L\left( {F_{i} } \right)} \right)^{n} ,a\left( {F_{i} } \right),b\left( {F_{i} } \right)} \right]$$], where [image: $$\left( {L\left( {F_{i} } \right)} \right)^{n}$$] represents the luminance channel filtering after n iterations, is converted back to RGB form. The obtained multi-scale representation of K scales of [image: $$F_{i}$$] is:[image: $$ S\left( i \right) = \left\{ {F_{i} ,RGB\left( {\left[ {\left( {L\left( {F_{i} } \right)} \right)^{r} ,a\left( {F_{i} } \right),b\left( {F_{i} } \right)} \right]} \right), \ldots ,RGB\left( {\left[ {\left( {L\left( {F_{i} } \right)} \right)^{{r\left( {K - 1} \right)}} ,a\left( {F_{i} } \right),b\left( {F_{i} } \right)} \right]} \right)} \right\} $$]

 (5.41)


where [image: $$r \in \left[ {3,10} \right]$$] is the iteration step and [image: $$K \ge 3$$] [53].
High-level characteristics of the frames are extracted applying a deep learning-based approach. A DL-based feature extraction is applied on the current [image: $$F_{i}$$] at each scale [image: $$k \in \left\{ {0, \ldots ,K - 1} \right\}$$], where it has the form [image: $$S\left( i \right)\left\{ k \right\} = RGB\left( {\left[ {\left( {L\left( {F_{i} } \right)} \right)^{rk} ,a\left( {F_{i} } \right),b\left( {F_{i} } \right)} \right]} \right)$$].
The trained CNNs, or ConvNets, can learn high-level feature representations for various types of images, generating powerful content descriptors [56]. We combined 2 deep neural networks to compute the high-level charateristics of each frame: Inception-ResNet-V2 and DenseNet-201 [54, 57].
The first network, Inception-ResNet-V2, is a DL-based model that builds on the Inception family while incorporating residual connections [54]. It has 164 layers was trained on more than 1 million images of ImageNet collection. The second one, DenseNet-201, with 201 layers, represents a ConvNet also trained on ImageNet and characterized by dense connections between layers, through Dense Blocks, where one connects all layers directly with each other, in a feed-forward way [57]. The architectures of these deep learning networks are detailed in [53].
The network activations are determined by forward propagating the input through each CNN up to the specified layer. While the layers of these CNNs generate activations on the input images, not all of them have the same of feature extraction capacity. So, the first convolutional layers could compute only low-level characteristics, which are then processed by the deeper layers that combine them such that to achieve higher level descriptors.
Our combined approach uses the fully connected layers of the networks: the predictions layer of Inception-ResNet-v2, located before final classification layer, and FC 1000, with 1000 neurons, of the DenseNet-201. Therefore, each [image: $$S\left( i \right)\left\{ k \right\}$$] of [image: $$F_{i}$$] is pre-processed according to the specifications of Inception-ResNet-V2’s input layer: it is resized at [image: $$\left[ {299 \times 299 \times 3} \right]$$] and next 0-center normalization is applied:[image: $$ S\left( i \right)\left\{ k \right\}: = \frac{{S\left( i \right)\left\{ k \right\} - \mu \left( {S\left( i \right)\left\{ k \right\}} \right)}}{{\sigma \left( {S\left( i \right)\left\{ k \right\}} \right)}},\quad \forall k \in \left\{ {0, \ldots ,K - 1} \right\} $$]

 (5.42)



Then, the processed [image: $$S\left( i \right)\left\{ k \right\}$$] is fed into the Inception-ResNet-V2 and its predictions layer generates an activation that determines the high-level features in the form of the feature vector [image: $$V_{IRN} \left( {S\left( i \right)\left\{ k \right\}} \right)$$] with 1000 coefficients. The initial version of [image: $$S\left( i \right)\left\{ k \right\}$$] is also pre-processed according to the DenseNet-201 specifications. It is resized at the input size format of [image: $$\left[ {224 \times 224 \times 3} \right]$$] and the 0-center normalization provided by (5.42) is performed on it. The pre-processed image is fed into DenseNet-201 model, whose FC 1000 layer generates an activation producing the high-level feature vector [image: $$V_{DN} \left( {S\left( i \right)\left\{ k \right\}} \right)$$], with 1000 coefficients too. A 2D feature vector is achieved at this scale by concatenating these 2 vectors as follows:[image: $$ V_{i} \left( k \right): = \left[ {V_{IRN} \left( {S\left( i \right)\left\{ k \right\}} \right);\;\;V_{DN} \left( {S\left( i \right)\left\{ k \right\}} \right)} \right] $$]

 (5.43)



The DL-based 2D feature vectors determined at multiple scales are combined into the final two-dimension descriptor of the frame, as follows:[image: $$ Fv\left( i \right): = \left[ {V_{i} \left( 0 \right) \ldots V_{i} \left( {K - 1} \right)} \right],\quad \forall i \in \left\{ {1, \ldots ,M} \right\} $$]

 (5.44)



These [image: $$\left[ {2 \times 1000K} \right]$$] high-level feature vectors [image: $$Fv\left( i \right)$$] are powerful content descriptor of the frames [image: $$F_{i}$$]. The high-level frame characterizations provided by them lead to successful discriminations between the frames of the video V [53].
These frames are then grouped in shots using these feature vectors. Other segmentation methods, which detect the cuts using threshold-based procedures, may generate numerous errors, since the optimal threshold selection is still a difficult task. For this reason, our temporal segmentation approach does not rely on any thresholds for shot break detection, applying a video frame clustering process instead of thresholding. That clustering procedure is completely automatic, since our shot detection technique uses no a-priori knowledge about the number of cuts [53].
Thus, one determines the set of the inter-frame difference metric values [image: $$\left\{ {d_{1} , \ldots ,d_{M - 1} } \right\}$$], where [image: $$d_{i} = d\left( {Fv(i),Fv(i + 1)} \right)$$], [image: $$i \in \left\{ {1, \ldots ,M - 1} \right\}$$] and d is a metric working for these vectors, for example the 2D Euclidean metric. Any inter-shot distance value must be much higher than any intra-shot distance value and these distance values satisfy this condition [53]. So, we have:[image: $$ \mathop {\min }\limits_{i \in C} d_{i} \gg \mathop {{\text{max}}}\limits_{{j \in \left\{ {1, \ldots ,M - 1} \right\}\backslash {\text{C}}}} d_{j} , $$]

 (5.45)


where [image: $$C \subseteq \left\{ {1, \ldots ,M - 1} \right\}$$] contains the indices of the cuts that must be identified.
The values of the set [image: $$\left\{ {d_{1} , \ldots ,d_{M - 1} } \right\}$$] are grouped into high distances and low distances. The high feature vector distance values correspond to the abrupt transitions in the video V. An automatic unsupervised classification algorithm based on agglomerative hierarchical clustering with an average-linkage clustering metric is applied on [image: $$\left\{ {d_{i} } \right\}_{{i \in \left\{ {1, \ldots ,M - 1} \right\}}}$$] [58, 59]. Since this set must be divided into 2 classes of distance values, the number of clusters for the hierarchical clustering is 2. Our technique labels each distance value with either 1, for low, or 2, for high. Since [image: $$label\left( {d_{i} } \right) = 2 \Leftrightarrow i \in C$$], the positions of the cuts in V are thus identified. The obtained set C determines the temporal segments of video V [53].
A temporal video image segmentation example based on the proposed approach is described in Fig. 5.11. The shot breaks of a video composed of 475 [image: $$\left[ {720 \times 1280 \times 3} \right]$$] frames were detected at the locations of the high feature vector distance values depicted in (k). The detected shot cuts are represented as pairs of frames in (a)–(j) [53].[image: ]A series of images depicting various stages of a bakery production process, labeled from a) to j). Each subfigure shows different scenes, including bakers working, dough preparation, and bread baking. Text overlays such as "BAKING," "INNOVATIVE," and "YEAST" are visible. The final subfigure, k), is a graph titled "The inter-frame feature vector distance values," showing peaks and troughs in feature vector distances across frames, with axes labeled "Feature vector distances' amplitudes" and "Locations of the frame feature vector distances."


Fig. 5.11Shot break detection using the proposed approach


This CNN-based multi-scale video segmentation framework was tested successfully on many videos [53]. It achieved a high detection rate, generating only few false positives and negatives, and high scores of the performance measures: Precision, Recall and F1. Given its deep learning-based feature extraction component, this technique outperforms segmentation methods based on pixel differences, color, grayscale or edge histograms, statistics-based features, SIFT, LBP, SURF and 2D Gabor filter-based descriptors. Some method comparison results are presented in Table 5.2. Our framework achieves higher average Precision, Recall and F1 values than the other techniques [53].Table 5.2Video temporal segmentation method comparison results


	Technique
	Precision
	Recall
	F1

	The proposed method
	0.984
	0.991
	0.987

	Color histograms
	0.745
	0.724
	0.734

	Edge histograms
	0.815
	0.752
	0.782

	Pixel differences (SAD)
	0.775
	0.763
	0.769

	Gabor 2D filter-based model
	0.941
	0.840
	0.887

	Statistical features with LHR
	0.645
	0.618
	0.631

	Pairwise pixel comparisons
	0.741
	0.723
	0.731




Also, this approach properly in both clean and noisy image conditions. But, while it provides an effective hard cut detection, it achieves weaker segmentation results for other types of shot transitions, such as the gradual transitions and digital effects.
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The applications of the nonlinear PDE models in the video object detection and tracking field are discussed in this chapter. This computer vision domain has important application areas, including video monitoring, law enforcement, security systems, human–computer interaction, video indexing and retrieval, robotic vision, medical imaging and augmented reality. A detection and tracking task means locating some certain objects in the frames of a video sequence and identifying their trajectories. Besides the active contour models described in the previous chapter, video object detection use also methods based on template matching [1], frame differencing [2], dictionary-based models [3], deformable part-based models [4], cascade classifiers [5], invariant descriptors with SVM-based classifiers [6-8], Aggregate Channel Features (ACF) [9], GMM [10] and deep learning [11]. The video tracking approaches use Kalman filters [12], mean-shift schemes [13], Hidden Markov Models (HMM) [14], fragment-based models [15], Particle Swarm Optimization (PSO) [16] and CNN [17]. The active contours, video optical flow estimation and tracking-by-detection (TBD) methods that are presented here represent also useful tracking tools. Thus, the active contours based on variational PDE models, which are used successfully for solving the object detection tasks, can be also adapted for object tracking. These active contour-based video tracking techniques are described in the first section. Next, the detection and tracking of the moving objects in video sequences using the optical flow-based motion estimation is presented in the second section. Some variational PDE-based optical flow estimation models are described here. In the third section, the PDE-based video object tracking by detection solutions are discussed. Our own contributions in this computer vision area, representing tracking by detection techniques using nonlinear anisotropic diffusion-based multi-scale image analysis models, are introduced in this final section.
6.1 Active Contour-Based Video Object Tracking Techniques
The nonlinear PDE-based active contours described in Chap. 5 represent effective image segmentation solutions that can be used successfully to solve the object detection tasks in both static and video images. But they could also be applied to video object detection and tracking, since the models presented in the previous chapter can be extended to detection in 3D images and video sequences. Thus, the contour tracking techniques usually evolve the object contour at the previous time (frame) towards its new location at the current time (frame).
The geodesic active contour model proposed by Caselles et al. in [18] is adapted successfully to moving object detection and tracking in [19]. It follows the boundaries of the moving objects in a video sequence of frames I(t, x), where t is the continuous time, by using a modified GAC model. So, a term providing the object displacement between the video frames is inserted in Eq. (5.​18), the following extended geometric active contour being obtained:[image: $$ \frac{\partial u}{{\partial t}} = \left| {\nabla u} \right|div\left( {g\left( {t,x} \right)\frac{\nabla u}{{\left| {\nabla u} \right|}}} \right) + \nu g\left( {t,x} \right)\left| {\nabla u} \right| + \left( {1 - g\left( {t,x} \right)} \right)\nu \cdot \nabla u $$]

 (6.1)


where v represents the velocity vector field and g constitutes a smooth function [19].
The PDE model (6.1) moves the contours to the boundary of the moving objects. These object contours are then considered as the initial estimates of the contours in the next frame, and this contour tracking process continues iteratively. A contour tracking example based on the new GAC is described in Fig. 6.1 [19]. While the image in (a) shows the initial contour inside the moving ball, the images (c) and (d) illustrate the contour evolved according to Eq. (6.1).[image: ]Three-panel image showing a hand interacting with a small object. Panel (a) depicts the object above the hand. Panel (b) shows the object slightly lower, closer to the hand. Panel (c) illustrates the object being caught by the hand. The background is a textured surface.


Fig. 6.1Contour tracking example


Another well-known geodesic active contour-based video object detection and tracking framework is that introduced by Paragios and Deriche in [20]. Its detection component is based on the following minimization of the energy functional associated to the given curve C(p, t):[image: $$ E\left[ {C\left( p \right)} \right] = \int\limits_{0}^{1} {g\left( {I_{D} \left( {C\left( p \right)} \right)} \right)} \left| {C^{\prime }\left( p \right)} \right|dp $$]

 (6.2)


where g represents a Gaussian function and [image: $$I_{D}$$] is the motion detection boundary image [20].
The moving regions of the image are successfully detected by this GAC model. But in order to track properly the video objects, the energy functional of the GAC is modified, by adding a video tracking term, as follows:[image: $$ E\left[ {C\left( p \right)} \right] = \int\limits_{0}^{1} {\left( {\underbrace {{g\left( {I_{D} \left( {C\left( p \right)} \right),\sigma_{D} } \right)}}_{Motion\,detection} + \underbrace {{\left( {1 - \gamma } \right)g\left( {\left| {\nabla I\left( {C\left( {p,t} \right)} \right)} \right|,\sigma_{T} } \right)}}_{Tracking\,term}} \right)} \left| {C^{\prime }\left( p \right)} \right| dp $$]

 (6.3)


where the variances of the Gaussian functions, [image: $$\sigma_{D}$$] and [image: $$\sigma_{T}$$], capture the motion detection and tracking information [20]. While the detection component forces the curve C to converge toward the moving region, the tracking term is used to evolve the curve until it reaches the right location of the moving object. A video object detection and tracking example based on this active contour-based framework is described in Fig. 6.2.[image: ]A grayscale photo collage of a basketball player in motion, captured in four frames. The player is mid-air, reaching out with one arm while holding a basketball. The images are outlined with a white border, emphasizing the player's movement. The background is a plain, dark gray, highlighting the action. The player's jersey number is visible but not clearly readable. The sequence captures the dynamic motion of the player in a sporting action.


Fig. 6.2Active contour-based video object detection and tracking example


An object tracking technique based on morphing active contours was proposed by Bertalmio et al. in [21]. Their approach is based on deforming the object contours of interest from the first frame toward the desired location in the next one. A system of coupled nonlinear PDEs is used for this purpose [21]. It has the following form:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{{\partial F_{1} \left( {x,y,t} \right)}}{\partial t} = \beta \left( {x,y,t} \right)\left\| {\nabla F_{1} \left( {x,y,t} \right)} \right\|} \hfill \\ {\frac{{\partial u\left( {x,y,t} \right)}}{\partial t} = \mathop{\beta }\limits^{\frown} \left( {x,y,t} \right)\left\| {\nabla u\left( {x,y,t} \right)} \right\|} \hfill \\ \end{array} } \right. $$]

 (6.4)


where the images [image: $$F_{i}$$] represent features of the frames [image: $$I_{i}$$] (for example, the edge maps), u is a continuous and Lipschitz function whose zero level-set is the curve [image: $$C_{{I_{i} }} \left( {p,0} \right)$$], the velocity [image: $$\mathop{\beta }\limits^{\frown} \left( {x,y,t} \right) = \beta \left( {x,y,t} \right) \cdot {\vec{\mathcal{N}}}_{{F_{1} }} \cdot {\vec{\mathcal{N}}}_{u} $$], where [image: $$\beta$$] represents a function measuring the discrepancy between the features [image: $$F_{1}$$] and [image: $$F_{2}$$], and the normal[image: $$ \left\{ {\begin{array}{*{20}l} { {\vec{\mathcal{N}}}_{{F_{1} }} : = \frac{{\nabla F_{1} \left( {x,y,t} \right)}}{{\left\| {\nabla F_{1} \left( {x,y,t} \right)} \right\|}}} \hfill \\ { {\vec{\mathcal{N}}}_{u} : = \frac{{\nabla u\left( {x,y,t} \right)}}{{\left\| {\nabla u\left( {x,y,t} \right)} \right\|}}} \hfill \\ \end{array} } \right. $$]

 (6.5)



The first equation in (6.4) performs the morphing process, which means deforms the first image, or its features, toward the second one. The second PDE represents the tracking equation. The object tracking is performed by projecting the velocities of the first PDE in (6.4) into the second one [21]. A video object tracking example illustrating this method is displayed in Fig. 6.3.[image: ]A grayscale photo collage of six images, each depicting two abstract, white-outlined figures resembling people walking on a textured surface. The figures are consistently positioned in pairs, with slight variations in shape and orientation across the images. The background appears to be a blurred, natural setting, possibly a path or road. The overall tone is muted and monochromatic.


Fig. 6.3Morphing active contour-based video object tracking


Another active contour-based multiple object tracking technique that tracks successfully non-rigid objects in color frames was introduced in [22]. It applies a two-step tracking process that is applied successively to each frame of the video sequence. The considered active contour represents a snake based on continuity, balloon, and curvature internal energies [22].
In the first step, the active contour is initialised in the current frame by using the result from the previous frame. The initialization is carried by a rectangle parallel to the image borders and surrounding the final active contour achieved at the previous frame [22].
Then, a contour deformation process is performed in the second step. Given the ballon force that is used here, the snake is forced to retract, instead of expand [22]. The position of the video object at time t is determined by using its previous location at time t − 1. An active contour splitting process is also introduced in [22], in order to deal with the topology changes.
The geodesic active contour-based object detection algorithms developed by us, disseminated in [23, 24] and described in the Sect. 5.​2.​2 of the previous chapter could be also extended for the video tracking tasks. Thus, we consider modified versions of the PDE models given by (5.​25) and (5.​29), which are adapted for object tracking. For example, the GAC in (5.​29) may lead to a tracking equation of the following type:[image: $$ \begin{aligned} &amp; \frac{\partial u}{{\partial t}} - \alpha \varphi \left( {\frac{{\left\| {\Delta u} \right\| + \left\| {\nabla u} \right\|}}{2}} \right)div\left( {\psi \left( {t,x,y} \right)\varphi \left( {\left\| {\nabla u} \right\|} \right)\nabla u} \right) \\ &amp; - \beta \psi \left( {t,x,y} \right)\left\| {\nabla u} \right\| - \left( {1 - \psi \left( {t,x,y} \right)} \right) \cdot \nabla u = 0 \\ \end{aligned} $$]

 (6.6)




6.2 Optical Flow-Based Moving Object Detection and Tracking Models
The video optical flow represents the pattern of apparent motion of various entities in a visual scene caused by the relative motion between the observer and that scene. It studies the relative motion of objects across different frame sequences using the velocity of the movement and illumination changes [25].
Optical flow represents an effective instrument for detecting the video objects and tracking their movement. Various optical flow estimation techniques have been developed in the last decades. These approaches could be grouped in several categories.
The block matching-based algorithms compute the optical flow by splitting the image into blocks and estimating the displacement to each block [26]. The parametric models cluster the pixels into regions and estimate the motion of these zones. The motion in these regions is parametrized, since one makes the assumption that the motion field in each region is fully characterised by a sequence of parameters. The purpose of a parametric model is to estimate the motion parameters that minimise a given loss function. A well-known parametric optical flow estimation model is the Lucas–Kanade algorithm that is based on rectangular regions and parameterises the motion as purely translational [27]. Deep learning-based techniques for optical flow computation have been also introduced. They include FlowNet [28] and other learning-based models based on CNNs [29]. Also, transformer-based optical flow estimation solutions have been introduced [30].
The regularized optical flow estimation models formulate optimization problems for this task. Thus, these PDE-based variational approaches formulate the flow as a global energy functional to be minimized:[image: $$ E = \iint\limits_{\Omega } {\psi \left( {I\left( {x + u,y + v,t + 1} \right) - I\left( {x,y,t} \right)} \right) + \alpha \psi }\left( {\left| {\nabla u} \right|} \right) + \alpha \psi \left( {\left| {\nabla v} \right|} \right)dxdy $$]

 (6.7)


where [image: $$\psi$$] is a loss function that leads to the Horn–Schunck estimation model for [image: $$\psi \left( x \right) = x^{2}$$] [31]. The functional of the Horn–Schunck model is minimized by solving the associated multi-dimensional Euler–Lagrange equations:[image: $$ \left\{ {\begin{array}{*{20}l} {I_{x} \left( {I_{x} u + I_{y} v + I_{t} } \right) - \alpha \Delta u = 0} \hfill \\ {I_{y} \left( {I_{x} u + I_{y} v + I_{t} } \right) - \alpha \Delta v = 0} \hfill \\ \end{array} } \right. $$]

 (6.8)



Those partial differential equations are solved by applying the next iterative schemes, which determine the motion vectors [31]:[image: $$ \left\{ {\begin{array}{*{20}l} {u^{k + 1} = \overline{u}^{k} - \frac{{I_{x} \left( {I_{x} \overline{u}^{k} + I_{y} \overline{v}^{k} + I_{t} } \right)}}{{4\alpha^{2} + I_{x}^{2} + I_{y}^{2} }}} \hfill \\ {v^{k + 1} = \overline{v}^{k} - \frac{{I_{y} \left( {I_{x} \overline{u}^{k} + I_{y} \overline{v}^{k} + I_{t} } \right)}}{{4\alpha^{2} + I_{x}^{2} + I_{y}^{2} }}} \hfill \\ \end{array} } \right. $$]

 (6.9)



The Horn–Schunck algorithm provides good motion estimation results, but it has a higher time complexity and it is also quite sensitive to noise. Other versions of the loss function, such as [image: $$\psi \left( x \right) = \sqrt {x^{2} + \xi }$$], could also be used in Eq. (6.7) [32].
The PDE-based optical flows can be applied successfully to the moving object detection tasks [32, 33]. Thus, the determined optical flow is used to detect the motion between two subsequent video frames. The general scheme of an optical flow-based video object detection process is described in Fig. 6.4.[image: ]Flow chart illustrating a video processing sequence. It begins with "Video sequence," followed by "Frame extraction," then "Optical flow estimation" leading to "Motion vectors." Next is "Motion mask (binary image)," followed by "Binary image processing" which includes "Noise removal," "Morphological operations," and "Blob analysis." The process concludes with "Detected objects." Arrows indicate the flow between each step.


Fig. 6.4Optical flow-based moving object detection scheme


First, the frames are extracted from the analyzed video. Then, an optical flow computation technique is applied to estimate the motion vectors in each video frame. A thresholding process that is performed on the determined motion vectors generates a binary image called motion mask. Several pre-processing operations are next applied to this binary image [33].
So, an image filtering process is performed to remove the scattered noise that is usually generated in the binary image by the background motion produced by slight camera movements and environmental conditions. The 2D median filtering represents an effective solution for these noises.
Then, several morphological operations are applied to the denoised binary image, using some properly chosen structuring elements [34]. Thus, some closing and eroding operations are performed on the motion mask to remove the small holes in blobs and the object regions which are unnecessarily detected as moving. A gap filling operation could be also applied to the connected components of this binary image.
A blob analysis process that depends on the type of the objects considered for detection is then performed. Those connected components that do not correspond to actual objects have to be removed and only the blobs satisfying the moving objects characteristics must be preserved. Therefore, one should remove the blobs characterized by some inappropriate sizes, solidities and aspect (width to height) ratios. The remaining connected components represent the video frame foreground and correspond to the detected objects.
An example of a moving object detection process based on the optical flow estimation is described in Fig. 6.5. The objects subjected by this detection process are the moving cars in the video frame that is displayed in (a). Its motion vectors determined by the optical flow estimation approach are represented in (b). The motion mask processed by the mentioned operations is displayed in (c) and the detected vehicles, which correspond to its connected components, are depicted in the image (d).[image: ]A series of four images showing a road scene with cars. \\n\\na) Video frame: A road with two cars moving in the same direction. \\n\\nb) Motion vectors: The same scene with yellow arrows indicating motion vectors around the cars. \\n\\nc) Processed motion mask: A black and white image highlighting the moving cars in white against a black background. \\n\\nd) Detected objects: The original scene with yellow boxes around the detected cars. \\n\\nKeywords: video frame, motion vectors, processed motion mask, detected objects, cars, road.


Fig. 6.5Optical flow-based object detection process


Video object tracking task can also be successfully approached by using the optical flow estimation. The Horn–Schunck algorithm and its versions generate dense optical flow vectors that are applicable for tracking the objects moving with high speed [31, 35]. Since these video optical flow estimation methods can calculate properly the motion of each pixel between two successive frames, it can be used to determine the instance of each object in the next frame. Thus, the entire trajectory of an object in a video sequence could be identified by using the motion vectors generated by the optical flow.
Optical flow-based video object tracking represents an easy task for the static camera videos. The tracking task becomes more difficult for the objects in moving camera videos, since the camera motion is added to the local motion. The removal of the global motion from a video sequence can be performed by applying a normalized cross-correlation (NCC) algorithm that detects that motion [36]. Then, one subtracts the global motion for each image pixel, so that only the local motion remains. Next, the optical flow estimation can be performed properly on the sequence freed from the camera motion. A video object trajectory estimation based on global motion removal and a combination of optical flow and Kalman filtering is then provided in [36].
Another framework combines the optical flow to edge information to perform the object tracking [37]. The optical flow is determined, then the model detects a moving object by using it. Next, that object is tracked from the optical flow data, but in case of overlapping or stopping it cannot be tracked only with optical flows, so the edges are used to determine its contour [37].
The feature-based tracking techniques represent a category of effective methods based on optical flow estimation [38]. These approaches select a set of key points (pixels) from the subimage determined by the bounding box of a detected object and extract the visual features corresponding to them. These distinctive features are then tracked over multiple video frames by using the optical flow vectors determined by an estimation algorithm, thus enabling the identification of the object’s instances across those frames.
Selecting the best interest keypoints and the visual features that could be tracked well still represents a quite difficult task. Some image features used for object tracking could represent Harris corners [39], textured areas, FAST features, windows with high spatial frequency content [40] and Shi–Tomasi corner features [38]. An example of a feature tracking process using corner features is described in Fig. 6.6.[image: ]A side-by-side comparison of two photographs of a hallway lined with framed pictures. The left image shows the hallway in grayscale, while the right image overlays the same scene with red and yellow vectors, indicating motion or focus points. The vectors are concentrated around the frames on the walls, suggesting an analysis of visual features or movement within the scene. The floor is reflective, and the ceiling has lights.


Fig. 6.6Corner feature tracking example


We also considered optical flow-based tracking solutions for some classes of video objects [41]. Thus, the vehicle detection and tracking task was approached in [41] by using various machine and deep learning-based methods, including the optical flow estimation.
So, we applied an optical flow vector computation algorithm that was derived from the model (6.7) by introducing a new loss function [image: $$\psi$$]. Then, a feature tracking procedure using the obtained motion vectors was applied to the analyzed traffic video sequence [41]. The tracked features represented the keypoints determined by using the Shi–Tomashi corner detector [38]. Several frames from the video sequence representing that optical flow-based vehicle tracking process are described in Fig. 6.7.[image: ]Three-panel image showing a car on a highway in different frames labeled "Frame 65," "Frame 75," and "Frame 85." Each panel depicts the car moving forward in its lane, with lane markings and a guardrail visible. The car is centered in each frame, and the road is clear with no other vehicles in the immediate vicinity. The images illustrate the car's progression along the highway.


Fig. 6.7Optical flow-based vehicle tracking process



6.3 Video Object Tracking by Detection Using Anisotropic Diffusion-Based Multi-scale Image Analysis
The nonlinear PDE-based multi-scale analysis, which has been successfully applied to the image recognition, indexing and retrieval, and temporal video segmentation tasks described in previous two chapters, represents also an effective tool in the video object tracking domain. Thus, the powerful image content descriptors created by applying the multi-scale analysis could be used successfully by the tracking-by-detection techniques.
Tracking by detection (TBD) represents a class of video object tracking methods that first detects the objects of interest in each video frame and next associates those detections across frames. A TBD procedure matches the object detections by analyzing their appearance, location and/or motion features [42].
The appearance of an image object could be described properly by performing a high-level multi-scale feature extraction on it. We have developed several tracking-by-detection techniques applying nonlinear diffusion-based multi-scale feature extraction operations on the tracked objects and disseminated them in our research papers [24, 43, 44]. The video objects most commonly subjected to those tracking processes represent human persons and vehicles.
Thus, a multiple vehicle detection and tracking approach is provided by us in [43]. A combined deep and machine learning vehicle localization technique is applied in the detection stage. First, it performs a GMM-based background subtraction on the analyzed frame [10]. Next, the obtained GMM-based moving regions are combined to the detection results generated by some deep networks trained on vehicle datasets, such as Faster R-CNN and YOLO-v2 [11], and a trained Aggregated Channels Network (ACF)-based detector [9].
Then, a tracking by detection approach using a nonlinear reaction–diffusion based multi-scale analysis applied to the detected vehicles is proposed in [43]. A scale-space representation is built there using the following nonlinear fourth-order anisotropic diffusion-based filtering model:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} + \lambda \xi \left( {\left\| {\nabla^{2} u} \right\|} \right)\Delta \left( {\psi \left( {\left\| {\nabla u_{\sigma } } \right\|} \right)\nabla^{2} u} \right) + \alpha \left( {u - u_{0} } \right) = 0,\quad {\text{in}}\,\left( {{0,}T} \right) \times \Omega } \hfill \\ {u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {u\left( {t,x,y} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega ,\;\;{\text{in}}\left( {{0,}T} \right) \times \Omega } \hfill \\ {\frac{\partial }{{\partial \vec{n}}}\left( {t,x,y} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega ,\;\;{\text{in}}\left( {{0,}T} \right) \times \Omega } \hfill \\ \end{array} } \right. $$]

 (6.10)


with [image: $$\lambda \in \left[ {1,2} \right),\alpha \in \left( {0,0.5} \right)$$], [image: $$\Omega \subseteq R^{2}$$], [image: $$u_{0} \in L^{2} \left( \Omega \right)$$] and [image: $$u_{\sigma } = u*G_{\sigma }$$], where the 2D Gaussian filter kernel [image: $$G_{\sigma } \left( {x,y} \right) = \frac{1}{{2\pi \sigma^{2} }}e^{{ - \frac{{x^{2} + y^{2} }}{{2\sigma^{2} }}}}$$]. The following positive and monotonic decreasing diffusivity function is considered [43]:[image: $$ \psi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right):\psi \left( s \right) = \beta \sqrt[3]{{\frac{\delta }{{\left| {\zeta + \gamma s^{2} } \right|}}}} $$]

 (6.11)


where [image: $$\gamma \in \left( {0,1} \right],\zeta ,\delta \ge 5,\beta \ge 1$$]. The term controlling the speed of this diffusion process is based on the next function:[image: $$ \xi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right):\xi \left( s \right) = \varsigma \left( {\eta s^{\varepsilon } + \nu } \right)^{{\frac{1}{\varepsilon + 1}}} $$]

 (6.12)


where [image: $$\nu ,\eta \in \left[ {1,5} \right),\varsigma \in \left( {0,1} \right)$$] and [image: $$\varepsilon \in \left( {0,1} \right)$$] [43].
The nonlinear fourth-order PDE model (6.10) is non-variational, since it cannot be derived applying an energy cost functional minimization and it is also well-posed. A rigorous mathematical investigation is performed on it in [43], to demonstrate its validity (well-posedness). We demonstrate it admits at least one variational (weak) solution that is a function [image: $$u:(0,T) \times \Omega \to {\mathbb{R}}$$] satisfying the next conditions:[image: $$ u \in C\left( {\left[ {0,T} \right];L^{2} (\Omega )} \right) \cap L^{2} \left( {0,T;H^{2} \left( \Omega \right)} \right),\quad \frac{du}{{dt}} \in L^{2} (0,T;V^{\prime}) $$]

 (6.13)


and[image: $$ \begin{aligned} &amp; \frac{d}{dt}\int\limits_{\Omega } {u(t,x,y)} \varphi (x,y)dxdy \\ &amp; + \lambda \int\limits_{\Omega } {\psi (|\nabla u(t,x,y)|)\Delta u(t,x,y) \cdot } \Delta (\xi (|\nabla u(t,x,y)|)\varphi (x,y))dxdy \\ &amp;   + \alpha \int\limits_{\Omega } {(u(t,x,y) - u_{0} (x,y)} )\varphi (x,y)dxdy = 0,\quad {\text{a.e.}}\;t \in (0,T) \\ \end{aligned} $$]

 (6.14)


for [image: $$\forall \varphi \in V = \left\{ {z \in H^{2} \left( \Omega \right) \cap H_{0}^{1} \left( \Omega \right);\frac{\partial z}{{\partial \vec{n}}} = 0\;{\text{on}}\,\partial \Omega } \right\}$$]. We have [image: $$V \subset H^{2} \left( \Omega \right) \subset V^{\prime}$$] (dual of V).
In [43] we denote for [image: $$\forall v \in L^{2} (0,T;V)$$] the operator [image: $$A^{v} :V \to V^{\prime}$$], where[image: $$_{{V^{\prime}}} \left( {A^{v} \left( u \right),\varphi } \right)_{V} = \lambda \int\limits_{\Omega } {\psi (|\nabla v|)\Delta u} \Delta (\xi (|\nabla v|)v)dxdy + \alpha \int\limits_{\Omega } {(u - u_{0} } )\varphi dxdy $$]

 (6.15)


and set [image: $$\kappa = \left\{ {v \in L^{2} \left( {0,T;V} \right);\int_{0}^{T} {\left\| {v\left( {t,x,y} \right)} \right\|_{V}^{2} \le q^{2} } } \right\}$$], q > 0—a constant. For [image: $$v \in \kappa$$], [image: $$A^{v}$$] is continuous from V to [image: $$V^{\prime}$$] and [image: $$_{{V^{\prime}}} \left( {A^{v} \left( u \right),u} \right)_{V} \ge c\left\| u \right\|_{V}^{2} ,\forall u \in V$$], c > 0. So, by the standard existence theory [45], for [image: $$\forall v \in \kappa$$] there is a unique solution [image: $$u = \phi \left( v \right) \in \kappa$$] to the equation:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{du}{{dt}} + A^{v} \left( u \right) = 0,\quad t \in \left( {0,T} \right)} \hfill \\ {u\left( 0 \right) = u_{0} } \hfill \\ \end{array} } \right. $$]

 (6.16)



Further more, [image: $$v \to \phi \left( v \right)$$] maps [image: $$\kappa$$] into itself, is continuous and compact [45]. Next, by applying the Schauder’s fixed-point theorem it follows that there is [image: $$u \in \kappa$$] such that [image: $$\phi \left( u \right) = u$$], and that u represents a weak solution to (6.10). In general its uniqueness does not result under the present conditions, but a local uniqueness result could be achieved for T sufficiently small.
That solution is computed numerically by using a consistent and stable approximation scheme that is proposed in [43] and converges fast to it. The next explicit iterative numerical algorithm is obtained by applying the finite differences on (6.10) [46]:[image: $$ u_{i,j}^{n + 1} = u_{i,j}^{n} \left( {\alpha + 1} \right) - \lambda \xi \left( {\left\| {\Delta u_{i,j}^{n} } \right\|} \right)\left( {\psi_{i + 1,j}^{n} + \psi_{i - 1,j}^{n} + \psi_{i,j + 1}^{n} + \psi_{i,j - 1}^{n} - 4\psi_{i,j}^{n} } \right) - u_{i,j}^{0} \alpha $$]

 (6.17)


where [image: $$\psi_{i,j}^{n} = \psi \left( {\left| {\nabla u_{i,j}^{n} } \right|} \right)\Delta u_{i,j}^{n}$$], [image: $$\Delta u_{i,j}^{n} = u_{i + 1,j}^{n} + u_{i - 1,j}^{n} + u_{i,j + 1}^{n} + u_{i,j - 1}^{n} - 4u_{i,j}$$] and [image: $$x = ih,y = jh,i \in \left\{ {1, \ldots ,I} \right\},j \in \left\{ {1, \ldots ,J} \right\}$$] for a [image: $$\left[ {Ih \times Jh} \right]$$] support image.
The numerical approximation scheme (6.17) is then used to create a multi-scale space for the vehicle feature extraction process. The scale-space representation is created in the same way as in the Sects. 4.​3 and 5.​3, treating the multi-scale based image indexing and retrieval and temporal video segmentation. So, the following multi-scale representation is obtained for the vehicle object:[image: $$  \begin{aligned}   S\left( {Veh} \right) &amp;  = \left\{ {Veh,RGB\left( {\left[ {\left( {L\left( {Veh} \right)} \right)^{\tau } ,a\left( {Veh} \right),b\left( {Veh} \right)} \right]} \right), \ldots ,} \right. \\     &amp; \quad \left. {RGB\left( {\left[ {\left( {L\left( {Veh} \right)} \right)^{{\tau \left( {K - 1} \right)}} ,a\left( {Veh} \right),b\left( {Veh} \right)} \right]} \right)} \right\} \\  \end{aligned}   $$]

 (6.18)


where [image: $$K \ge 3$$], [image: $$\left[ {\left( {L\left( {Veh} \right)} \right)^{\tau } ,a\left( {Veh} \right),b\left( {Veh} \right)} \right]$$] represents the vehicle sub-image converted in L*a*b* and with the luminance channel filtered with [image: $$\tau$$] iterations of (6.17), with [image: $$\tau \in \left[ {4,10} \right]$$] [43].
A content-based feature extraction using scale-space S is performed on all detected vehicles. A high-level multi-scale analysis is applied to each vehicle [image: $$Veh_{j}^{i}$$], where [image: $$i \in \left\{ {1, \ldots ,M} \right\},j \in \left\{ {1, \ldots ,n\left( {F_{i} } \right)} \right\}$$], where M is the number of frames and [image: $$n\left( {F_{i} } \right)$$] is the number of detected vehicles in the ith frame. A high-level feature extraction based on SURF and HOG-based characteristics is applied on the vehicle image at each scale [image: $$k \in \left\{ {0, \ldots ,K - 1} \right\}$$], [image: $$S\left( {Veh_{j}^{i} } \right)\left\{ k \right\} = RGB\left( {\left[ {\left( {L\left( {Veh_{j}^{i} } \right)} \right)^{\tau k} ,a\left( {Veh_{j}^{i} } \right),b\left( {Veh_{j}^{i} } \right)} \right]} \right)$$]. A 2D feature vector is obtained for it by applying the next matrix concatenation:[image: $$ V\left( {S\left( {Veh_{j}^{i} } \right)\left\{ k \right\}} \right): = \left[ {V_{SURF} \left( {S\left( {Veh_{j}^{i} } \right)\left\{ k \right\}} \right)\;\;V_{HOG} \left( {S\left( {Veh_{j}^{i} } \right)\left\{ k \right\}} \right)} \right] $$]

 (6.19)


where [image: $$V_{SURF} \left( {S\left( {Veh_{j}^{i} } \right)\left\{ k \right\}} \right)$$] represents the [image: $$\left[ {N_{SURF} \times 64} \right]$$] matrix having the feature vectors of 64 coefficients of the strongest NSURF > 5 SURF keypoints as rows [7], and [image: $$V_{HOG} \left( {S\left( {Veh_{j}^{i} } \right)\left\{ k \right\}} \right)$$] is the [image: $$\left[ {N_{SURF} \times 36} \right]$$] matrix containing the HOG feature vectors of 36 coefficients [8] computed around the locations of those NSURF keypoints [43].
Then, all the [image: $$\left[ {N_{SURF} \times 100} \right]$$] 2D feature vectors determined at multiple scales of S are concatenated into the final vehicle feature vector, as follows:[image: $$ V\left( {Veh_{j}^{i} } \right): = \left[ {V\left( {S\left( {Veh_{j}^{i} } \right)\left\{ 0 \right\}} \right)\;\;V\left( {S\left( {Veh_{j}^{i} } \right)\left\{ 1 \right\}} \right)\;\; \ldots \;\;V\left( {S\left( {Veh_{j}^{i} } \right)\left\{ {K - 1} \right\}} \right)} \right] $$]

 (6.20)



The [image: $$\left[ {N_{SURF} \times 100K} \right]$$] feature vectors [image: $$V\left( {Veh_{j}^{i} } \right)$$] represent powerful content descriptors of the vehicle detections that are successfully used in the tracking process. Our vehicle tracking by detection approach matches the vehicle instances on successive frames by using the distances between these feature vectors in combination with the distances between vehicle centroids and some size-related measures [43]. Thus, the vehicle matching process between the frames [image: $$F_{i}$$] and [image: $$F_{i + 1}$$] is formalized as:[image: $$ match_{i} \left( {\arg \mathop {\min }\limits_{{j \in UM^{i} \left( {F_{i} } \right),k \in UM^{i} \left( {F_{i + 1} } \right)}} \left\{ {d_{jk}^{i} \le t_{fv} |d\left( {Veh_{j}^{i} ,Veh_{k}^{i + 1} } \right) \le t_{veh} ,\frac{{\max \left( {Area\left( {Veh_{j}^{i} } \right),Area\left( {Veh_{k}^{i + 1} } \right)} \right)}}{{\min \left( {Area\left( {Veh_{j}^{i} } \right),Area\left( {Veh_{k}^{i + 1} } \right)} \right)}} \le t_{size} } \right\}} \right): = 1 $$]

 (6.21)


where [image: $$match_{i} \left( {j,k} \right) = 1$$] if [image: $$Veh_{j}^{i}$$] and [image: $$Veh_{k}^{i + 1}$$] are matched, the set [image: $$UM^{i} \left( {F_{i} } \right) \subseteq \left\{ {1, \ldots ,n\left( {F_{i} } \right)} \right\}$$] contains the indices of still unmatched vehicles in [image: $$F_{i}$$], [image: $$d\left( {Veh_{j}^{i} ,Veh_{k}^{i + 1} } \right)$$] is the distance between the centers of those vehicles, [image: $$Area\left( {Veh_{j}^{i} } \right)$$] is the vehicle image area and [image: $$d_{jk}^{i} = d\left( {V\left( {Veh_{j}^{i} } \right),V\left( {Veh_{k}^{i + 1} } \right)} \right)$$], [image: $$\forall i \in \left\{ {1, \ldots ,M} \right\},j \in \left\{ {1, \ldots ,n\left( {F_{i} } \right)} \right\},k \in \left\{ {1, \ldots ,n\left( {F_{i + 1} } \right)} \right\}$$].
The vehicle tracking (counting) algorithm determines all the matchings between any two successive frames of the video, by applying (6.21). Then, the tracking results, representing the vehicle trajectories, are achieved by combining all matchings [43].
A vehicle tracking example based on this TBD technique is described in Fig. 6.8. The trajectories of 2 detected cars are indicated by the red and yellow colors of their bounding boxes and feature vector distances [image: $$d_{jk}^{i}$$] are attached to the corresponding boxes in each [image: $$F_{i}$$]. The first (red) value of each vehicle is the feature vector distance to the first vehicle (red box) in the next frame, while the second (black) one is the feature vector distance to the second vehicle (yellow box). The lower value leads to the vehicle’s next instance [43].[image: ]A series of twelve images labeled \( F_1 \) to \( F_{12} \) showing a road intersection with two vehicles, a white SUV and a black car. Each image highlights the black car with a yellow box and the SUV with a red box. Numbers in red and black are overlaid near the vehicles, possibly indicating measurements or coordinates. The scene captures different moments of the vehicles' positions at the intersection. The road markings and vehicles' positions remain consistent across the images.


Fig. 6.8A TBD-based vehicle counting process


This multiple vehicle detection and tracking framework was tested successfully on many video datasets, the most important of them being UA-DETRAC database [47]. It works properly in both clean and noisy conditions and it has a quite high complexity, given the high computational costs of the machine and deep learning based object detection and the multi-scale feature extraction. However, its running time depends on the video’s length M, its frames’ sizes and the number of the vehicles in these frames.
Its performance has been evaluated on the UA-DETRAC multi-object detection and tracking benchmark containing 10 h of videos recorded at 25 fps, with resolution of [960 × 540] pixels. That dataset has more than 140K captured video frames and 1.21M labeled vehicle bounding boxes. The detection component of this framework outperforms each of the detection approaches it combines (GMM, ACF, Faster R-CNN and YOLO-v2) taken separately, and other machine and deep learning-based detectors also, as shown by the method comparison results discussed in [43].
Our nonlinear PDE-based vehicle tracking technique gets high values of the performance metrics and outperforms other counting methods, as illustrated by the vehicle tracking method comparison results described in Table 6.1. It is slightly outperformed only by the deep learning framework using the Evolving Boxes (EB)-based vehicle detection with IoU tracker [48].Table 6.1Multiple vehicle tracking method comparison


	Tracking technique
	Precision
	Recall

	The proposed technique
	0.8401
	0.8216

	GMM + mean-shift tracking
	0.7148
	0.7332

	GMM + Kalman filter
	0.7643
	0.7527

	EB + IoU tracker
	0.8576
	0.8615

	SIFT tracking
	0.6233
	0.6181

	SIFT + Kalman filtering
	0.7486
	0.7391

	Frame differencing + object matching
	0.5801
	0.5879

	HOG + SVM + feature matching
	0.6102
	0.6213




Another video object detection and tracking technique using a nonlinear anisotropic diffusion-based multi-scale image analysis is proposed by us in [44]. Unlike the previous approach, it deals with moving people only and applies a combination of machine learhing schemes in the detection stage and a deep learning-based feature extraction in the tracking stage.
So, this pedestrian detection approach combines the results achieved by a person detector based on HOG and SVM [8], to those obtained by an ACF trained on the voluminous Caltech Pedestrian dataset [49]. Then a GMM-based background subtraction is applied on the video frame to detect the moving regions [44]. The obtained GMM-based frame foreground is combined to the SVM + HOG-based and ACF-based people detection results by applying a combining scheme described in [44]. A set of pedestrian detections, [image: $$P_{i} = \left\{ {p_{1}^{i} , \ldots ,p_{{n_{i} }}^{i} } \right\}$$], is determined for each frame [image: $$F_{i}$$] and a tracking by detection algorithm is then applied on them.
The following second-order nonlinear anisotropic diffusion model is proposed there for the multi-scale pedestrian object analysis:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial u}{{\partial t}} - \alpha \psi \left( {\left| {\nabla^{2} u} \right|} \right)\nabla \cdot \left( {\delta \left( {\left\| {\nabla u} \right\|} \right)\nabla u} \right) + \beta \left( {u - u_{0} } \right) = 0,\quad \left( {x{,}y} \right) \in \Omega } \hfill \\ {u\left( {0,x,y} \right) = u_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {u\left( {t,x,y} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega ;} \hfill \\ \end{array} } \right. $$]

 (6.22)


where [image: $$\alpha \in \left[ {1,2} \right),\beta \in \left( {0,0.4} \right)$$], [image: $$\Omega \subseteq R^{2}$$] and the observation [image: $$u_{0} \in L^{2} \left( \Omega \right)$$]. One considers the next positive and monotonic decreasing edge-stopping function:[image: $$ \delta :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right):\delta \left( s \right) = \lambda \left( {\frac{\xi }{{\left| {\gamma s^{3} + \eta \log_{10} \xi } \right|}}} \right)^{\frac{1}{2}} $$]

 (6.23)


where [image: $$\eta \in \left( {0,1} \right],\gamma \ge 3,\xi \ge 4$$] and [image: $$\lambda \ge 1$$]. The other positive function has the form:[image: $$ \psi :\left[ {0,\infty } \right) \to \left[ {0,\infty } \right):\psi \left( s \right) = \zeta \sqrt[r]{{\varphi s^{r} + \nu }}, $$]

 (6.24)


where [image: $$\varphi ,\nu \in \left[ {1,5} \right),\zeta \in \left( {0,0.5,1} \right)$$] and [image: $$r \in \left( {0,1} \right)$$].
This second-order parabolic PDE-based model is non-variational and well-posed [44]. Its solution is determined numerically applying a finite difference-based approximation algorithm to (6.24) [46]. The next explicit iterative numerical approximation scheme that is consistent to that PDE is obtained in [44]:[image: $$  \begin{aligned}   u_{{i,j}}^{{n + 1}}  &amp;  = u_{{i,j}}^{n} \left( {1 - \beta } \right) + u_{{i,j}}^{0} \beta  + \alpha \psi \left( {u_{{i + h,j}}^{n}  + u_{{i - h,j}}^{n}  + u_{{i,j + h}}^{n}  + u_{{i,j - h}}^{n}  - 4u_{{i,j}} } \right) \\     &amp; \quad  \cdot \left( {\delta _{{i + \frac{1}{2},j}} \left( {u_{{i + 1,j}}^{n}  - u_{{i,j}}^{n} } \right) - \delta _{{i - \frac{h}{2},j}} \left( {u_{{i,j}}^{n}  - u_{{i - 1,j}}^{n} } \right)} \right. \\     &amp; \quad \left. { + \delta _{{i,j + \frac{1}{2}}} \left( {u_{{i,j + 1}}^{n}  - u_{{i,j}}^{n} } \right) - \delta _{{i,j - \frac{1}{2}}} \left( {u_{{i,j}}^{n}  - u_{{i,j - 1}}^{n} } \right)} \right) \\  \end{aligned}   $$]

 (6.25)


where [image: $$\delta_{{i \pm \frac{h}{2},j}} = \frac{{\delta_{i \pm h,j} + \delta_{i,j} }}{2},\delta_{{i,j \pm \frac{h}{2}}} = \frac{{\delta_{i,j \pm h} + \delta_{i,j} }}{2}$$] [44].
The next scale-space representation is created, in the same way as in the previous case, for each pedestrian [image: $$p \in P_{i}$$] by applying (6.25):[image: $$ S\left( p \right) = \left\{ {p,RGB\left( {\left[ {\left( {L\left( p \right)} \right)^{\rho } ,a\left( p \right),b\left( p \right)} \right]} \right), \ldots ,RGB\left( {\left[ {\left( {L\left( p \right)} \right)^{{\rho \left( {K - 1} \right)}} ,a\left( p \right),b\left( p \right)} \right]} \right)} \right\} $$]

 (6.26)


where [image: $$K \ge 3$$], iteration step [image: $$\rho \in \left[ {3,10} \right]$$] and RGB( ) provides the RGB reconversion. A high-level deep learning-based multi-scale feature extraction is performed on each pedestrian image [image: $$p_{j}^{i}$$], with [image: $$i \in \left\{ {1, \ldots ,M} \right\}$$] and [image: $$j \in \left\{ {1, \ldots ,n_{i} } \right\}$$], using the scale-space S [44]. Two convolutional neural networks are used to extract the high-level content features of its image at kth scale, [image: $$S\left( {p_{j}^{i} } \right)\left\{ k \right\} = RGB\left( {\left[ {\left( {L\left( {p_{j}^{i} } \right)} \right)^{\rho k} ,a\left( {p_{j}^{i} } \right),b\left( {p_{j}^{i} } \right)} \right]} \right)$$].
A 2D feature vector is determined for [image: $$S\left( {p_{j}^{i} } \right)\left\{ k \right\}$$] as the concatenation [image: $$V\left( {S\left( {p_{j}^{i} } \right)\left\{ k \right\}} \right): = \left[ {V_{1} \left( {S\left( {p_{j}^{i} } \right)\left\{ k \right\}} \right);\;V_{2} \left( {S\left( {p_{j}^{i} } \right)\left\{ k \right\}} \right)} \right]$$], where [image: $$V_{1} \left( {S\left( {p_{j}^{i} } \right)\left\{ k \right\}} \right)$$] is the feature vector with 1000 coefficients obtained by activating the fully connected prediction layer of a Inception-V3 network on the image version that is normalized and pre-processed according to Inception input layer specifications [50], and [image: $$V_{2} \left( {S\left( {p_{j}^{i} } \right)\left\{ k \right\}} \right)$$] represents the feature vector with 1000 coefficients achieved by activating the FC 1000 layer of a ResNet-101 model on the image version that is normalized and pre-processed according to the residual network’ input layer specifications [51]. All the 2D feature vectors of the scale space are concatenated into the final pedestrian image feature vector: [image: $$V\left( {p_{j}^{i} } \right): = \left[ {V\left( {S\left( {p_{j}^{i} } \right)\left\{ 0 \right\}} \right) \ldots V\left( {S\left( {p_{j}^{i} } \right)\left\{ {K - 1} \right\}} \right)} \right]$$]. The [image: $$\left[ {2 \times 1000K} \right]$$] feature vectors [image: $$V\left( {p_{j}^{i} } \right)$$] represent effective content descriptor of the pedestrian objects [image: $$p_{j}^{i}$$] that are used successfully in the people tracking by detection process [44].
The proposed pedestrian tracking algorithm determines the correspondences between the pedestrian detection located on consecutive frames by computing the minimum distances between their feature vectors. Thus, for each pedestrian [image: $$p_{j}^{i}$$] in [image: $$F_{i}$$], one searches in a neighbourhood of it in [image: $$F_{i + 1}$$] for those unmatched pedestrians that do not differ much in sizes and selects that corresponding to the minimum distance, which is [image: $$p_{\kappa }^{i + 1}$$] where [image: $$\kappa = \arg \min_{{k \in \left\{ {1, \ldots ,n_{i + 1} } \right\}}} d\left( {V\left( {p_{j}^{i} } \right),V\left( {p_{k}^{i + 1} } \right)} \right)$$], as its next instance. Our TBD algorithm described in detail in [44] determines the tracks of all pedestrians in the analyzed video by combining all these matchings between the detections.
A pedestrian tracking example based on this approach is provided in Fig. 6.9. A set of values representing the feature vector distances to the detections in next frame is associated to each pedestrian detection and the minimum values correspond to its next instance. The determined tracks are marked by red and blue colors [44].[image: ]Two people walking on a sidewalk in a series of eight images labeled F₁ to F₈. Each image shows the individuals outlined with colored boxes, red and blue, with numerical values above them. The background includes greenery, parked cars, and a parking meter. The numbers appear to represent some form of measurement or tracking data.


Fig. 6.9Pedestrian tracking process


This multi-pedestrian detection and tracking approach was been tested successfully on many video sequences with tens of thousands of frames containing front-view, rear-view, left-view and right-view pedestrians, from several pedestrian video databases, such as the pedestrian movement direction recognition dataset of Dominguez-Sanchez et al. [52] and JAAD Dataset [53].
Our framework obtains a high detection and tracking accuracy. It generates a low number of false positives and negatives, which leads to high Precision and Recall scores. These performance metric scores are presented in Table 6.2 describing the method comparison results. This tracking-by-detection technique achieves high values of these measures, outperforming other machine and deep learning approaches [44].Table 6.2Multi-pedestrian tracking method comparison


	Technique
	Precision
	Recall

	The proposed framework
	0.8467
	0.8351

	AdaBoost + block matching
	0.8312
	0.8221

	Faster R-CNN + color feature matching
	0.7839
	0.7693

	HOG + SVM + Kalman filtering
	0.7362
	0.7285

	Temporal differencing + object matching
	0.7137
	0.7214

	HOG + SVM + feature matching
	0.6423
	0.6372




The deep learning-based multi-scale feature extraction is also used in the tracking stage of the framework disseminated by us in [24], whose detection component, based on a GAD Haar Cascade Classifier trained in OpenCV and a GAC-based segmentation, was already discussed in Sect. 5.​2.​2.
The scale-space representation is created by applying the following second-order reaction–diffusion model for the image function of the analyzed vehicle v:[image: $$ \left\{ {\begin{array}{*{20}l} {\frac{\partial v}{{\partial t}} - \alpha \nabla \cdot \left( {\varphi \left( {\left\| {\nabla v} \right\|} \right)\nabla v_{\sigma } } \right)\delta \left( {\left| {\nabla v} \right| + \left| {\nabla^{2} v} \right|} \right) + \varepsilon \left( {v - v_{0} } \right) = 0} \hfill \\ {v\left( {x,y,0} \right) = v_{0} \left( {x,y} \right),\quad \forall \left( {x{,}y} \right) \in \Omega } \hfill \\ {v\left( {x,y,t} \right) = 0,\quad \forall \left( {x{,}y} \right) \in \partial \Omega ,\;\;t \in \left( {0{,}T} \right]} \hfill \\ \end{array} } \right. $$]

 (6.27)


where [image: $$\varepsilon \in \left( {0,1} \right)$$], its diffusivity function [image: $$\varphi \left( s \right) = \zeta \left( {\frac{\lambda }{{\left| {\xi s^{\kappa } + \eta } \right|}}} \right)^{{\frac{1}{\kappa + 1}}}$$] and [image: $$\delta \left( s \right) = \zeta \sqrt[3]{{\rho s^{2} + r}}$$], with [image: $$r,\rho \in \left( {1,5} \right]$$] [24].
This nonlinear PDE-based model is solved numerically by applying a finite difference-based approximation algorithm developed by us [46]. First, the component [image: $$\frac{\partial v}{{\partial t}} + \varepsilon \left( {v - v_{0} } \right)$$] is discretized as:[image: $$ \frac{{v_{i,j}^{n + \Delta t} - v_{i,j}^{n} }}{\Delta t} + \varepsilon \left( {v_{i,j}^{n} - v_{i,j}^{0} } \right) = v_{i,j}^{n + \Delta t} \frac{1}{\Delta t} + v_{i,j}^{n} \left( {\varepsilon - \frac{1}{\Delta t}} \right) - \varepsilon v_{i,j}^{0} , $$]

 (6.28)


then [image: $$\delta \left( {\left| {\nabla v} \right| + \left| {\nabla^{2} v} \right|} \right)$$] is discretized as [image: $$\delta \bigg( \sqrt {\bigg( \frac{{v_{i + h,j}^{n} - v_{i - h,j}^{n} }}{2h} \bigg)^{2} + \bigg( \frac{{v_{i,j + h}^{n} - v_{i,j - h}^{n} }}{2h} \bigg)^{2} } + \frac{{v_{i + h,j}^{n} + v_{i - h,j}^{n} + v_{i,j + h}^{n} + v_{i,j - h}^{n} - 4v_{i,j}^{n} }}{{h^{2} }} \bigg)$$] and the divergence component [image: $$\nabla \cdot \left( {\varphi \left( {\left\| {\nabla v} \right\|} \right)\nabla v_{\sigma } } \right)$$] is approximated numerically as[image: ]The image displays a mathematical formula involving a series of terms with square roots and fractions. The formula is as follows:\\n\\n\[\\n\frac{1}{\sqrt{2}} \left( \frac{1}{\sqrt{2}} \left( \frac{1}{\sqrt{2}} \left( \frac{1}{\sqrt{2}} \left( \frac{1}{\sqrt{2}} \left( \frac{1}{\sqrt{2}} \left( \frac{1}{\sqrt{2}} \left( \frac{1}{\sqrt{2}} \right) \right) \right) \right) \right) \right) \right)\\n\]\\n\\nThe formula includes repeated nested fractions and square roots, emphasizing a recursive structure.





where [image: $$t = n\Delta t,n \in \left\{ {0, \ldots ,N} \right\}$$] and [image: $$x = ih,y = jh,i \in \left\{ {1, \ldots ,I} \right\},j \in \left\{ {1, \ldots ,J} \right\}$$] [24]. One considers [image: $$h = \Delta t = 1$$] and get the next explicit iterative numerical approximation scheme:[image: $$ \begin{aligned} v_{i,j}^{n + 1} &amp; = v_{i,j}^{n} \left( {1 - \varepsilon } \right) + \delta \left( {\frac{{\sqrt {\left( {v_{i + 1,j}^{n} - v_{i - 1,j}^{n} } \right)^{2} + \left( {v_{i,j + 1}^{n} - v_{i,j - 1}^{n} } \right)^{2} } }}{2} + v_{i + 1,j}^{n} + v_{i - 1,j}^{n} + v_{i,j + 1}^{n} + v_{i,j - 1}^{n} - 4v_{i,j}^{n} } \right) \\ &amp; \quad \cdot \frac{\alpha }{4}\left[ \begin{gathered} \varphi \left( {\left\| {v_{i + 1,j}^{n} - v_{i,j}^{n} } \right\|} \right)\left( {\left( {v_{\sigma } } \right)_{i + 1,j}^{n} - \left( {v_{\sigma } } \right)_{i,j}^{n} } \right) + \varphi \left( {\left\| {v_{i - 1,j}^{n} - v_{i,j}^{n} } \right\|} \right)\left( {\left( {v_{\sigma } } \right)_{i - 1,j}^{n} - \left( {v_{\sigma } } \right)_{i,j}^{n} } \right) + \hfill \\ \varphi \left( {\left\| {v_{i,j + 1}^{n} - v_{i,j}^{n} } \right\|} \right)\left( {\left( {v_{\sigma } } \right)_{i,j + 1}^{n} - \left( {v_{\sigma } } \right)_{i,j}^{n} } \right) + \varphi \left( {\left\| {v_{i,j - 1}^{n} - v_{i,j}^{n} } \right\|} \right)\left( {\left( {v_{\sigma } } \right)_{i,j - 1}^{n} - \left( {v_{\sigma } } \right)_{i,j}^{n} } \right) \hfill \\ \end{gathered} \right] + \varepsilon v_{i,j}^{0} \\ \end{aligned} $$]

 (6.29)



This fast-converging numerical algorithm that is consistent to the reaction–diffusion model (6.27), is then used to create the multi-scale space representation of the vehicle detection v. Therefore, one obtains the scale-space with K scale [image: $$\left\{ {v^{0} ,v^{5} , \ldots ,v^{{5\left( {K - 1} \right)}} } \right\}$$], where each [image: $$v^{5k}$$] is computed by (6.29) [24].
A deep learning-based feature extraction is performed on the vehicle at each scale. The approach extracts its high-level characteristics by activating the deep layers of 2 CNNs. One obtains the feature vector [image: $$V\left( {v^{5k} } \right): = \left[ {V_{1} \left( {v^{5k} } \right);V_{2} \left( {v^{5k} } \right)} \right]$$], where [image: $$V_{1} \left( {v^{5k} } \right)$$] is generated by an activation of the FC 1000 layer of ResNet-50 on [image: $$v^{5k}$$] and [image: $$V_{2} \left( {v^{5k} } \right)$$] is produced by an activation of the fully-connected layer, Logits, of a MobileNet-V2 model assembled by us [24]. The final high-level vehicle feature vector is achieved by concatenating these [image: $$\left[ {2 \times 1000} \right]$$] feature vectors achieved at multiple scales, as follows: [image: $$V\left( v \right): = \left[ {V\left( {v^{0} } \right),V\left( {v^{5} } \right), \ldots ,V\left( {v^{5k} } \right), \ldots ,V\left( {v^{{5\left( {K - 1} \right)}} } \right)} \right]$$] [24].
These deep learning-based vehicle feature vectors are applied effectively in by the TBD algorithm of this framework, which is detailed in [24]. The next instance of [image: $$v_{j}^{i}$$] is the detection [image: $$v_{\tau }^{i + 1}$$] from the next frame satisfying some location and size conditions and corresponding to the minimum feature vector distance, therefore [image: $$\tau = \arg \min_{k} d_{E} \left( {V\left( {v_{j}^{i} } \right),V\left( {v_{k}^{i + 1} } \right)} \right)$$], where [image: $$d_{E}$$] is the Euclidean distance [24].
A vehicle tracking by detection example using this technique is described in Fig. 6.10. The cascade classifier-based vehicle detections are displayed in (a). The detections improved by our GAC-based segmentation approach are described in (b). The vehicle instance matching process based on the DL-based feature vector distance values is presented in (c) and (d) [24].[image: ]A set of four aerial photographs showing a road with vehicles, used to demonstrate vehicle detection and tracking methods. \\n\\n1. Top left: "Cascade classifier based detection" shows vehicles outlined with yellow boxes.\\n2. Top right: "Vehicle detection improved by active contours" with similar yellow outlines.\\n3. Bottom left: "Vehicle instance matching between 2 successive frames" displays vehicles with colored boxes and numerical values indicating feature vector distances.\\n4. Bottom right: "Next frame: the matches corresponding to the distance values" shows matched vehicles with colored outlines.\\n\\nThe images illustrate different techniques for vehicle detection and tracking on a snowy road.


Fig. 6.10Vehicle tracking by-detection example


We performed many experiments and method comparisons based on this framework. Being motion-insensitive, it detects properly both the static and moving vehicles and works successfully for both stationary and moving-camera videos. It generates only few false positives and negatives for the detection and tracking tasks, getting high scores Precision and Recall, as illustrated by the results described in Table 6.3 [24].Table 6.3Multi-vehicle detection and tracking method comparison


	Technique
	Precision
	Recall

	The proposed approach
	0.8541
	0.8432

	Temporal differencing + object matching
	0.7525
	0.7416

	ACF + IoU
	0.8223
	0.8137

	Faster R-CNN + IoU tracker
	0.8429
	0.8391

	GMM + Kalman filtering
	0.7362
	0.7285

	YOLO-Net + DeepSORT
	0.9108
	0.9012




As shown by these scores, the described technique outperforms some machine and deep learning-based vehicle detection and tracking algorithms [2, 9–11], but it is outperformed by a framework combining the YOLO detection to DeepSORT tracking [54].
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The applications of the mathematical models based on nonlinear partial differential equations in the image processing and analysis, computer vision and artificial intelligence domains have been addressed in this book. The work has surveyed the existing research in these fields, but mainly insisted on the author’s most important contributions in them.
As already mentioned, the research results described here represent a continuation of those presented in our previous Springer book, which was published in 2019 and treated only the PDE-based image denoising and restoration and inpainting domains. Besides the results achieved by us in these two fields since 2019, this book also describes our research in some important image analysis and computer vision domains, such as image compression, static and video image segmentation, content-based image recognition, indexing and retrieval, and video object detection and tracking.
Only the image processing and analysis sub-domains approached in our past works have been considered here. Since we have conducted a high volume of research in these PDE-based image processing and analysis areas in the last two decades, the scientific results discussed in this book have been disseminated in many research articles published in recognized international journals and international conference volumes, and book chapters. These published works are listed in the reference sections of the chapters and cited widely throughout the manuscript. However, the cited papers have not been provided equal treatment in this book. Thus, some large presentations have been provided for those disseminating the most important theoretical and practical results, while others have been discussed more briefly. Also, in some cases only those parts of the paper that involve PDE models are addressed here, and not the entire work.
Each chapter of this book, except the introduction and conclusion chapters, was concerned with one of the mentioned research domains. After surveying the main nonlinear PDE-based approaches in that field, our own contributions have been presented. They represent effective image processing or analysis techniques based on novel variational or nonlinear anisotropic and reaction–diffusion models, whose results have been described and compared to those of the well-known existing approaches.
Rigorous mathematical treatments have been provided for some of these nonlinear second and fourth-order PDE models, their validity (well-posednesss) being investigated. However, not all the mathematical investigations performed by us for the PDE-based models described here have been presented in this book. In some cases the reader has been referred to the papers detailing those mathematical treatments.
Some fast-converging approximation algorithms that solve numerically the proposed PDE models and are stable and consistent to them have been developed by applying the finite difference method. Not all of them have been provided in detail here, since some of them are quite similar to other already described discretization schemes. Also, some variational approaches that generate second or fourth-order nonlinear diffusion-based models by minimizing various energy functionals have not been detailed here, the reader being referred to the published works describing them.
While we have our own contributions in all the research domains approached in this work, some chapters describe many more PDE-based techniques developed by us than others. Thus, we have brought more contributions to the image and video denoising and restoration, inpainting and multi-scale image analysis domains, than to other research fields.
The research results described in this book show once more the usefulness of the nonlinear partial differential equations in all the image processing and analysis and computer vision fields, and how they can be combined successfully to the CV and AI models based on machine and deep learning algorithms. The nonlinear diffusion-based approaches proposed by us have been applied effectively in combination to those computer vision solutions.
So, the nonlinear PDE-based filtering techniques proposed in the second chapter for 2D images, video images and multi-layer images, and dealing with various types of noise, represent effective pre-processing solutions that improve the analyzed image quality and facilitate the further computer vision tasks. The reconstruction techniques using the proposed PDE-based inpainting models, described in the third chapter, also improve the images by removing the missing regions and undesired entities from them, thus facilitating the next image analysis processes. Also, the images enhanced by these pre-processing methods have been used successfully by the machine and deep learning-based models whose training and validation procedures require pre-processed image datasets.
The second- and fourth-order nonlinear diffusion-based multi-scale analysis algorithms that are described in the fourth, fifth and the sixth chapters of this book are have provided good results for various image analysis and computer vision tasks when combined to machine learning schemes and deep neural networks. Thus, some PDE-based scale-space representations have been successfully used in combination to some deep learning-based high-level feature extraction schemes for solving the content-based image indexing and retrieval, temporal video segmentation and video object tracking-by-detection tasks presented here. Other diffusion-based multi-scale spaces created by us, which have been combined to various feature extractors applied at multiple scales, have been used successfully for texture and content-based image recognition and also in the video object tracking frameworks that use the detections generated by various machine learning algorithms and convolutional neural networks.
The introduced nonlinear PDE-based segmentation techniques, obtained from edge-enhancing diffusion-based filtering and multi-scale analysis, have also provided some important results for the computer vision tasks. Thus, the anisotropic diffusion-based edge-based segmentation approaches described in this book and used for image compression could also be applied successfully to many other CV and AI tasks. The image segmentation algorithms using the nonlinear anisotropic diffusion-based geodesic active contour models proposed by us have been combined successfully to some machine learning-based detection techniques. So, the GAC-based segmentation approaches described in the fifth chapter improve considerably the vehicle detection results provided by the adaptive boosted cascade classifiers and GMM-based schemes.
There are some other image processing and analysis fields where the variational and PDE-based models have been successfully applied, but which have not been discussed in this book. They include domains such as the image registration or the 3D object recognition and we aim to approach them as part of our future research in this area.
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